Nonlinear asymptotic solutionsto Rayleigh-Taylor and
Richtmyer-Mesnkov problemsfor fluidswith afinite

density contrast

S. Abarzhi, J. Glimm, A. der Lin
Department of Applied Mathematics and Statistics

State University of New York at Stony Brook, USA



LIGHT FLUID ACCELERATES HEAVY FLUID
INSTABILITY of theinterface
TURBULENT MIXING of the fluids
Rayleigh-Taylor instability sustained acceleration (gravity)
Richtmyer-Meshkov instability impulsive acceleration (shock)

Fundamental issues:
* the cascades of energy

 the dynamics of the large-scale coherent structure

Coherent structure: a spatially periodic array of bubble and spikes
basic scales: period A, gravity g (RTI), initia velocity Vg (RMI)

time scale T~ A/ Ag (RTI) T~ A/ Avp| (RMI)

Atwood number A= (p, —p; )/ (o +p;)
density ratio is a determining physical factor in RTI/RMI dynamics

Heuristic models

RTI, traditional approach g - Ag Sharp 1984
RMI, buoyancy-drag model g - (2A/(1+ A))g for bubbles
Shvarts 1995 g - (2A/(L- A))g for spikes

more formal theoretical approach and a systematic study



INTERFACE activeregions passive regions

small scales lar ge scales
intensive vorticity simply advected
|arge-scale coherent motion scalar fields
timet coordinates (X, Y, Z) free surface Z (x, y,t)
Z (x,y,t)<z<+  density p=p, velocity v =V,
Z (x,y,t)>z>-o density p = p, velocity V=V,
scalar function o(x,y,zt)=7 (x,y,t)-z

Conservation laws;

Ov=0
momentum (v, + (v, 0V}, — g)ph‘ezo =(+M0OM - 9)py 6=0
mass (9"‘ VhDe)ph‘e:O = (e+ Vi De)p| ‘e:o

no mass flux (9+ VhDe)ph‘ezo = (G+ V'De)p"e:o =0

boundary conditions Ve v =Vil,ee =0

g 2 0 - instability: RTI g >0, RMI g=0



0< A<1 nosignificant energy cascade potential approximation

Vh() = UPp()

* Fourier expansion

= rEOCDH(t)%eXp% val(z- zo(t))+i%kjrnj %c.c%

o, 0{>,}, & O {CTJn}, r=(xy), k-wave-vectors
» Spatial expansion at a highly symmetric point of the interface

x=0y=02=2() Z(y.)-20)= I Ey?
1

i+j:N:

Consarvation laws x2 y2j I+ ] =N=12,...0
are reduced to dynamical system of ODE in terms of

surface variables & (t) and

moments M, (£) = 3 (t)(km)", Mo (t) = i;oasm(t)(km)n

m=0

WlthV:aZO/at:_Mo - MO

Local dynamics at any timet; the length scale A is unchanged

Multiple harmonics analysis, m=0,1,2,...00

Desired accuracy, 1 + ] =N =1,2,...0

3D flows with general type of symmetry and 2D flows



2D Rayleigh-Taylor and Richtmyer-M eshkov instabilities

N=1: z - Zy = Zl(t)x2 principal curvature Zl(t)

(M1/2+Z1M0 - M12/2"‘Z19)ph = (Ml/Z_Z1MO - Mf/2+zlg)p.
(€1 =32My =My /2)py, = (L3 — 30, My + My /2)p,

no massflux: (¢, -3,M; —M,/2)p;, = (L -3 M; + M, /2)p, =0

L ayzer-type expansion

amplitudes &4 and 51

Regular asymptotic solutions

A=1 Layzer 1955
Rayleigh-Taylor bubbles timescae T = ]/JAgk
t<<T v, ~exp(t/t)
t>>T Z]_:ZL:_Ak/G VqulAg/3k

re-scaling L ayzer-type steady bubble A=1



Richtmyer -M eshkov bubbles time scale T =1/ Akv,
t<<T ¢y ==/ A7) V=Vo = =Vo(t/1)
£>>1 1, =0, =-Ak/6 v, = [1- A2/3)/ Akt

