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1 Introduction

The instability of point (Sedov) blast wave propagating through a uniform perfect
gas with low adiabatic index v (v < 79 = 1.20 ) was shown earlier theoretically in
[1, 2, 3]. Later on [4] the experimental proof of this result was obtained so there
are reasons to apply technique improved in [I] to other similar cases. The case of
blast wave in non-uniform density gas (initial density pg is a power function of radius
(po ~ 1) is considered in this paper. According to [1] stability is considered in respect to
small (linear) perturbations expanded in spherical harmonics Y,,,,,(x, ¢), components of
expansion being represented in self-similar form (only the case of m = 0 is considered):

f(tvgaX) = Zt)\fn(z) X Yn(X)? (1)
n=0

where A = A(n) - complex index, { - Lagrange radius, R - shock wave front radius
2
(R~ 1tF5 ), z=¢/R - self-similar argument.
The considered self-similar functions describe an asymptotic mode of perturbations

development corresponding to large time values (much higher than those needed for
sound wave crossing an explosion area). In this case :

- perturbations are independent on initial conditions;

- front values perturbations (for example, front radius perturbation R; have power
time dependence ( Ry ~ tOD s o % ~ RY).

It is natural to suggest that pressure in the explosion center has no divergences and
hence [I], 2] pressure perturbations are zero in the center.
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2 System of self-similar equations for perturbations

According to [1] we derive linear equations for perturbations using linearization of
hydrodynamic equations (2) written in Lagrangian form.
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where ¢ = 1,2,3; t, m = &, m2 = X, and 13 = % stand for Lagrangian variables;
x1 = rsinfcosp, xo = rsinfsinp, x3 = rcosf, P, and p stand for unknown values
describing three dimensional motion behind the shock front; pgo = poo(&) ~ &F is the
gas density before shock front.

Corresponding 1-d (spherical) self-similar solution of (2) is well-known [5]. It can
be written with functions z(z), P(z), p(2):

TO(tag) = R:E(Z)
Py(t, &) = poo 2P (2)

v+1
v+1
t =
po(t,€) - L Poor(2),

90:X7 (PO:¢

where x,P, p - satisfy to following system of equations:

T 1 2k+3
p=———"—, (5)
v+ 1 wx
P =pl )2, (6)
P’ ab
& = —1a(1) = P(1) = p(1) = 1
Here and below we have:
 zdx
w == ——-
x xdz
v+l wzkt3
2y Px
k+3
a=w+(w+—)(w-1)
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According to [1] we write variables in (2-4) in terms of small self-similar perturba-
tions (here poo = poo(t) ~ R¥):

r(t, &, x) = ro(t,€) + —ZRM T1n(2) Y () (7)
P& x) = ot &) + ——— poo 7 ZRM )P (2)Yn(X) (8)
(1,60 = polt, ) + 1200 ZRM (H)p1a(2)Ya(x) (9)
0(t,&,x) = x + ?EZRM vin(z di;i ). (10)

After linearization we get a system of ordinary differential equations for functions:

x Py 1 2!
Py(z) = 3N z2(2) = TN va(z) = A
~ 1
bPs + (D + 3w + Nz — n(n + Duwws = V;m 4 k+5) (11)
k+1
wPy + azy — (D + T)Dyg =0 (12)
~ E+1

(D—w+k+3—|—)\)P2+((D+T)D—a)xz (13)

+n(n+ 1avy =0
( where D stands for differential operator:

1! 1zd
f) (2) = ?a(fF)

Boundary conditions on the shock front (z = 1) are set in a usual manner:

(D+

(1) =0, Duy(1)=1, x5(1)=1
E(v+1)+5—3y

Py(1) =2\ + CER

(14)

System (12-14) has the 4th order so four boundary conditions (15) are the complete
necessary set of boundary conditions. Hence one more (the fifth) condition specified on
the other (center) edge:

Pi0)=0

reduces the problem of solving the system (12-14) to the eigenvalue problem. The prob-
lem is solved numerically, and complex exponents A(n) are calculated as eigenvalues.
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3 Results discussion

The considered problem has an analytical solution in case of 7 being close to unity. For
~v = 1 eigenvalues A(n) satisfy a simple equation:

()\+/~c+3)2()\+k;r5)2—<9J2rk)()\+k+3)()\+k;5)+ -
15
n(n—i—l)(kz:s)Q:O

In general case (7 > 1) the problem should be solved numerically. The complex values
of A(n) thus found and calculated for v = 1.2 and v = 1.667 in a wide range of n are
presented in Tab.1 as functions of n for k = —2,—1,0,1. The function ~y(n) which is
satisfying the condition ReA(yo(n),n) = 0 is presented in Tab.2 This function shows
the boundary of instability region in the (n — ) plane.

The stability condition is ReA < 0 so the stability condition with respect to all
self-similar perturbations is v > v, = max(yo(n)).

This critical value 7., of adiabatic exponent turns out to be a slight function of k.
For k equal to -2, -1, 0, 1, 2 corresponding values of ~., are equal to 1.12, 1.17, 1.20,
1.21, 1.22.

