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The 10th International Workshop on the Physics of compressible Turbulent Mixing (IWPCTM) was held from the 17th
to the 21st of July, 2006, in the Ecole Nationale Supérieure de Techniques Avancées in Paris, France.

The first Workshop was held in Princeton, NJ (USA) in 1988, followed by Pleasanton, CA (USA) in 1989, Royaumont
(France) in 1991, Cambridge (UK) in 1993, Stony Brook, NY (USA) in 1995, Marseille (France) in 1997, St Petersburg
(Russia) in 1999, Pasadena, CA (USA) in 2001 and Cambridge (UK) in 2004.The name IWPCTM was adopted in 1991.

These workshops are mainly devoted to the problems of hydrodynamic instabilities of different density fluid interfaces
submitted either to a constant or varying acceleration (Rayleigh-Taylor Instability, RTI) or to an impulsive acceleration
generated by a shock wave (Richtmyer-Meshkov Instability, RMI).These instabilities are studied at all stages, that is from
the development of the initial small perturbation (linear phase) to the end of the process (turbulent mixing phase).

The total number of participants registered was 143. During the Workshop, 65 oral presentations have been given, and
62 posters have been exposed and discussed, and among these 127 papers, 83 are published in the present proceedings.
Papers are classified by sender’s name, in alphabetical order, for technical reasons.

The scientific committee meeting held on Thursday July 20th, 2006, decided that the 11th International Workshop on the
Physics of Compressible Turbulent Mixing will be held in USA and will be chaired by Guy Dimonte (Los Alamos National
Laboratory).

First of all, I would like to express my friendly thanks to my colleague Marc Vandenboomgaerde for doing so much in
organizing the workshop.

My sincere gratitude goes to the Commissariat à l’Energie Atomique / Direction des Applications Militaires for
contributing financial support essential to the operation of the workshop.

I would like especially to thank the Atomic Weapon Establishment (AWE, UK), the European Community on Flow,
Turbulence and Combustion (ERCOFTAC, Europe), the Los Alamos National Laboratory (LANL, USA), the Lawrence
Livermore Laboratory (LLNL, USA) and the Universitat Politecnica de Catalunya (UPC, Spain) for their rapid decision to
support the organization of the 10th International Workshop on the Physics of Compressible Turbulent Mixing, financially.

I wish to thank all the members of the Local Organizing Committee and Mr M. Grangeon and Mr Ph. Mirveaux for their
help in the organization of the workshop. I would like to thank the members of the Paper Selection Committee as well
for their hard work.

Finally, I would like to express my gratefulness to the IWPCTM10 participants who contributed to making this workshop
a real success.

Thank you.

February 2007
Michel Legrand
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Use of boundary integral methods for classical and ablative Rayleigh-Taylor
instabilities

Christophe ALMARCHA1, Paul CLAVIN1, Laurent DUCHEMIN1 and Christophe JOSSERAND2

1 Institut de Recherche sur les Phénomenes Hors Equilibre, UMR 6594, CNRS-universités d’Aix Marseille I &
II
49, rue Joliot-Curie, BP 146, technopôle de Château-Gombert, 13384 Marseille cedex 13, FRANCE
2 Laboratoire de Modélisation en Mécanique, Université Pierre et Marie Curie UMR CNRS 7607
tour 55/65, 4 place Jussieu 75005 PARIS FRANCE
josseran@lmm.jussieu.fr

Abstract: The instability of ablation fronts strongly accelerated towards the dense medium under the condi-
tions of inertial confinement fusion (ICF) is addressed in the limit of an infinitely large density ratio, or in the
limit of a strong dependance of conductivity on temperature. An analysis [1] shows that flows on both sides
of the ablation front are irrotational to first order, reducing the nonlinear analysis to a two-potential flows
problem. Vorticity appears at the following orders in the perturbation analysis. This result gives the possi-
bility of using boundary integral methods and opens new perspectives in the nonlinear theory of ablative RT
instability in ICF. Examples of 2D simulations with several initial conditions are presented. We also investigate
the occurrence of a finite time singularity in the slope of the ablation front.

These accurate boundary integral methods are also used to investigate long time numerical simulations of
the inviscid Rayleigh-Taylor instability with Atwood number equal one [2]. In this case, They allow us to attain
the spike asymptotic behavior predicted by theoretical analysis [3]. In particular we observe that the spike’s
curvature evolves like t3 while the overshoot in acceleration shows a good agreement with the suggested 1/t5

law. Moreover, consistent results for the prefactor coefficients of the asymptotic laws are obtained. Eventually
we exhibit the self-similar behavior of the interface profile near the spike.

1 INTRODUCTION

Inertial confinement fusion aims at imploding a spherical shell of deuterium tritium thanks to high power laser
radiation, in order to rise the conditions of high density and temperature required for ignition of nuclear reac-
tions. To do so, the conservation of spherical geometry is crucial but a hydrodynamic instability comparable
to Rayleigh-Taylor instability develops and breaks the symmetry. In compression stage, an equivalent cen-
tripetal gravity destabilizes a thin layer of density gradient (ablation front) followed by a thermal wave created
by laser energy deposition. Although some linear models developed last decades accurately describe the first
stages of destabilization ( [9] [10] [11]), a non-linear simple model for larger amplitudes is still required. Such
a model has already been developed for pure Rayleigh-Taylor instability and we present here an extension to
ICF configuration, in the limit of strong density jump at ablation front or in the limit of a strong dependence of
conductivity on temperature. This model is particularly interesting due to the related potential behavior of the
flow. It allows to use Boundary integral methods which are simple to use and much powerful when precision is
required. In chapter 1, the power of the method is demonstrated through the study of late time development
of Rayleigh-Taylor instability. Chapter 2 deals with a model for the non linear development of this instability
in ICF, with the appearance in simulations of a singularity on the shape of the front.

2 ACCURACY OF THE METHOD IN PURE RAYLEIGH-TAYLOR INSTABILITY

2.1 Necessity of an accurate numerical method

The pure Rayleigh-Taylor problem has been studied for decades. A single-mode simplified assumption has
been used by Layzer [7] to study the long-time asymptotic bubble behavior. The results obtained have been
confirmed by many numerical simulations. Such a simplified hypothesis cannot be used when focusing on the
spike asymptotic behavior. This is a reason why models of spikes have been recently developed [3]. The main
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hypothesis they use is a free fall approximation for the spike with quasi steady assumption of the potential
flow. Under such conditions, an evolution of the spike curvature like t3 has been predicted with an overshoot
in 1/t5 towards gravity acceleration.

To confirm predictions of these models, an accurate method was necessary. The choice of a boundary integral
method was quite natural because of the potential hypothesis for the flow and the necessity to reach the high
amplitudes of the interface required to see the asymptotic behavior. Thanks to potential flow assumption,
dimensions of the problem to be solved are reduced by one. Indeed, knowing the velocity on the surface of a
closed domain is enough to determine the flow everywhere inside. 2D simulations were performed using cauchy
theorem, following the early work [4].

2.2 Boundary integral method principle

We investigate physical problems which are periodics in the horizontal direction. Using the conformal map
ez (figure 2.1)we transform the fluid domain into a closed domain where we can apply the following Cauchy
theorem. Considering the complex potentiel β = φ+ iψ giving the complex velocity ∂β

∂z = u− iv, we write
Cauchy theorem for a point z0 outside the closed boundary :∮

β(z)
z − z0

dz = 0 (2.1)

Fig. 2.1. closed domain of the flow and conformal mapping

When considering the domain in figure 2.1 delimited by N nodes, we can write the cauchy theorem N times
for a point z0 reaching each point of the contour. The potential is considered continuous and linear between
each point of the surface. It gives us a system of N equations envolving the real and imaginary parts of the
complex potential at each point. Knowing the real part of the complex potential we deduce the imaginary
part. Then, the normal velocity at the interface is the derivative along the boundary of the imaginary part of
complex potential and the tangential velocity at the interface is the derivative along the boundary of the real
part of complex potential. This way, the knowledge of the potential function on the boundary provides us with
the flow everywhere inside the domain through solving a system. This can be done by a standard triangular
decomposition or with an iterative method.

2.3 Application to Rayleigh-Taylor instability with A=1

We choose a configuration with vertical coordinate ξ pointing the same direction as gravity g, with ξf the
vertical coordinate of the interface. The fluid location is at ξ < ξf The non dimensional equations to solve are:

the kinematic condition at the interface that says that the normal velocity of the flow equals the velocity
of the interface: n.∇φ = Uf

n

the potential hypothesis:∆φ = 0 for ξ < ξf
the assumption of no perturbation at infinity: φξ→−∞ = 0

the Bernoulli equation: [∂φ
∂τ + (∇φ)2

2 ]ξ=ξf
= ξf that updates in time the value of the potential function on

interface
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It remains to know the new values of velocities when knowing the new value of potential after iteration
in time with Bernoulli equation. This is done with boundary integral method. But as mentioned before, this
method applies to a closed contour. The interface in Rayleigh-Taylor problem is 2π periodic. So we transform
a period into a closed domain thanks to a conformal mapping (figure 2.1) that transforms the coordinate z into
ez, with the main advantage that the precision is then extended around the spike.

With all the equations and methods required we perform the simulation of Rayleigh-Taylor instability with
Atwood number A=1. The iteration in time is performed with a fourth-order Runge-Kutta algorithm.

Several results are reported below. Simulations Started with a small amplitude sine-mode. The asymptotic
bubble speed is close to the classical Layzer result as expected (

√
g
3k ). The spike asymptotic acceleration

reaches gravity, confirming the assumption of [3]. The predicted asymptotic spike curvature going like t3 was
also confirmed, with the t−5 overshoot in acceleration (see 2.2). See [2] for more details.
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Fig. 2.2. curvature evolution and overshoot in acceleration (from [2])

3 SIMPLIFICATIONS IN ICF: A DOUBLE POTENTIAL MODEL

When considering sketches of density and temperature along the radius of the shell in Inertial Confinement
Fusion, a jump of density is clearly visible on a small distance: this is the ablation front. Its behavior is
comparable to Rayleigh-Taylor instability, especially for disturbances with a wavelength larger then the ablation
width. The flow upstream the front can be considered as potential but the flow downstream does have a
rotational part due to deflection of streamlines through the interface. However, in the limit of an infinite
density jump at ablation front (Sharp Boundary Model with infinite jump in density), the rotational part,
which is of order of the inverse of the density jump, can be neglected [1]. The temperature, which is uniform
upstream, satisfies a laplacian equation downstream and follows exactly the flow. The system of equations
obtained is decribed below (φ− and φ+ are the reduced potential on each side of the front and ξ is the reduced
coordinate):

On the cold side, (subscript ”-” ): ∆φ− = 0 and limξ→−∞ φ− = 0

On the hot side, (subscript ”+” ): ∆φ+ = 0 and φ+
ξ→∞∼ ξ

φ+ |ξ=ξ
f
= 0 (the flow dowstream is normal to the front)

n.∇φ− |ξ=ξ
f
= Uf

n ( kinematic condition)

[∂φ−
∂τ + |∇φ−|2

2 + |underline∇φ+|2
2 ]ξ=ξ

f
= ξf , (Bernoulli revisited )

Such a system of equations can also be derived in another limit. Indeed, in such Sharp Boundary Model an
arbitrary constant (jump density at the front) has been introduced. Similar equations have also been obtained
in a self-consistent model from the basic equations in the limit of a strong sensitivity of the thermal conduction
to temperature variations ( λ ∼ T ν with ν → ∞). Taking the infinitesimal parameter ε = (Fr−1

ν )
1

ν−1 in the
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limit of large ν, the same system of equations is obtained [5]. Under these considerations, an adaptation of the
numerical study of Rayleigh-Taylor instability can be easily found for ICF problem.