Singular asymptotic solutions

=1 Zhang 1998, Abarzhi 2000
Rayleigh-Taylor spikes timescale T = ]/«/ Agk
t<<T v, ~exp(t/t)
t>>1 (= kexp((3/2)(t/AT)2) v=-gt
Richtmyer-Meshkov spikes timescale T =1/ Akv,
t<<t ¢y =-(k/A)t/7) V=V =-Vp(t/T)

t>>1 g =kexplClt/tA%))  v-Cv, = explcl/tA?))
finite — time singularities:
Baker, Meiron 1980s, Moore 1980s, Tanveer 1990s

i L ayzer -type expansion requires
MASS FLUX through theinterface



NON-LINEAR REGULAR ASYMPTOTIC SOLUTION
NO MASS FLUX through the INTERFACE

1. Non-linearity is non-local

2. Interplay of harmonics bubbleshape  singularities

3. Multiple harmonics analysis

4. The bubble shapeisfree principal curvature

5. Family of regular asymptotic solutions with no mass flux
through the interface

6. The fastest solution in the Family physically dominant

7. Family of asymptotic solutionsat A=1in 2D RTI (Garabedian)
and 3D RTI and 3D/2D RMI (Abarzhi)

Family of regular asymptotic solutions
Rayleigh-Taylor bubbles, 3D/2D:

t>>1 v=v((y, A

the fastest solutionin the family {; =4 V=V,

Richtmyer-M eshkov bubbles, 3D/2D
t>>1 v=v(l, At)=L(C, A)t
the fastest solution in the family {; ={ A V=V, =L/t

111 lowest-order harmonics CDl,CTDl are dominant



2D Rayleigh-Taylor bubble

t>>1 (A Va
A=1 {p=-(k/6)1- (1~ A)/8). vao=./g/3k(1-3(1- A)16)
A=0, 7, =—(k/2)A"3, v, = (3/2)¥%./Ag/3k

I For 0< A<1, velocity V, isquite close (10-15%) to
v, =./Ag/3k traditional empirical approach
Vp =+2A/(1+ A)\Jg/3k  drag model

Bubble curvature is a more sensitive parameter

2D Richtmyer-M eshkov bubble
t>>1 (A=0 v, = 3/2Akt

11 Agreement with multiple harmonic analysisat A=1 (S.A. 2000)

1 Qualitative agreement with experiments

RM bubbles decelerate RM bubbles flatten
va/v, =3/2(1- A%/3)
Va,V, ~C/kt Ah~CIn(t/1)

11 Bubble curvature is a more sensitive parameter
A S 0and (t/1) - o v(kt)>>1



SIMULATIONS
Front Tracking method FronTier (Glimm, 1988)
» 2D compressible adiabatic Navier-Stokes equation
Euler equations augmented viscous forces and heat flux
o weakly compressible fluids
 contribution of viscous and thermal termsissmall to yield a
dlightly stabilized but nearly inviscid calculations

mesh refinement: 80 x 800, 160 x 1600, 320 x 3200

A<0.05 dow evolution no satisfactorily late-time convergence
A>0.85 certain numerical restrictions  late-time dynamics

0.3<A<038

Nonlinear regime

Bubble: termina velocity accompanied by slight oscillations
oscillations: small amplitude sensitiveto A
A>0.7. termina velocity

Comparison
numerical data quasi-terminal regime for each A

aver aged values deviations 3-8%
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2D RTI
Dependence of the quasi-steady velocity on the Atwood number.

v, =./Ag/3K isthevelocity of the Layzer-type bubble,

Vp =+/0/3k+/2A/(1+ A) corresponds to drag model, and
V 5, corresponds to nonlinear solution with no mass flux through

the interface.
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2D RTI:

Dependence of the curvature of the quasi-steady bubble on the

Atwood number. The curvature of the Layzer-type bubbleis

(| = — Ak/6; the curvature corresponding to the nonlinear

solution with no mass flux is ( 4.



LIMITATIONS:
NON-LINEAR SOLUTIONS are “QUASI-STEADY”

vorticity energy cascade time-dependence

A-0 applicability of the theory

NON-LINEAR SINGULAR ASYMPTOTIC SOLUTIONS

A=1 finite-time singularities

A<l vorticity energy cascade

small-scale structures dispersive properties of the flow
ADVANTAGES:

3D Rayleigh-Taylor and Richtmyer-M eshkov instabilities

for fluidswith afinite density contrast

It CHAOTIC REGIME

RTI width of the mixing zone h = aAgt?
rescaing g — Ag mass flux a=a(A)



CONCLUSIONS

© N o o k& 0D

Rayleigh-Taylor and Richtmyer-Meshkov instabilities for fluids
with afinite density contrast in 3D and 2D

Analytical solutions for the conservation laws

Layzer-type solution in RTI/RMI, re-scaling

L ayzer-type approach requires mass flux through the interface
Approximate nonlinear solution with no mass flux

Parameters of the RT and RM bubbles

RT bubbleis curved, RM bubbleisflat

The bubble curvature is a more sensitive parameter than the
bubble velocity

Good quantitative agreement between theory and simulationsin
RTI

10. Comparison with heuristic models
11. Limitations