Let us consider separately the case of the first harmonic number (n = 1). We have
two eigenvalues Aj(1), A\2(1) in this case, both real and negative. The greatest (of the
greatest modulus) of them does not depend on +; it is determined with formula:

k+3
M) = =52,

and corresponds to explosion direct motion with momentum conservation.
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Harmonic | k= -2 k=-1 k=0 k=1

number n ReX Im\ ReA ImA | ReA  ImA | Rex ImA

1 -0.3 0 -0.62 0 -1 0 -1.55 0

1 -0.5 0 -1 0 -1.5 0 -2 0
2 -0.24 0.64 | -0.64 0.86 | -1.04 1.03 | -1.48 1.26
3 -0.29 0.89 | -0.51 1.25 | -0.86 1.5 | -1.28 1.69
4 -0.27 1.14 -0.4 1.57 | -0.71 1.88 | -1.1 2.12
5 -0.28 1.38 | -0.32 1.86 | -0.58 221 | -094 25
6 -0.3 1.61 | -0.25 2.12 | -0.47 252 | -0.79 2.84
7 -0.34 1.84 -0.2 2.37 | -0.38 2.8 | -0.67 3.15
8 -0.4 2.08 | -0.17 2.61 | -0.3 3.07 | -0.55 3.45
9 -0.48 2.31 | -0.15 2.85 | -0.23 3.32 | -0.45 3.73

10 -0.57 2.56 | -0.14 3.08 | -0.17 3.57 | -0.36 4
12 -0.81 3.1 -0.15 3.53 | -0.09 4.06 | -0.21 4.52
14 -1.06 3.76 | -0.19 3.99 | -0.04 4.52| -0.1 5.01
16 -1.22 449 | -0.27 4.44 | -0.02 4.98 | -0.01 5.49
18 -1.32 5.21 | -0.39 4.9 | -0.02 543 | 0.049 5.96
20 -1.39 5.92 | -0.53 5.38 | -0.06 5.89 | 0.084 6.42
24 -1.49 7.28 -0.9 6.38 | -0.19 6.79 | 0.089 7.33
28 -1.57 8.62 | -1.35 7.52 | -0.41 7.72 ] 0.02 8.23
32 -1.64 9.95 | -1.79 8.85 | -0.69 8.68 | -0.12 9.14
36 -1.69 11.3 -2.1 10.3 | -1.06 9.69 | -0.31 10.1
40 -1.74 12.6 | -2.31 11.7 | -1.48 10.8 | -0.57 11

Table 1: Eigenvalues \(n,v, k), v = 1.2.
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Harmonic | k = —1 k=20 k=1

number n ReA ImA | ReA  Im) | Rex ImA
1 -0.7 0 -1 0 -1.45 0
1 -1 0 -1.5 0 -2 0
2 -0.8 1.02 | -1.13 1.24 | -1.55 1.51
3 -0.84 1.55 | -1.07 183 | -1.45 2.06
4 -0.93 2.05 | -1.07 233 | -1.39 2.61
5 -1.04 2.56 | -1.11 281 | -1.37 3.11
6 -1.17 3.1 | -1.19 3.29 | -1.39 3.59
7 -1.29 3.68 | -1.28 3.78 | -1.44 4.06
8 -1.38 428 | -1.39 4.28 | -1.5  4.53
9 -1.44 4.88 | -1.51 4.8 | -1.59  5.02
10 -1.48 548 | -1.63 5.34 | -1.68 5.51
12 -1.51 6.65 | -1.85 6.47 | -1.9  6.53
14 -1.52 778 | -2.02 765 -212 7.6
16 -1.53 8.88 | -2.13 8.84 | -2.33 8.72
18 -1.53 997 | -2.2 10 | -2.52 9.87
20 -1.53 11.1 | -2.23 11.2 | -2.67 11.1
24 -1.52 13.2 | -2.27 135 | -2.86 134
28 -1.52 15.3 | -2.28 15.7 | -2.95 15.7
32 -1.51 174 | -2.28 17.8 -3 18
36 -1.51 19.5 | -2.28 20 | -3.02 20.3
40 -1.51 21.6 | -2.28 221 | -3.03 22.5

Table 2: Eigenvalues \(n,~, k), v = 1.667.
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Harmonic | k=-2 | k=—-1|k=0|k=1

number n
4 1
5 1.08
6 1.10 1
7 1.12 1.11
8 1.12 1.14 1
9 1.12 1.16 1.11
10 1.12 1.17 1.15 1
11 1.12 1.17 1.17 1.11
12 1.11 1.17 1.18 1.14
13 1.11 1.17 1.19 1.17
14 1.11 1.17 1.20 1.18
15 1.11 1.17 1.20 1.19
16 1.10 1.16 1.20 1.19
17 1.10 1.16 1.20 1.20
18 1.10 1.16 1.20 1.21
20 1.16 1.20 1.21
22 1.19 1.21
24 1.21

Table 3: Adiabatic exponent values 7o(n, k) limiting the region of instability: ReA(vo,n, k) = 0;
if v < o then ReA(y,n,k) >0