3.1 numerical simulations of ICF problem and occurrence of a finite-time singularity

The resolution is pretty similar to the one for Rayleigh-Taylor instability. The potential flow on the hot side
being solved thanks to a boundary integral method too, the velocities on both sides of the front are calculated.
Iteration in time is then made in new Bernoulli equation thanks to a fourth order Runge-Kutta algorithm. If
necessary, redistribution of points on surface is made thanks to a spline interpolation method.

Fig. 3.3. Bubble competition. comparison of late time simulations in pure Rayleigh-Taylor configuration and ICF

configuration

Fig. 3.4. shape of the front (and zoom near inflection point) close to singularity time

The simulations shown in figure 3.3 were performed with 1000 points equally distributed along a period of
the interface. This cannot allow to describe with enough precision the diverse derivatives of the front. When
focusing on the curvature in a simulation of one period, a singularity develops and diverges in finite time, as
shown in figures 3.4 and 3.5. It appears exactly at an inflexion point, around which curvature rises a positive
maximum and a negative minimum, with diverging values. These extrema are located closer and closer to the
inflexion point as time reaches singularity time. Thanks to a redistribution of points around the singularity in
order to get better accuracy, an asymptotic behavior has been identified on 3 orders of magnitude in t′ − t, t′
being the singularity time. the asymptotic behavior of maximum curvature Cmax, minimum curvature Cmin,
and the distance between them δs , respectively called ”Maximum”, ”minimum” and ”length” on figure 3.5),
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Fig. 3.5. sketches of curvature along the arc length around the inflexion point (left) and asymptotic behavior of curvature

characteristics close to singularity time (right)

are found to scale like:
Cmax ∼ (t′ − t)−1 (3.1)

Cmin ∼ (t′ − t)−1 (3.2)

δs ∼ (t′ − t)4/3 (3.3)

dC

ds max
∼ (t′ − t)−7/3 (3.4)

Such singular behavior is close to the one occurring in Kelvin-Helmholtz instability, although equations are
quite different [6]. Moreover, when rescaling curvature by (t′ − t)1 and lengths by (t′ − t)−4/3, a self-similar
behavior can be observed. This singularity is actually under study but It seems to disappear when a small
surface tension-like effect is introduced in equations. Such a term may appear at the following order in the
non-linear system, due to the finite thickness effect of the curved front (see [8]).

4 SUMMARY

Boundary integral methods have been successfully used in order to simulate late time asymptotic evolution of
two-dimensional bubble and the spike in classical Rayleigh-Taylor instability, and to simulate non-linear stages
of ablative Rayleigh-Taylor instability. Two different models provide us with the same system of equations.
Thanks to it, fronts in ICF are easily studied until the sudden formation of a singularity in front curvature,
which disappears when introducing terms at the following order.
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Monotone Integrated Large Eddy Simulation of Buoyant Turbulent Jets
With Off-Source Heating
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Abstract: Monotone Integrated Large Eddy Simulation (miles) is becoming increasingly popular for sim-
ulating turbulent mixing, particularly in Rayleigh-Taylor and Richtmeyer-Meshkov flows. It is a form of les

designed to capture inherently the correct flow of energy through the inertial range and the decay at the grid-
scale cut-off. The method does not use an explicit turbulence model and hence makes no assumptions about
the structure of the flow. This paper addresses the applicability of the miles approach for simulating turbulent
mixing in the context of buoyant turbulent jets. It is well documented that different values for the coefficient
in Taylor’s entrainment model have to be used to capture correctly the observed spread rates in turbulent
jets and plumes. In a buoyant turbulent jet there is a transition from a jet-like region near the source, to
a plume-like region in the far field, and various models have been proposed to interpolate the entrainment
coefficient between these two regions. Similarly, in a buoyant atmospheric plume the latent heat release due
to condensation of water vapour provides a secondary source of buoyancy away from the origin of the plume,
resulting in a change in entrainment behaviour. Bhat and Narasimha (1996) reproduced analogous off-source
heating in the laboratory by using electrodes to heat an acidic jet in a deionised ambient. A series of numerical
experiments have been conducted to simulate the above flows with the aims of assessing the miles approach
in this context, and increasing the understanding of the entrainment mechanism and the assumptions made in
constructing an appropriate analytical model.

1 INTRODUCTION

The principle aim of this paper is to use numerical simulation to investigate the entrainment of fluid into
turbulent jets, and the response due to volumetric heating. Entrainment is conventionally modelled using
Taylor’s entrainment hypothesis, introduced in Morton, Taylor and Turner [7], and states that the rate at
which ambient fluid is entrained into the jet at each streamwise station is proportional to a characteristic
velocity within the jet, usually taken to be the centreline velocity at that streamwise station. This entrainment
hypothesis has been applied successfully in many applications, see Turner [10] for a review. The constant of
proportionality, the entrainment coefficient, is found to take different values in jets and plumes, and can vary
more substantially in non-canonical situations.

This study is motivated by cloud formation by condensation in atmospheric plumes, where the introduction
of buoyancy due to an associated latent heat release significantly modifies the entrainment behaviour. Based
on the entrainment hypothesis, the acceleration of the fluid due to the enhanced buoyancy should lead to an
increase in entrainment. However, photographs of cumulus clouds (see Scorer [9], for example) depict tall
vertically-sided clouds, which suggests a decrease in entrainment results, and field observations (see Paluch [8],
for example) indicate that it is reduced almost to zero. By considering the effects of turbulent momentum
flux, J. C. R. Hunt [6] proposed that any positive forcing, such as buoyancy, should lead to an increase in
entrainment, but a increase in relative turbulent intensity could lead to a decrease in entrainment.

To study the problem Bhat, Narasimha and Arakeri [4] pioneered a laboratory analogue of the problem.
An acidic aqueous jet was injected into a deionised ambient, and electrodes were used to selectively heat
the conducting jet fluid. Bhat and Narasimha [3] (henceforth referred to as bn) report a dramatic change
in structure of the jet, along with a drastic reduction in the spread rate and mass flux. It was concluded
that a constant entrainment coefficient was not valid for this flow. Furthermore, a decrease in the relative
turbulent intensity was observed, and so it was concluded that Hunt’s proposal was not verified by these
results. More recently, the experiments have been repeated with more detailed diagnostics by Agrawal and
Prasad [1] (henceforth referred to as ap), including measurements of the temperature field. An increase in
relative turbulent intensity was reported, supporting the argument of Hunt [6].
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(1) Source of momentum.

(2) Transmissive boundary conditions allow for the
entrainment of ambient fluid without inducing a large
recirculation.

(3) Transmissive upper boundary condition allows fluid to
pass out of the domain.

(4) Two levels of amr are used below here to resolve the
nozzle.

(5) One level of amr is used below here to resolve the
similarity region.

(6) A buffer zone is specified at the top of the domain
to reduce the impact of the imperfect upper boundary
condition.

(7) The heat injection zone (hiz), where heating is applied
proportional to the tracer concentration.

Fig. 2.1. Schematic of the computational configuration for spatially evolving turbulent heated jets.

Closer inspection of the analysis reveals two important factors that have to be addressed before the argument
can be applied to this problem. Firstly, it is assumed that the mean momentum flux remains constant, which
cannot be true in this case. Secondly, self-similarity is assumed to relate the centreline relative turbulent
intensity to the turbulent momentum flux. Consider the jet width (b), mean and turbulent velocities (ūz and

u′

z

2), mean mass flux (Q), mean and turbulent momentum fluxes (M̄ and M ′), and forcing term (F ) through
two planes at heights z1 and z2. Then following Hunt [6] it is possible to relate the change in mass flux through
the expression

Q2

Q1

=
b2

b1

√
λ, where λ = 1 +

(

1

M̄1

∫

z2

z1

F dz

)

−
(

M ′

2
− M ′

1

M̄1

)

. (1.1)

From this, Hunt deduced that any positive forcing F would lead to an increase in entrainment, whereas an
increase in the relative turbulent intensity will result in a decrease in entrainment. Dropping the assumptions
of constant mean momentum flux and self-similarity, a decrease in entrainment may be expected from positive

values of M̄−1dM ′/dz instead of an increase in u′

z

2/ū2

z
.

In this paper, numerical simulations are conducted following the laboratory experiments of turbulent jets
with off-source heating. The data are then used to investigate the reappraisal of Hunt’s theory presented above,
and to examine the behaviour observed in the experiments.

2 SIMULATIONS

Due to the broad range of time and length scales involved in turbulent jets, a fully-resolved direct numerical
simulation is prohibitively expensive, and so different a approach is required to circumvent this issue. One such
approach, introduced by Boris et al., is to take a finite-volume approach with a carefully constructed scheme
so that the inviscid cascade of energy from large to small scales is well captured and dissipated at the grid
scale cut-off by the inherent truncation error. Since the cell-averaging can be considered an implicit filter,
and the truncation error an implicit sub-grid scale model, this approach forms a natural form of large eddy
simulation, which has come to be known as Monotone Integrated Large Eddy Simulation, or more generally as
Implicit Large Eddy Simulation. A more extensive discussion of the approach can be found in Grinstein and
Fureby [5], for example. In high Reynolds number turbulent jets, the specific details of viscous dissipation are
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Unheated jet Type i

αc = 0.5
Type i

αc = 2
Type i

αc = 4
Type ii

αc = 2

Fig. 3.2. Heated Jets: Instantaneous plots of tracer concentration through vertical slices through the axis of the different

heated jets. Left to right are pure jet, low heating (αc = 0.5), intermediate heating (αc = 2), high heating (αc = 4),

and type ii heating.

not important and dominated by the Reynolds stresses. Therefore, the miles approach is particularly suited
to free shear flows.

The numerical code used in the present study is iamr, which was written at the Center for Computational
Sciences and Engineering at the Lawrence Berkeley National Laboratory. It uses a second-order projection
method to solve the Navier-Stokes equations, is capable of Adaptive Mesh Refinement (amr) and is parallelised.
A fractional-step scheme is used, specifically a two-step predictor-corrector method. The equations are solved
along with any relevant source terms for updated scalar quantities and an intermediate velocity field. This
velocity field may not be divergence free, and so a projection step is taken to enforce the constraint. The details
of the amr method and the development of the algorithm can be found in Almgren et al. [2], and the references
therein. The buoyancy due to heating was captured using the Boussinesq approximation, and so the equations
of motion used are

∇ · u = 0 (2.1)

(

∂

∂t
+ u · ∇

)





u

T
c



 =





−∇P + αT Tez

Q
0



 , (2.2)

where u is the three-dimensional velocity, P is the pressure, αT is coefficient of thermal expansion, T is the
temperature, c is a tracer used for the heat injection Q, which is injected proportional to the tracer concentration
by setting Q = αcc in the heat injection zone (hiz), and zero elsewhere, where αc is the heating rate.

Figure 2.1 shows a schematic of the computational set-up. The domain size was 48d × 48d × 64d, where
d is the jet nozzle diameter. Two levels of amr were used to move the boundaries away from the region of
interest without prohibitively increasing the computational expense. The first level of amr was restricted to a
vertical extent of 45d so that there was a large buffer zone at the top of the domain to reduce the effect of the
imperfect upper boundary condition. The second level of amr was used to resolve the nozzle. The base grid
had a resolution of 96 × 96 × 128 and each level of amr had a refinement factor of 2. This configuration was
found to be adequate to establish a region within the domain in which the mean and turbulent statistics were
comparable with a self-similar turbulent jet. Two different types of heated simulations were run. Firstly, the
hiz was placed between 20d and 28d, and will be referred to as type i heating. Secondly, heat was injected at
all heights above 20d, and will be referred to as type ii heating. Three different heating rates were used for the
type i heating (αc = 0.5, 2, and 4), and one heating rate used for type ii (αc = 2).

3 RESULTS

3.1 Comparison with laboratory experiments

Figure 3.2 shows vertical slices through the axis for each of the simulations. On the left is the unheated jet,
where the natural spread rate can be see. The middle three plots depict the type i heating, increasing in heating
rate left to right. The right-hand plot shows the type ii heating. The horizontal lines define the heat injection
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Fig. 3.3. (a) Streamwise evolution of the widths of the mean velocity and tracer profiles. Type i, αc = 2. Vertical dashed

lines denote the hiz, vertical dotted lines denote coarse-fine boundaries. (b) Radial profiles of normalised mean radial

velocity at different heights. Type i, αc = 2. (c) Radial profiles of normalised mean temperature profiles at different

heights. Type i, αc = 2. (d) Streamwise evolution of the entrainment coefficient for the different cases. Horizontal

dashed lines denotes the range of values reported in jet experiments, and the dotted line shows a lower bound for plumes,

the upper bound is around 0.16.

zones. The decrease in spread rate is very clear, and at the highest heating rate, the jet radius can actually
decrease. This is consistent with the experimental results of both bn an ap.

The visual thinning is reflected by the tracer width shown in figure 3.3(a), where the velocity width is also
shown, both are for the type i, αc = 2, case. These widths are defined as the distance from the axis where the
mean is e−1 times the centreline mean value. In stark contrast to the thinning of the tracer width, the velocity
width spread rate increases at the beginning of the hiz, and only decreases at the top of the hiz. Similar results
are observed in the other heating cases and is also the same as that observed in the laboratory experiments of
bn and ap.

The cause of the visual thinning is the change in behaviour of the mean radial velocity, shown in figure 3.3.
The profile below the hiz, characteristic of an unheated jet, has an outflow near the axis and the entrainment
inflow outside the jet. Upon heating, the profile changes to inflow at all radial positions, as was found to be the
case in the laboratory experiments of ap. The heat injection accelerates the jet fluid upwards, and to satisfy
continuity fluid is drawn inwards, primarily laterally, which carries the tracer towards the axis resulting in a
reduced visual spread rate.

Radial profiles of the normalised mean temperature are shown in figure 3.3(c). As reported by ap, at
the beginning of the hiz, the peak temperature lies away from the axis. This off-axis peak results from a
competition between the tracer concentration and residence time in the hiz. The fluid near the axis has a high
tracer concentration and so experiences strong heating, but it is also travelling more quickly than fluid at larger
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Fig. 3.4. (a) Streamwise evolution of the centreline relative turbulent intensity. Type i, αc = 2. (b) Streamwise

evolution of the turbulent momentum flux. Type i, αc = 2. (c) Radial profiles of the mean streamwise turbulent

intensity at different heights. Type i, αc = 2. (d) Radial profiles of the velocity-temperature correlation at different

heights.

radial positions and so experiences this heating for less time. Conversely, fluid near the jet edge has a lower
tracer concentration so only undergoes gentle heating, but is travelling much more slowly and so is heated for
longer. This results in the observed off-axis temperature peak. This peak decays with height and the profile
becomes more Gaussian. This explains why the velocity width spread rate increases near the bottom of the
hiz, but decreases above it. Where the temperature peak is off the axis, the fluid is accelerated over a wide area
and so the velocity width grows more rapidly, and then when the off-axis temperature peak has diminished the
inward radial velocity leads to a decrease in the growth of the velocity width. Since there is no generation of
tracer, the tracer width decreases as it is swept towards the axis by the inward radial velocity.

3.2 Entrainment behaviour

The streamwise evolution of the entrainment coefficient is shown in figure 3.3(d). It is clear that, in general,
heating leads to a higher value of entrainment coefficient than in the unheated jet, even at heights below
the hiz. This is because heating brings about a global response, not just a change in lateral entrainment.
This response is also more pronounced with higher heating rates. However, upon entering the hiz, there is a
significant decrease in the entrainment coefficient, which indicates that local changes also occur.

Figures 3.4(a) and (b) compare the terms in the readdressed theory of Hunt [6], specifically the evolution
of the centreline relative turbulent intensity and the evolution of the turbulent momentum flux (αc = 2).
Consistent with bn, but inconsistent with ap, a decrease is observed in the relative turbulent intensity upon
heating, which does not support the original proposal of Hunt. However, when the turbulent momentum flux
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is considered, support is found for a link between the change in turbulent behaviour and the observed decrease
in the entrainment coefficient. It should be noted that it is not simply the change in normalisation that is
important, but also a significant change in self-similar structure. Figure 3.4(c) shows radial profiles of the
normalised streamwise turbulence intensity. It is clear that upon heating, the centreline value decreases, but
there is an increase away from the axis, even though the mean streamwise velocity used to normalise the profile
increases. When coupled with the change in normalisation, the change in self-similar structure leads to an
increase in turbulent momentum flux, despite a decrease in the centreline relative turbulent intensity. This
suggests that the original experimental data support the essence of Hunt’s proposal, with the modifications
highlighted above. Similar results are obtained for the other heating rates.

Figure 3.4(d) shows normalised radial profiles of the streamwise velocity-temperature correlation, which
appears as a source term in the transport equation for the turbulent intensity. At the bottom of the hiz, there
is a significant negative region near the axis, and a positive region near to the jet edge - it is this term that is
responsible for the change in self-similar structure observed.

4 SUMMARY

Simulations have been run using an implicit turbulence model to investigate the response of a turbulent jet
to volumetric heating. The data were found to be consistent with laboratory experiments. The analysis of
Hunt [6], which related changes in turbulent momentum flux to entrainment behaviour, was revisited and
the simulation data was used to support the new argument. Details of the turbulence showed a change in
self-similar structure that proved to be significant in confirming the differences with the new analysis and also
suggested that the original experimental data also support the argument. This study is a successful application
of the miles approach that has given insight into a complicated problem.
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Abstract  In the present paper, we consider the influence of weak dissipative effects on the passive scalar 
behavior in the framework of continuum percolation approach. The renormalization method of a small parameter 
in continuum percolation models is reviewed.  It is shown that there is a characteristic velocity scale, which 
corresponds to the dissipative process. The modification of the renormalization condition of the small 
percolation parameter is suggested in accordance with additional external influences superimposed on the 
system. In the framework of mean field arguments, the balance of correlation scales is considered. This gives the 
characteristic time that corresponds to the percolation regime. The expression for the effective coefficient of 
diffusion is obtained.  
 
1. Introduction 
 

The long-range correlations are responsible for the anomalous transport in complex systems. In spite of 
considerable progress attained in this field of research [1-6], the problem still awaits its complete solution. The 
variety of anomalous transport forms requires not only special description methods, but also an analysis of 
general mechanisms. There exist many methods to describe correlation effects: the direct calculation of 
correlation functions, the diffusive approximation of correlation effects in the framework of the hydrodynamic 
or kinetic description, the mean field approximation of mixing length etc. One of the simplest possibilities for 
the interpretation of anomalous transport models is based upon using the scaling conception. In the framework 
of scaling approximation, often it is possible to consider different aspects of anomalous transport by 
characteristic temporal and spatial scales. Thus, in terms of the Hurst number H one can represent the mean free 

path 
2/12xR =  by the scaling, , where HtR ∝ 10 ≤< H  [1].  Here H=1/2 corresponds to the 

conventional diffusivity;  describes subdiffusion; and 2/10 << H 12/1 ≤< H  corresponds to 
superdiffusion. On the one hand, there exist formal methods that allow relation of the Hurst exponent H to the 
values characterizing system physical properties. Thus, in the framework of the continuous time random walk 
(CTRW) approach, use is made of the model function )(tψ  that describes the probability to make jump at the 
moment t [1,3]. For the power form  

1/1)( +∝ γψ tt                                                                         (1) 
, where 10 << γ , the simple relationship between the Hurst exponent H and the waiting time 

exponent γ : 2/γ=H  can be used [1-3].  
On the other hand, there exist fairly universal physical models that allow the description of anomalous 

transport by means of the analysis of stochastic layer evolution, the consideration of correlation scales dynamics, 
the analysis of stochastic instability etc. [5-9].  
 Naturally, the linear estimate of width growth of stochastic layer t∝∆  is not universal. Thus, in the 
framework of percolation approach to the description of turbulent transport in two-dimensional flows, the 
estimate of stochastic layer width (the width of percolation streamline) ∆  also plays a role of principle [4]. 
However here the main point is the renormalization condition [4,8-10] of the small percolation parameter ε  that 
characterizes the nearness of the system to a percolation threshold 

∆(ε)=λε .                                                                     (2)                             
Here λ  is the characteristic spatial scale ( ∆>>λ ). The “universality” of such an approach is discussed in 
[4,9]. The percolation model implies that there exists a percolation (fractal) streamline in the two-dimensional 
random flow under consideration, which embraces almost the whole plane. The convective transport of the 
passive scalar along this streamline defines the transport character in the system under analysis [4].  Percolation 
approach gives the simple topological model of behavior related to strong correlation effects to obtain 
dependences of transport coefficients on the parameters characterizing the common properties of a flow 
(velocity scale V0, spatial scale λ , “seed” diffusion D0 etc.). In this theory the correlation length )(εa  is the 
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main magnitude characterizing the spatial scale of the system, which is located near the percolation threshold 
0→ε : 

ν
ε

λ
=a               

hDaaL ⎟
⎠
⎞

⎜
⎝
⎛≈
λ

λ)( .                                        (3) 

Here, ν =4/3 and Dh =1+
ν
1

 are the percolation exponents that are exactly calculated for the two-dimensional 

case [4,11], λ  is the geometric characteristic scale, and L(a) is the length of the percolation streamline that is 
also expressed through the small parameter 0→ε . To obtain the finite value of the small percolation 
parameter ε, the authors of Refs. [8] used mean field arguments. For the steady case in the presence of seed 
diffusion D0, the main contribution in transport is defined by the balance of characteristic times. Thus, assuming 
that in the steady case the particle motion time along the percolation streamline 0/VLB ≈τ  has to be the same 

order as the characteristic diffusive time  of the particle escape from the percolation (stochastic) 

layer , the authors of Refs. [8] obtained the expression: 
0

2 / DD ∆≈τ
∆

0

0 )(
)(

V
LD ε

ε =∆ .                                                 (4) 

Thus for the steady model [8] the small parameter is defined as a solution of the equation ∆(ε)=λε,                                                 
13/3

0

03
1

1
⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
=⎟

⎠
⎞

⎜
⎝
⎛=

+

V
D

Pe λ
ε

ν
  .                                                    (5) 

Here 
0

0

D
V

Pe
λ

=  is the Peclet number. To calculate the effective diffusion coefficient it is necessary to take 

into account that the percolation cluster occupies only a small fraction of the space. Therefore, the value  

       )()()()(
)(

)(
02

22

εεε
τ

ε
ετ
ε

∆≈
∆

≈≈ ∞ V
a

LaPaD
B

eff  .                                 (6) 

can be the estimate of the effective diffusion coefficient. One can see that the stochastic (percolation) layer 
width ∆(ε) is the key parameter of the problem. Note, that percolation approach permits obtaining the transport 
estimates , which differ essentially from the conventional quasi-linear estimate  [1-

3]. Moreover, it is possible to consider different physical models (time dependence, drift effects, multiscale 
models by means of the renormalization of the small parameter [8-10].  

13/10
0VDeff ∝ τ20VDT ≈

 
2. Dissipation and renormalization of the small percolation parameter 

 
In this section, we consider the influence of weak dissipative effects on the percolation layer width.  

The presence of even small dissipation can considerably change the character of streamlines behavior  [4]. It is 
possible to introduce the rate of energy dissipation Kε  by analogy with isotropic turbulence theory [17], 

const
c
m

K =⎥
⎦

⎤
⎢
⎣

⎡
= 3

2

ε . Note, that in the framework of such an approach even simple dimensional estimate of 

the characteristic time  together with the Fourier representation of the Einstein-Smolukhowski 

non-local functional [1], yields the classical Richardson law [2,17] for the relative diffusivity: . Here k 
is the wave number.  

( ) 3/12 −
≈ kKK ετ

32 tR ∝

In the percolation case under consideration, the weak dissipation leads to increasing the stochastic layer 
width. We can estimate this at the initial stage of the percolation process by the linear dimensional expression  

 ttV K
3
1

2* ⎟
⎠
⎞

⎜
⎝
⎛≈≈∆
λ
ε

λ .                                                         (7) 
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Here 
K

V
τ
λ

≈*  characterizes the rate of growth of the stochastic layer width, δ  is the spatial dissipative scale. 

Formally, the value δ  can be considered as an independent parameter. However in the framework of the 
hierarchy of spatial scales [1,9] that corresponds to the percolation model [8] 

εε
λλλε ν

aLa ≈<<≈<<<<≈∆                                          (8) 

the estimate ∆≈δ  is fairly adequate to the weak dissipation since ∆  is the less among spatial  scales. Then 
simple calculations yield  

 5/3
5/1

2 tK ⎟
⎠
⎞

⎜
⎝
⎛≈∆
λ
ε

λ .                                                   (9) 

At the initial stage we deal with two competing processes: the increase of the correlation scale a due to 
growth of the distance passed by the test particle, and the decrease of the correlation scale due to the dissipative 
effects. Indeed in the case under consideration the dissipation leads to the increase of the stochastic (percolation) 
layer width ∆(t) and hence to the decrease of the correlation scale: 

νν

λελ
λλ

λ
λ ⎟⎟
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⎜⎜
⎝
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⎠
⎞

⎜
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⎛ ∆≈

−

5/35/12 )/(
)()(

t
tta

K
D .                                  (10) 

On the other hand it is necessary to take into account also increasing correlation scale a due to the percolation 
character of streamlines (3) 

hh DD

I
tVtLta

/1
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λ
λ .                                      (11) 

Here the supposition was made that the test particle path at this stage is approximately ballistic .  tVtL 0)( ≈
In the framework of scaling arguments we consider the balance between these processes as the balance 

of the correlation scales atata DI ≈≈ )()( 00 ,

hD

K

tV
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00

5/3
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.                                         (12) 

Here t0 is the mean field estimate of the characteristic time that corresponds to the correlation scale balance. The 
solution of this equation yields 

36
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This expression allows us to define the small percolation parameter that characterizes analyzed model based on 
approximation (2) of the stochastic layer width, 

4
1

0

3/1)(
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V
Kλε

λ
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Now one can obtain the scaling for the percolation layer width 

4/1

0

5/3
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Here,  is the dimensional estimate of the characteristic velocity that is related to dissipative 

effects. Note, that the real small percolation parameter 

( ) 3/1λε KU =

( ) 4/1

0

3/1
4/1

0 ⎟
⎟
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⎝

⎛
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dimensionless parameter 
( )

0

3/1

0
0 VV

U Kλε
ε == . This is analogue to the known percolation results [9], where 

the initial small parameter 0ε  differs from the real (renormalized) percolation parameter ε . Thus for example 

in the steady case (5) 
Pe
1

0 =ε , whereas 
3

1

1 +
⎟
⎠
⎞

⎜
⎝
⎛=

ν
ε

Pe
  [8]. 

 
3. Percolation estimates of transport effects  

 
In the framework of percolation approach, the expression for effective diffusivity has the form 

(6), )(0 ε∆≈VDeff  which mirrors the key role of the stochastic layer width ∆ . This expression is similar to 

the convective cells estimate, where ∆  depends only the model geometry, but in the percolation approach one 
deals with the dependence ( )ε∆=∆ . In the case under consideration, the expression for the small percolation 

parameter (14) is based on the supposition of smallness of the value 
( )

00

3

=
/1

V
U

V
Kλε

, which characterizes the 

distortion of a pattern flow by dissipative effects. The substitution of  (14) into (6) yields the expression for the 
effective diffusivity in the form 

( ) 12/14/3
0

4
1
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3/1

00 )( K
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eff V
V

VVD ε
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λε ∝⎟
⎟
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⎞
⎜
⎜
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⎛
≈∆≈ .                                 (16) 

The obtained dependence differs essentially from both the quasi-linear  and the known percolation 

estimate (6) . 

τ20VDT ≈
13/10

0VDeff ∝
 
4. Conclusions 
 
The influence of weak dissipative effects on the passive scalar behavior in the framework of  percolation 
approach is considered in the paper. The renormalization method of a small parameter in continuum percolation 
models for two-dimensional random flows is reviewed.  
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Three-dimensional numerical simulation of experiments on Richtmyer-
Meshkov induced mixing with reshock

Mireille BOULET and Jérôme GRIFFOND 1

1 CEA/DAM Ile-de-France BP 12 91680 Bruyères-le-Châtel FRANCE

Abstract: Numerical simulation of turbulent Richtmyer-Meshkov shock tube experiments with two different
chamber length are reported here.

1 EXPERIMENTAL SET-UP AND RESULTS

Shock tube experiments have been performed to study the shock induced mixing at an air-SF6 interface.
The incident Mach 1.2 shock-wave in air is transmitted in the SF6 chamber of either 25cm or 30cm length; it
reflects on the end-wall and interacts with the premixed interface. Initially, both gases are separated by a thin
membrane maintained between two square wire meshes. The space between wires is small (1.8mm and 1mm)
in order that the mixing becomes quickly turbulent. Using the initial growth of the mixing zone width as a
reference velocity and mesh wire spaces as reference length, the reshock occurs at a dimensionless time around
100 to 200. Such long time developments are challenging for simulation.

Description and results of the experimental set-up are provided by Haas J.F., Counilh D. and Schwaederl
L. (10th IWPCTM 2006).

Different criteria, see Fig. 1.1, can be applied to estimate the mixing zone width from schlieren photographs
but whatever be the criterion used, two clear trends appears:

– the mixing zone width evolves like t1/4 before reshock;

– the larger is the SF6 chamber, the later occurs the reshock, the larger is the growth rate after reshock.
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Fig. 1.1 –. Experimental turbulent mixing zone width with both chamber length according to three criteria.
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2 CHARACTERISTICS AND VISUALIZATION OF SIMULATIONS

Simulations are performed with the Triclade parallel code which can solve the 3D Navier-Stokes equations
for gas mixtures with high order numerical schemes. For the present simulations:

– 3D Euler equations with mixing described by a mass fraction giving the local properties of the mixture;

– 30 millions cells in the whole domain;

– 200 x 200 cells in each cross section ( d × d );

– 2 main wavelengths λ = d/5 and λ = d/9 parallel to the walls representative of approximately 1/50th of
experimental tube cross section

– simulation performed in 2 stages (see Fig. 2.2): one for each interaction, in the frame attached to the
interface after interaction.

beginning of  2      stage

��
�

� � � � � � � � � � � � � �� � � � � � � � � � � � � �� � � � � � �� � � � � � �� � � � � � � � � � � � �� � � � � � � � � � � �
� � � � � � �� � � � � � �

interface

reflected shock wave

field coming from the 1    stage 

with velocity translation

end of 1    stage

mesh
regularly spaced change of referential

0D post−shock conditionsst

introduced reshock

nd

transmitted shock(stationnary)st

V   = 0x

	
� ��

 � �� �� �

� �� �� ��

� �� ���
� �� �

Fig. 2.2 –. Principle of the 2 stages simulation procedure.

Fig. 2.3 –. First interaction (left), and second interaction (right). Air is on the left of the pictures and SF6 on the

right. First shock comes from the left, second comes from the right.
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Schlieren pictures are obtained from 3D numerical simulation, and shown in Fig. 2.3, by computing light
rays deflection in one cross direction.

The first interaction is shown on the left of Fig. 2.3: it involves a Mach 1.2 shock wave in air with an Air-SF6
interface at rest (Atwood 0.67). The air bubbles on the SF6 side produce a clear front in the numerical schlieren
images whereas the SF6 penetrating in the air side gives a dilute aspect without a well-defined mixing zone
edge on the left. Vortex rings are thrown out of the mixing zone on both sides.

The second interaction is shown on the right of Fig. 2.3: it involves a Mach 1.3 reshock in SF6 with the
mixing zone (Atwood -0.70). After compression of the mixing zone by the reshock, large structures of the
size of the computational domain appear and develop quickly. After reshock, turbulent fine scales added on
the growing large scales without isolated vortex rings produce schlieren visualizations that look completely
different.

3 COMPARISONS TO EXPERIMENTS

(a) t ≈ 2.2ms (b) t ≈ 2.48ms (c) t ≈ 3.0ms

Fig. 3.4 –. Comparison of experimental and numerical schlieren pictures just before reshock, a short time after reshock

and later after reshock.

Comparisons of experimental and numerical schlieren images, in Fig. 3.4, show the fraction of the tube that
is really simulated. Two aspects can be noticed: contrary to simulation, no sign of vortex rings getting out of
the mixing zone before reshock can be observed in photographs and both simulation and experiment display
structures of larger and larger size after reshock.
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Fig. 3.5 –. (a)-Comparison of experimental and numerical mixing zone width for the 25cm chamber. (b)-Numerical

mixing zone width when the reshock is introduced at different times.

The evolution of the mixing zone width is correctly reproduced by the simulation before and after reshock,
see Fig. 3.5-(a). The criterion giving the smallest estimate (which should be free from boundary layer effects),
at least, is close to the numerical one. Especially, the t1/4 growth before reshock is obtained whereas more
diffusive numerical computations predict a larger exponent.

Introduction of the reshock at different times in the simulation, see Fig. 3.5-(b), confirms qualitatively the
experimental observation : the sooner the reshock occurs, the less the mixing zone grows after interaction.
However, the experimental growth rate difference between both chambers of 25cm and 30cm length is larger
than the numerical one.

4 CONCLUSION

The simulation of the effect of the time arrival of the reshock on the mixing zone width is a very challen-
ging problem due to very long turbulent development between first and second interaction. Compared to the
experiments, satisfactory results are obtained concerning the late-time t1/4 growth rate of first-time shocked
mixing layer. Like in the experiment, the larger growth rate is obtained when the reshock arrival occurs later.
However, the difference between the observed growth rates is not as pronounced as in the experiment.
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Large-eddy simulation of round turbulent jets using the Inertial LES method
with multifractal subgrid-scale modeling

Gregory BURTON1

1 Lawrence Livermore National Laboratory, Livermore, CA 94550 USA

Abstract: Large-eddy simulation of passive scalar mixing by a fully three-dimensional round incompressible
turbulent jet is evaluated using the Inertial LES methodology with multifractal subgrid-scale modeling. The
Inertial LES approach involves the direct calculation of the inertial term ui uj in the filtered incompressible
Navier-Stokes equation and the scalar flux term uj φ in the filtered advection-diffusion equation, using models
for the subgrid velocity field usgs and the subgrid scalar-concentration field φsgs. In this work, the models are
based on the multifractal structure of the subgrid enstrophy 2Qsgs(x, t) ≡ ωsgs · ωsgs and scalar-dissipation
χsgs(x, t) ≡ D∇φsgs ·∇φsgs fields, respectively. No artificial viscosity or diffusivity constructs are applied and
no explicit dealiasing is performed. Numerical errors are controlled by the application of an adaptive backscatter
limiter. The present work summarizes the initial evaluation of the Inertial LES approach in the context of the
round turbulent jet, including examinations of jet self-similarity and the scale-to-scale distribution of kinetic
and scalar energy in the jet far field. These inquiries confirm that the Inertial LES method accurately recovers
the large scale structure of this complex turbulent shear flow.

1 INTRODUCTION

The free round turbulent jet is perhaps the most extensively studied of the canonical free turbulent shear
flows. Turbulent jets are important in a variety of industrial applications, such as fuel injectors, furnaces and
rocket engines, as well as in high energy-density phenomena such as astrophysical jets and inertial confinement
fusion. The enormous range of length and time scales generated by such flows, however, makes high-resolution
laboratory or field study of most of them difficult or impossible. The multiplicity of scales also prevents direct
numerical studies (DNS) of such flows, since fully resolving all dynamically-significant scales would require
computational power well beyond present-day capabilities. Currently, therefore, the most promising method to
study such flows on the computer is through large-eddy simulation (LES), in which only the larger turbulent
scales are calculated explicitly, while the smaller, unresolved scales are modeled. However, most presently-
available modeling techniques lack the fidelity necessary for LES to become a more widely-accepted tool for
scientific and engineering work.

2 INERTIAL LES METHOD

2.1 Multifractal subgrid modeling

Recently, Inertial LES with multifractal subgrid modeling has been proposed as a new, physically-based tech-
nique for obtaining high-fidelity large-eddy simulations [1, 2]. In this approach, the filtered Navier-Stokes
momentum equation, given by

∂ ui

∂t
+

∂

∂xj
ui uj − ν

∂2 u

∂xj∂xj
= 0 , (2.1)

is solved by explicitly calculating the filtered inertial term ui uj . Similarly, the filtered advection-diffusion
equation, given by

∂φ

∂t
+

∂

∂xj
uj φ −D

∂2φ

∂xj∂xj
= 0 , (2.2)

is solved by explicitly calculating the filtered scalar-flux term uj φ. This approach represents a “return-to-first-
principles” in LES methodology, since the unclosed terms in (2.1) and (2.2) are calculated in their original
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forms, i.e., as nonlinear stresses, rather than as linear stresses modeled with the gradient-diffusion hypothesis,
the approach taken by most current LES methods. The nonlinear terms may be expanded, giving

ui uj ≡ ui uj + ui usgs
j + usgs

j uj + usgs
j usgs

j (2.3)

uj φ ≡ uj φ + uj φsgs + usgs
j φ + usgs

j φsgs , (2.4)

indicating that the terms involve interactions between resolved and subgrid velocities and scalar fields. Thus,
the Inertial LES approach requires models for the subgrid velocities usgs

j and scalar fluctuations φsgs.
Here, these subgrid models are derived from the multifractal structure present in hydrodynamic turbulence

at inertial-range scales. This structure has been confirmed in numerous previous studies [7, 11]. Multifractal
structure in the enstrophy field, 2Q(x, t) ≡ ω · ω, is used first to develop an analytical model for the subgrid
vorticity field ωsgs(x, t). The Biot-Savart law is then employed to relate the analytical model for ωsgs(x, t) to
the subgrid velocity field usgs

j (x, t). The analytical model for usgs
j (x, t), in turn, may be simplified to obtain a

computationally tractable model for the subgrid velocity field usgs
j (x, t). A similar approach is taken to derive

a model for the subgrid scalar-fluctuation field φsgs(x, t) from multifractal structure present in the scalar-
dissipation field χ(x, t) ≡ D∇φ · ∇φ. Here, the Green’s function operator is employed to relate an analytical
model for the subgrid scalar-gradient field ∇φsgs(x, t) to the subgrid scalar-fluctuation field φsgs(x, t), from
which a computational model for φsgs(x, t) is derived. In their final forms, both models involve transforming
the smallest-resolved scale ∆ velocity and scalar fields, as

usgs
j (x, t) ≈ B u∆

j (x, t) (2.5)

φsgs(x, t) ≈ D φ∆(x, t) (2.6)

where B and D are functions of the number of subgrid scales within an LES grid cell. Detailed development of
the subgrid velocity and scalar models are provided in [1] and [3]. Prior evaluation of the Inertial LES method
indicates that it reproduces more accurately the local momentum and energy transfer between the resolved
and subgrid scales than traditional subgrid modeling approaches [2, 3].

2.2 Backscatter limiting

Numerical errors in the Inertial LES method are controlled here by an adaptive backscatter limiter, a refinement
of the technique introduced by Burton & Dahm [2]. That work demonstrated that numerical errors may
be effectively controlled by selectively reducing the magnitude of those nonlinear stresses in (2.3) and (2.4)
responsible for the reverse transfer of energy from the subgrid to the resolved field during a simulation. To
implement such a limiter, the filtered inertial stresses ui uj responsible for backscatter of kinetic energy are
first identified as those that satisfy

u(i) u(j) S(ij) > 0 , (2.7)

where 2 Sij ≡ (∂ui/∂xj + ∂uj/∂xi) and where ( · ) indicates that no summation is implied. The magnitude of
the stress components satisfying (2.7) then are reduced by a factor CB giving

ûi uj ≡ CB ui uj , (2.8)

and the reduced inertial stress is then applied to the momentum update in (2.1). A similar strategy is applied
to the passive-scalar equation of (2.2). There, backscatter of scalar energy will occur whenever

u(j) φ∇φ(j) > 0 . (2.9)

Where (2.9) is satisfied, the magnitude of the scalar-flux component is reduced by a factor Cφ giving

ûj φ ≡ Cφ uj φ . (2.10)

The reduced scalar-flux component is then applied to update the scalar field in (2.2). For both the momentum
and the scalar updates, this strategy has the effect of canceling numerical errors arising during the simulation.
In the current approach, the values CB and Cφ are determined locally during the simulation.
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3 COMPUTATIONAL METHOD

The numerical scheme consists of a standard pressure-correction algorithm on a regular cartesian mesh with
primitive variables stored at staggered locations following the method of Harlow & Welch [9]. All spatial
derivatives are discretized using 4th-order centered operators, while an explicit 3rd-order Runge-Kutta scheme
is used for temporal integration. All simulations employ a resolution of Nx × Ny × Nz ≡ 384 × 128 × 128
points, with x the downstream direction. Cross stream directions are periodic over the interval L = 2π. This
configuration permits an exact, direct solution of the Poisson equation using standard FFT methods. At the
jet outflow, the nonreflective boundary condition of Tang & Grimshaw [13] is implemented. The jet inlet profile
consists of a hyperbolic tangent function to which a small co-flow Uco = 0.075 Uo has been added. This has
been shown to be a realistic approximation of the actual inlet found in round jets [8]. The inlet width is set
at D ≡ π/5, which in conjunction with the velocity co-flow, has been shown to minimize the impact of the
cross-stream periodicity on the downstream development of the jet [5]. All simulations are performed at a
relatively high ReD of 25, 000, which provides for significant unresolved turbulence in the jet’s subgrid field.

4 RESULTS

The present work reports only on the initial validation studies of the Inertial LES method in the round turbulent
jet configuration, focusing on the fidelity with which the large-scale features of the velocity and scalar fields are
reproduced. Figure 1 shows two-dimensional extracts at the jet centerline in the x−z plane for the vorticity
magnitude field (top) and scalar-fluctuation field (bottom). These provide a qualitative assessment of the flow
field generated by the Inertial LES method. In each frame, zero magnitude is depicted in black while the
highest values are depicted in white. The graphics show the characteristic decay of the jet’s core by ∼ 5D
downstream. The angle subtended by the jet expansion cone from the centerline is estimated to be 13.4 ◦, close
to the value of 12 ◦ reported by prior studies [6].

As the round turbulent jet is known to develop a scale-similar velocity profile in the far-field region [14],
it is useful to examine how well the Inertial LES approach attains and preserves a self-similar state. Figure
2 illustrates four velocity-component profiles as functions of the radial-similarity variable η ≡ r/(x − xo) at
five planes, x/D = [ 17.5, 20, 22.5, 25, 27.5, 30] , in the far-field region (clockwise, from upper left): streamwise
mean velocity Ux(η), streamwise fluctuation velocity ux(η); radial fluctuation velocity ur(η); and azimuthal
fluctuation velocity uθ(η). Each of the depicted distributions shows good collapse at the given downstream
planes, indicating that the Inertial LES system reaches and preserves self-similarity, consistent with prior
experimental studies [10]. The relatively weaker convergence near the centerline of the jet reflects the smaller
number of sampling locations at small η and would likely improve over longer simulation times. Figure 3
examines the self-similarity of the scalar concentration field as a function of η from statistics gathered at the
same five cross-stream planes. Four moments of the scalar concentration field are evaluated (clockwise, from
upper left): mean scalar concentration 〈φ〉(η); root-mean-square scalar fluctuations φrms(η); scalar skewness
S3(η); scalar flatness K4(φ)(η). As compared to the velocity field statistics, the radial distributions for the
scalar-field statistics show better collapse at η values near the jet centerline.

Figure 4 illustrates extracts from timeseries data of the velocity (top) and scalar (bottom) fields on the jet
centerline at x/D = 27.5, collected over approximately 1000 timesteps after the jet had reached a statistically-
stationary state. Subtle differences can be detected between these timeseries profiles, as the scalar field appears
to exhibit the “ramp-cliff” structures that typically characterize scalar fields driven by large-scale anisotropic
forcing, like the present shear flow [15]. Figure 5 shows the power spectra for the full velocity and scalar
timeseries data sets; (left) spectrum of the kinetic energy field vs. time, (right) spectrum of the scalar energy field
Eφ(k) vs. time, where 2Eφ = φ2(t). A −5/3 reference slope is provided for comparison. Both figures indicate
that the kinetic and scalar energy distributions slightly exceed the k−5/3 scaling predicted by Kolmogorov
theory [4].

The present investigation confirms that the Inertial LES method accurately recovers the significant large
scale structure of both a fully three-dimensional round turbulent jet and the scalar concentration field mixed
by it. In the future, the Inertial LES method with multifractal subgrid-scale modeling will be used to study
passive-scalar mixing at high Schmidt number (Sc � O(1)) in a three-dimensional round turbulent jet.
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Fig. 4.1. Two-dimensional cross-sections from fully three-dimensional large eddy simulation of round turbulent jet at

ReD ≈ 25, 000 using the Inertial LES method with multifractal subgrid-scale modeling. (Top) Vorticity field magnitude

with black as |ω| ≡ 0 and white as |ω| ≡ 4.32.(Bottom) Scalar fluctuation field with black as φ ≡ 0 and white as φ ≡ 1.

From the jet virtual origin, the jet cone of expansion subtends an angle from the centerline of θ ≈ 13.4 ◦, close to the

estimate of θ ≈ 12 ◦ reported in experimental studies by Dowling & Dimotakis [6].
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Fig. 4.2. Cross-stream profiles of the first four moments of the velocity fluctuation field vs. similarity variable η ≡
r/(x− xo). Clockwise from upper left: mean streamwise velocity, 〈u〉(η); streamwise fluctuation, ux(η); radial velocity

fluctuation, ur(η); azimuthal velocity fluctuation, (η). Reasonable collapse of the scaled cross-stream profiles is obtained

at the five planes examined in the jet far field, x/D = [ 17.5, 20, 22.5, 25, 27.5, 30 ].
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fully three-dimensional large eddy simulation of round turbulent jet at ReD ≈ 25, 000 using the Inertial LES method
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anisotropic forcing of the scalar field, as discussed in [15].
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three-dimensional large eddy simulation of round turbulent jet at ReD ≈ 25, 000 using the Inertial LES method with
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Abstract: The buoyancy – drag equation (BDE) describes the evolution of the mixing zone, at the interface of two flu-
ids, due to Rayleigh-Taylor instabilities. In this paper, the integrability of the BDE is studied analytically. The general 
solution is derived for a constant acceleration whereas for accelerations varying like a power of time, we obtain a one-
parameter family of solutions.  
 
1 INTRODUCTION  
 
The buoyancy – drag equation (BDE) [1-5] arises in the modeling of Rayleigh – Taylor instabilities (RTI) [5, 6]. In this 
process, a configuration consisting in two fluids with two different mass densities and separated by a smooth interface, 
becomes unstable provided the condition 

    

r 

∇ p.
r 

∇ ρ  <  0  is satisfied where p and ρ are respectively the instantaneous pres-
sure and mass density of the material at the interface [6, 7]. 
RTI occur, for instance, in a glass experiencing the earth gravitation field, g, containing a layer of vinegar (“heavy fluid 
2” with density ρ2) located above a layer of oil (“light fluid 1” with density ρ1) – see Fig. 2.1a. In that case, RTI lead to 
the formation of a mixing zone with vertical extension h(t) = h1(t) + h2(t) where h1(t) and h2(t) correspond respectively 
to the “penetration depth” of dense fluid into the light one and to the “elevation” of light bubbles into the heavy mate-
rial. When the heavy fluid penetrates into the light one, spikes (or filaments) form [8] and because of their small cross 
sections, they are submitted to a drag force that is much smaller than for the rising bubbles. The evolution is quite dis-
symmetric in strongly non linear regime and at high Atwood number, At (see below), and we have h1(t) > h2(t).  
The BDE corresponds to a zero-dimensional (0D) model, i.e., it does not take into account the inner spatial structure of 
the mixing zone with spikes and bubbles. However, this equation provides the time-dependence of each length hi(t); 
i = 1, 2; and therefore the time variation of the total thickness, h(t), of the mixing zone is easily computed. Moreover, 
although the BDE was initially found from phenomenological viewpoints, it can be shown that one deduces it from a 
theoretical approach based on Hamiltonian formalism [4, 9]. The BDE [1-5] is a second order differential equation 
(SODE) and it reads: 
 

    
d2hi / dt2  =  Bi .γ (t )  −  Ci .dhi / dt .(dhi / dt) / hi(t)  ,          (1.1) 

 
where the parameters Bi and Ci correspond respectively to the buoyancy and drag coefficients that can be determined 
either from experimental [10] or theoretical considerations [11]. The quantity γ(t) is proportional to the product of the 
acceleration g(t) – which can depend explicitly on time in specific experiments [10] – by the well-known dimensionless 
Atwood number [6], At(t) ≡ [ρ2(t)-ρ1(t)]/[ρ2(t)+ρ1(t)], computed at the interface of the two fluids. From now and for the 
sake of simplicity, although γ(t) takes into account the time variation of At(t), it will be called later on the acceleration 
instead of the quantity g(t).  
In the following, we consider first (Sect. 2) the case of a constant acceleration γ(t) = γ0 and the general solution for the 
thickness, h(t), of the mixing zone is derived. In a second step (Sect. 3), a special form for the time dependence of γ(t) 
is considered and a family of solutions is obtained. Finally, since the variables hi(t); i = 1, 2; are defined to be positive 
and assuming that they can only increase with time [we consider that the acceleration γ(t) remains positive and that no 
“de-mixing” process takes place], Eq. (1.1) simplifies in the new SODE: 
 

    d
2h / dt2  =  B.γ (t)  −  C.(dh / dt)2 / h(t )  ,     (1.2) 

 
where the subscript “i” has been dropped. For either bubbles or spikes, the same SODE (1.2) is used except that for 
each structure the numerical values of the parameters B and C will not be the same. 
 
2 GENERAL SOLUTION FOR A CONSTANT ACCELERATION  
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In this section, we consider the special case of a constant acceleration γ = γ0. Under this assumption, Eq. (1.2) becomes 
autonomous, i.e., the coefficients do not depend anymore explicitly on the independent variable t. From this property, it 
follows that the differential order of (1.2) can be reduced by one [12-15] and from a SODE one obtains a first order dif-
ferential equation (FODE) [14, 15]. This procedure provides the general solution of the time-independent BDE and al-
though the asymptotic form of the solution for large value of t was found recently by Cheng et al. [5], it is the first time 
this general solution is derived, to our knowledge. 
 

(a)       (b)  

 
Fig. 2.1. (a) Sketch of two superposed layers of fluids with different densities. The dense and light fluids are respectively located in  

the upper and lower part of the box. The configuration experiences Rayleigh – Taylor instabilities and a mixing zone develops.  
(b) Comparison between the result by Cheng et al. [5] (dotted line) and our result  

(dashed line “this paper”). See the main text for further comments. 
 

Since the acceleration is constant, the BDE admits a Lie point symmetry [12, 13], S1 = ∂/∂t, and it is invariant under the 
transformation   t → t = t + ∆t ,   h(t)→ h (t ) = h(t)  where ∆t is an arbitrary value of time translation. The FODE is de-
rived by introducing the new function (or dependent variable) y(t) ≡ dh(t)/dt and Eq. (1.2) becomes: 
 

    y.(dy/ dh) = B.γ 0 − C.y2 / h  ,     (2.1) 
 
where the new independent variable is h instead of t. This FODE is linear w.r.t. y2 and is integrable. The solution is 
y2 = h-2C.{[2Bγ0/(1+2C)].h1+2C +K} where K is an arbitrary integration constant. Keeping in mind that y ≡ dh(t)/dt to 
come back to the height h(t) in terms of t, the general solution of Eq. (1.2) for γ = γ0 writes in the closed form: 
 

  
t − t0 = dX. XC / M.X 1+2C + K( )1/2 

  
 
  h0

h
∫  ,            (2.2) 

 

where M = 2Bγ0/(1+2C) and where t0 is a second constant of integration related to h0 through the definition h(t=t0) ≡ h0. 
The RHS of (2.2) corresponds to a well-known quadrature [16, 17] and the implicit form of (2.2) is t-t0 = G(h) - G(h0) 
with G(X) = {X1+C/[(1+C).(εK)1/2]} x 2F1[1/2, (1+C)/(1+2C); (2+3C)/(1+2C); - ε.M.X1+2C/K] where the function 
2F1(a, b; c; x) is the Gauss hypergeometric function [16, 17] and the parameter ε is given by ε = sign(K). This expres-
sion provides the general solution for h(t), and the two constants (K and t0) allow to take any value for the initial posi-
tion h(t=0) ≡ (h)0 [this value should not be confused with h0 which is the value of h for t=t0!]and the initial velocity 
[dh(t=0)/dt] ≡ (h’)0 – it should be reminded that these two quantities are assumed to be positive in the present model-
ing. As far as we know, that is the first time Eq. (1.2) is solved analytically for γ = γ0 without any constraints on the pa-
rameters B and C. As a result, in order that a theoretical approach describes accurately a specific experiment, the rele-
vant values of the above parameters can be derived from a comparison between the general solution and experimental 
measurements (or data). 
Moreover, the asymptotic behavior of the solution (t → +∞) can be obtained exactly from the analytical properties of 
the function G(X). Considering that X goes to infinity, the asymptotic expansion is, at first order in 1/t:  
 

    
h(t) = B.γ 0/ [2(1 + 2C)]{ }.(t −  t0 +  t

*
)2 +  O(1/t)  ,    (2.3) 
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with t*  = G(h0) – {(εK/M) 1/(2+4C)/[(1+C).M1/2]}.{Γ[(2+3C)/(1+2C)].Γ[-1/(2+4C)]}/Γ(1/2) where Γ(z) is the “gamma 
factorial function” of argument z [16, 17]. This expression is similar but is not identical to the result given by Cheng et 
al. [5] although in both cases the solution behaves asymptotically according to: 
 

    
h(t)  ≈  Bγ 0 /[2(1+ 2C)]{ }.(t  −  t0)2 ,        (2.4) 

 
for t → +∞. We conclude that the fluid evolves like a free falling material experiencing a constant acceleration, in 
agreement with the fact that the acceleration γ is constant. This rather simple asymptotic time dependence has been 
found earlier by Cheng et al. [5], but in (2.4) the influence of the parameters B and C is clearly evidenced. The coeffi-
cient in the RHS of (2.4) is just proportional to M [see just below Eq. (2.2)] and two distinct systems with different 
values of both B and C will follow the same asymptotic law if M is kept invariant from one system to the other.  
Generally, the heavy and light fluids do not satisfy B1 = B2, C1 = C2 and therefore M1 is not equal to M2. Nevertheless, 
in spite of this difference, we have hi(t) ~ t2 for each fluid (i = 1, 2) and the final result is that the total thickness h(t) of 
the mixing zone obeys the law h(t) = h1(t) + h2(t) ∝ t2. Notice that t*  provides the order of magnitude of the necessary 
time delay for the solution to reach the asymptotic behavior in t2. 
Finally, a comparison between various results is given in logarithmic scale in Fig. 2.1b. The straight line corresponds 
to the parabolic solution (2.4) and as t increases, the other curves converge towards this asymptotic behavior. The 
“short-dashed” line comes from the numerical integration of (1.2) with γ = γ0; the dotted curve is obtained from the 
analytical approximation by Cheng et al. [5], and the “long-dashed” line corresponds to Eq. (2.3). It is found that (2.3) 
converges faster and closer towards solution (2.4) and, consequently, the result given by Eq. (2.3) is more accurate than 
the work presented in [5] for the current set of initial conditions. 
 
3 SOLUTION FOR A TIME-DEPENDENT ACCELERATION 
 
Now we move to the study of a time-dependent acceleration γ(t). In that case Eq. (1.2) is no longer autonomous and in 
order to make easier our study, we are going to restrict ourselves to the special case: 
 

    γ (t)  =  γ 0.(t / t0)n,         (3.1) 
 
where n is an arbitrary exponent, and where γ0 and t0 are two arbitrary constants (it should be noticed that these quanti-
ties do not have the same meaning as in Sect. 2). With this assumption Eq.(2) becomes: 
 

    d
2h / dt2  =  B.γ 0(t / t0)

n  −  C.(dh / dt)2 / h(t )  .    (3.2) 
 
It depends explicitly upon time and the Lie point symmetry S1 (see Sect. 2) does not exist anymore. However, one finds 
that it is invariant under the transformation   t → t = a−α t ,   h(t)→ h (t ) = a−βh(t)  where “a” is the parameter of the trans-
formation (it is a constant), provided the exponents α and β satisfy β/α = n+2 [12-15]. 
It is not surprising to end up with this condition since the LHS of (3.2) and the second term of the RHS scale both like 
h/t2. Requiring, in addition, that the time-dependent term Bγ0(t/t0)

n has to behave in the same way, one gets the above 
condition for the ratio β/α. As a consequence, a invariance transformation exists for any value of the exponent n and 
we are going to derive a solution h(t) in which n is a free parameter. Eq. (3.1) describes decreasing (resp. increasing) 
acceleration with time for n < 0 (resp. n > 0) and the special case studied in Sect. 2 is recovered for n = 0. Taking into 
account the degree of freedom of the parameters γ0 and t0, we may expect to be able to reproduce (or to fit) acceleration 
variations achieved in various experiments. 
As we did it in Sect. 2, the transformation (t, h) →   (t ,  h )  gives rise to a Lie point symmetry, namely, 
S2 = t.(∂/∂t) + (β/α).h.(∂/∂h) given in Refs. [14, 15] and, although the structure of Eq. (3.2) is much more complex than 
the BDE we solved in the previous section, this symmetry makes possible the reduction of (3.2) to a FODE. In this 
process, the two invariants of the transformation have to be calculated. The first one is denoted I and noticing that 

  a = (t / t )1/α  =   (h/ h )1/β , we find the relation   h/ tβ / α = h / t β /α and the corresponding invariant is   I = h/ t n+2 [12, 14, 15]. 
Next, to obtain the second invariant J, one has to combine the derivative dh/dt and the time t. From the transformation, 
we have   dh (t ) / dt = aα−βdh(t) / dt which is also   (dh / dt ) / t (β /α)−1 = (dh/ dt) / t(β /α )−1 and the invariant J is, therefore, 

  J= (dh/ dt) / tn+1. 
These invariants are the key elements to transform Eq. (3.2) in a FODE. The derivative dh/dt [resp. the solution h] ex-
presses in terms of J [resp. I] and, consequently, the second derivative d2h/dt2 is changed in the first derivative dJ/dI. 
Finally, the FODE corresponding to (3.2) is: 
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J / I − (n + 2)[ ].(dJ / dI ) = −C( J / I )2 − (n + 1).(J / I ) + [Bγ 0 /(t0)n ].I .   (3.3) 

 
A straightforward family of solutions of this equation is J = (n + 2).I leading to the linear ordinary differential equation 
(dh/dt)/tn+1 = (n+2)(h/tn+2), the solution of which is given by h(t) = h0(t/t0)

n+2 where h0 and t0 are two arbitrary constants. 
This expression does not correspond to the general solution of (3.3), nevertheless it is valid for any value of the expo-
nent n and it depends on the arbitrary parameter h0/(t0)

n . Moreover, setting n = 0 in Eq. (3.1), i.e., taking a constant ac-
celeration γ0 , we obtain h(t) ~ t2 [Eq. (2.4)]. We conclude, therefore, that for γ ~ tn the solution h(t) ~ tn+2 can be con-
sidered as a direct generalization (or extension) of the behavior h(t) ~ t2 obtained for t going to infinity. 
 
4 CONCLUSION 
 
In this paper, we have studied the buoyancy – drag equation (BDE) which describes the time evolution of the thickness 
h(t) of a region located at the interface of two fluids where the mixing of both fluids takes place. In this model, the mix-
ing is assumed to be generated by the well – known Rayleigh – Taylor instability that occurs when a upper dense me-
dium is located above a lower light fluid in an acceleration field, γ(t), which is directed from top to bottom.  
The BDE is a non-linear second order differential equation and it is shown that it possesses a Lie point symmetry 
S = S1 (resp. S = S2) for a constant acceleration γ = γ0 [resp. γ(t) ~ tn]. In both cases, the initial second order differential 
equation (SODE) can be transformed into a FODE (first order differential equation) and for the first case (S = S1) the 
general solution of the BDE is derived analytically in a closed form. As far as we know, this is the first time this solu-
tion is found explicitly. In addition, it is obtained that for large time (t goes to infinity), the solution behaves according 
to h(t) ~ t2 irrespectively of the initial conditions. 
For S = S2 , we have not been able to derive the general solution, however a one parameter family of solutions has been 
obtained. Moreover, the thickness of the mixing zone increases as h(t) ~ t2+n (instead of t2). This solution can be con-
sidered as a direct extension of the solution existing for the first case since for n = 0, the acceleration does not vary 
anymore with t and, in addition h(t) ~ t2+n simply reduces to h(t) ~ t2.  
Finally, according to us, the next step in this work corresponds to the study of the FODE for the two invariants I and J. 
We may expect finding solutions that differ from J = (n + 2).I (case S = S2) in order to go further and to extend the re-
sults presented in this paper. 
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Abstract: Data of refined perturbation growth simulations of the three-layer cylindrical liner systems, tested during 
experiments with DEMG (Disk Explosive Magnetic flux compression Generator) to study the strength properties of 
copper and polyethylene at shockless pressures up to ~15 GPa, and preliminary simulation data of the same liner 
systems for the Atlas experiments to study the strength properties of copper at shockless compression to ~40 GPa are 
presented. The feasibility of similar strength experiments with quasi-isentropic material compression to ~ 2000 GPa 
using DEMGs is demonstrated. 
 
1 INTRODUCTION 
 
Magnetically imploded cylindrical liners can be used to study dynamic shear strength properties of materials based on 
the growth of initial perturbations during the Rayleigh-Taylor instability development in liner systems [1-7]. High-
current capacitor banks  (Pegasus-2, Shiva Star, Atlas, peak currents Imax = 6 ÷ 30 MA) and disc explosive magnetic 
generators (DEMGs, Imax = 20 ÷ 70 MA) are capable of driving cylindrical liner systems to a wide range of material 
pressures from ~1 GPa [2,3] to hundreds of GPa [5]. Numerical simulations of the experimental perturbation growth 
make it possible to test different dynamic strength models [3,7].  
The 1998-1999 RUS-1,2,5 [2] experiments were focused on the strength properties of cylindrical current carrying liners 
having a radius of 2.4 cm and thickness of 0.5 mm and made from A995 analytically pure soft aluminum 
(99.995 % Al), ADO commercially pure aluminum and two high-strength aluminum alloys with magnesium (AMg-6) 
or zinc (V95) as major additives. The liners were driven by a ~ 6.5 MA current at a ~ 1 GPa magnetic pressure. We 
have managed to describe the experimental growth of initial perturbations by simulations [3] under some assumptions 
about conductivity and dynamic strength of the materials being tested. In these simulations, the characteristic yield 
strength of all the tested materials proved to be similar, 0.15-0.3 GPa, while their quasi-static (conventional) yield 
strengths differed up to 40 times. Thermal softening of the materials of interest due to their Joule heating complicated 
the analysis of these experiments. 
As a result, VNIIEF suggested using cylindrical ponderomotive units (PU) with multi-layer liner systems [4,5] that 
preclude Joule heating of the materials being tested. Such liner systems were tested in the RHSR-1,2 (Russian High 
Strain Rate) experiments with 0.4 meter diameter DEMGs [6]. These experiments sought to validate the concept of 
using state-of-the-art electrophysical facilities to study dynamic strength properties of materials based on the 
perturbation growth in cylindrical liner systems. The preliminary analysis [6,7] of experimental data confirmed the 
possibility to use such liner systems for strength studies of high-density (copper) and low-density (polyethylene) 
materials. The experimental three-layer Al-CH2-Cu (RHSR-1) and Al-H2O-Cu (RHSR-2) liner systems with a current 
carrying aluminum piston liner (Fig. 1.1) provided isentropic compression of copper and polyethylene to design 
pressures of ~15 GPa. The radii of the boundaries between different materials in these liner systems were 2.4 ≈ 2.6 -
 4.8 - 5.2 cm. On the outer surface of the Cu layer (R ≈ 2.6 cm) were machined axially symmetric sinusoidal 
perturbations with wavelengths of λ = 2 and 4 mm and full amplitudes (peak to valley) of A0 = 1.0 mm (RHSR-
1) and 0.6 mm (RHSR-2). 
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Fig. 1.1. Diagrams showing the PU with a three-layer liner system and its diagnostic suite in the   RHSR-1,2 (left) 
experiments and how this liner system works (right). 1 – current carrying piston liner, 2 – working fluid: water in 

RHSR-2 or polyethylene in RHSR-1, 3 – Cu sample (Cu as reference material in RHSR-1) 
 
The 0.4 meter diameter DEMGs equipped with an electrically exploding foil opening switches (FOS) in similar devices 
[5] are capable of compressing Cu liners to P ≈ 120 GPa without shock and to hundreds of GPa with shock waves; at 
such pressures, materials start melting. In accordance with preliminary calculations, Atlas is capable of shock and 
shockless copper compression in similar liner systems to ~ 200 GPa and ~ 70 GPa, respectively. The physics of shock-
drive liner systems has two major features that distinguish them from the system shown in Fig. 1.1: The current 
carrying liner 1 is an impactor, i.e. it is accelerated into a vacuum gap to impact the working fluid layer 2 and, through 
it, the liner of interest 3; the working fluid layer is placed next to the inner surface of the liner of interest 3 in order to 
preclude spallation in the latter. The anti-spall layer may also be required in the systems with piston liners. 
Simulations of experimental devices as a whole are also important for the investigations in question as they provide 
rather accurate prediction of currents in liner PUs, which is of particular importance for “targeted” radiography (Fig. 
1.1, left) of rapidly growing perturbation amplitudes in the liners. At VNIIEF, such simulations are performed with a 
1D (MHD)n code developed on the basis of the UP technique [8] and 1D MHD approximation to simulate different 
pulse power systems and loads [2-7]. Thus, we also simulate essentially two-dimensional units of the devices, such as 
DEMG and quasi-spherical liners, by using prior 2D simulation data. 1D (MHD)n simulations of experimental devices 
generally provide high accuracy of current prediction. For example, in the RHSR-1, 2 experiments with a seven-module 
0.4 meter diameter DEMG, the difference between experimental currents and pre-shot design simulations is ~ 3 percent 
[6]. 
Below are given the results of refined simulations (as against [7]) of experiments (Fig. 1.1, Section 2) and similar 
(Section 3) liner systems to study material strength properties under quasi-isentropic compression in DEMG and 
ATLAS experiments. 2D simulations use the MIMOZA Lagrange-Euler MHD code [9,3] using different strength 
models and equations of state (Mie-Grueneisen for copper and polyethylene, tabulated for water and hydrogen). 
 
2 DYNAMIC STRENGTH OF COPPER AND POLYETHYLENE UNDER SHOCKLESS DRIVE TO 15 GPA 
 
In earlier studies [4,5,7] we considered different strength models of copper and polyethylene, such as Glushak’s 
(VNIIEF) and Steinberg’s (LLNL) elasto-plastic strength models of copper, which gave ~3 times different calculated 
growths of perturbation amplitudes for the same copper liners [4,5]. The VNIIEF copper and polyethylene strength 
models we use have been validated in explosive perturbation growth experiments with flat copper and polyethylene 
slabs under shockless compression to ~ 40 GPa for Cu [10] and ~ 20 GPa for CH2 (teams of Dr. Rayevsky and Dr. 
Solovyev). Let us give the major formulas and constants of these models given that the polyethylene model is viewed 
by the authors as “the first approximation…for preliminary calculations” (due to the lack of data). 
In the elasto-plastic model for copper and polyethylene, the yield strength Yep, the shear modulus G, and Poisson’s ratio 
ν are calculated using the formulas ([T]=oК): 
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Here, εp and T are the degree of plastic deformation and temperature, Px and Tm are the “cold” pressure (at T = 00 K) 
and the material’s melting point determined by its density ρ (Tm according to Lindemann), ( ) 5.0

ss PC ρ∂∂=  is 
isentropic speed of sound (P = Px + PT, PT = 0 at T = 00 K). 
In the relaxation strength model, copper’s yield strength Yrel is derived from the following equations: 
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where ε&  and εe are the strain rate and the degree of elastic deformation, τ is the relaxation time of elastic stresses. With 
small values of ε& , model (2) transforms into elasto-plastic model (1): 

Yrel ≈ Yep ,   ( )GYep τε 3<<& .          (3) 

The perturbation growth on the Cu liner recorded in RHSR-2 proved to be generally close to the simulation (see Figs. 
2.1, 2.2). This is an important result, because it could not be excluded before the experiment that water would have no 
high viscosity or even some strength, and we were not sure that the results obtained for copper and tested during 
explosive experiments [10] at shockless pressures as high as 40 GPa would be applicable to ~ 15 GPa pressures. This 
result allows us to consider copper as a reference material in the RHSR-1 experiment and learn about strength 
properties of polyethylene, for example by refining model (1)  (1): α ≈ 0.5 GPa-1 (Fig. 2.2)∗). At that, the highest 
characteristic yield strength of polyethylene is ~1 GPa (~100 times higher than the quasi-static value). On the whole, it 
is clear that other strength models of polyethylene, for instance, the visco-elasto-plastic model, should be considered in 
addition to model (1). 
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Fig. 2.1. Radiograms of the copper liner next to water (a, b); calculated pressures in perturbation peaks and valleys 
(λ = 2 mm) and average radii of the liner’s boundaries (c, d) 

 

                                                 
∗) Ref. [7] gave the value of α ≈ 0.12 GPa-1, because as distinct from (1), the temperature softening was described by the 
formula [1 – (T/Tm)β], which is probably less preferable. Its use in (1) results in the overstated yield strength under nor-
mal conditions (~ 28 MPa instead of ~ 10 MPa).  
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Fig. 2.2. Experimental data for the perturbation growth on the Cu liner in polyethylene (+) compared with simulations 

using the relaxation and elasto-plastic (dash line) copper strength models, parameter α = 0.2 – 0.3 – 0.5 GPa-1 for 
polyethylene (RHSR-1), and current tables close to the experiment (Imax = 33.4 MA) 

 
Fig. 2.2 indicates that the relaxation (2) or elasto-plastic (1) strength models of copper give almost identical 
computational perturbation growths on the Cu liner in accordance with (3). The characteristic computational values of 
deformation, strain rate and yield strength of copper are %130≈ε , 16 sec10 −≈ε& , GPaCuY 1≈  (they exceed the quasi-
static yield strength of copper by a factor of ~ 15). Thus, copper strength models (1) – (2) suggest that the given strain 
rates have almost no effect on the strength properties of copper subjected to isentropic compression to ~ 15 GPa 
 
3 SOME PROSPECTS OF MATERIAL DYNAMIC STRENGTH STUDIES 
 
In the near future, we are going to study dynamic strength of copper at ~ 40 GPa shockless pressures and compare it 
with the results of explosive experiments [10] with flat slabs at similar shockless pressures. Of interest is additional 
validation of the copper strength models (1) – (2), since some questions remain open upon review of the shots [10] (for 
example, the experimental growth of 1 millimeter wavelength perturbations has not been determined through simula-
tions). Fig. 3.1 shows the results of perturbation growth simulations of two liner systems chosen for Atlas based on the 
1D (MHD)n simulations of the devices similar to RUS-6,7 [4]. Liner system 1 has three layers (Fig. 1.1) with layer radii 
of 2.0 – 1.8 – 1.0 – 0.8 cm and provides “single-peak” compression of the Cu liner, determined by the great thickness of 
the intermediate layer of water (8 mm). The PU current had a peak value of Imax ≈ 19 MA at a charge voltage of 
Uo=185kV. The distinguishing features of liner system 2 as against Fig.1.1 include the presence of a 5 millimeter anti-
spall layer of water and “double peak” compression of the Cu liner, determined by the small thickness of the water 
layer, 3 mm (Imax ≈ 21.5 MA, Uo=210 kV). The layers in these liner systems had the radii of 2.0 – 1.8 – 1.5 – 1.3 –
 0.8 cm. The outer surface of the cylindrical Cu liners had machined sinusoidal axially symmetric initial perturbations 
with A0 = 2a0  amplitude and λ = 4 – 2 – 1 millimeter wavelength. 
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Fig. 3.1. Pressures Pi(t) in perturbation peaks and valleys (λ = 1 mm) on the outer surface of the Cu liner; average ra-

dius R (t) of this surface and perturbation amplitudes Arel(t) and Aep(t) resulting from the simulations of liner systems 1 
and 2 using the relaxation and elasto-plastic copper strength models 

 
Fig. 3.1 indicates that the trend of the curves for perturbation amplitudes versus time A(t) corresponds to the driving 
pressure curves P(t). In particular, “double-peak” pressures correlate with the two-stage perturbation growth A(t). The 
difference between the computational perturbation amplitudes Aep(t) and Arel(t) given by the elasto-plastic and relaxation 
models is the higher, the smaller is the perturbation wavelength in liner systems 1 and 2: 
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where Amax≡(Aep-Arel)max,  Amax≡(Aep)max. It follows from this that with Atlas’s possible perturbation amplitude 
measurement accuracy (~5%), which is higher than in [6,10], the growth of long-wavelength perturbations in the liner 
systems being considered would not allow us to give preference to any of the two copper strength models being used. 
Hence, of interest is the experimental growth of perturbations with the minimum wavelengths admissible for efficient 
radiography (λ≤ 2 mm). 
Fig. 3.2 gives simulation data of devices similar to the RHSR-2 device with the number of DEMG modules N = 7 and 
15 (Imax = 31 and 47 MA). The working liquid of the devices’ liner system is gaseous hydrogen at a pressure of 25 MPa, 
the radii of the liner surfaces are 2.4 – 2.6 cm (Cu) and 4.6 – 5.2 cm (Al). Such systems may produce higher isentropic 
compression (Fig. 3.2 a) of the driven Cu liner than the systems shown in Fig. 1.1 : with N = 7 to ~ 40 GPa (compared 
to ~ 15 GPa in the RHSR-2 device) and can be used in the HS/HSR-101, 102 experiments on DEMG.  
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a)        b)                c) 
Fig. 3.2. Drive pressure Pex (t) on the Cu liner,  its surface radii (left) and slow-down pressure P in (t)  from simulations 
of the liner system with hydrogen in the devices similar to RHSR – 2 (N is the number of DEMG modules) – a, b; c - 

perturbation amplitude and average radius of the Cu liner’s inner boundary given by the 2D simulations of the Al – H2 –
 Cu– H2  (N=15) liner system using the relaxation and elasto-plastic (dash line) copper strength models 

 
During liner deceleration by compressed hydrogen pressure, the liner can undergo quasi-isentropic loading near the axis 
to pressures of 600 ÷ 1900 GPa with N = 7 ÷ 15 (Fig. 3.2 b),which is of interest for testing the material strength models 
with the highest possible quasi-isentropic pressures (Fig. 3.2 c). Here the characteristic computational values of defor-
mation, strain rate and yield strength of copper are %170≈ε , 1sec6105 −⋅≈ε& , GPaCuY 80≈  (they exceed the quasi-static 
yield strength of copper by a factor of ~ 1200). In this case, initial perturbations are machined on the inner surface of 
the liner of interest, as distinct from Fig. 1.1, and it is harder to record the growth of such perturbations than in the 
systems shown in Fig. 1.1, though it is possible [11]. Since the minimum radius Rmin of the liner of interest  can be 
many times smaller than the initial radius  R0 (in the systems shown in Fig. 1.1, R0 ≈ 2 Rmin – see Fig. 2.1 d), may give 
experimental evidence on whether or not the difference between deformation parameters of flat and cylindrical liners 
correlates with the geometry-related difference between the deviator components of the stress tensor σik and the shear 
strain tensor εik. As distinct from shots [11], magnetically imploded outer liners produce uniform compression, which 
allows us to expect that perturbation amplitudes in the inner liner of interest will be measured with smaller errors. 
Such VNIIEF-proposed liner systems can also be used to study compressibility of hydrogen and other gases at ~ 2000 
GPa pressures and, probably, turbulent mixing of materials on the inner surface of the liner of interest. 
 
4 SUMMARY 
 
In general, the elasto-plastic and relaxation shear strength models of copper, that have been proposed at VNIIEF and 
validated through explosive experiments with up to ~ 40 GPa shockless pressures, proved to be applicable to strength 
description of copper at up to ~15 GPa shockless pressures. Both models give almost identical perturbation growth for 
the cylindrical Cu liner of interest bordering on water, which is close to the RHSR-2 experiment. Thus, according to the 
relaxation model being used, strength of copper under isentropic compression to ~15 GPa shows almost no response to 
the strain rate up to ~106 s-1. 
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As distinct from water, polyethylene strongly restrains the growth of perturbations on the Cu liner.  This, in principle, 
allows us to get new data on dynamic strength of polyethylene from the RHSR-1 experiment, given the possibility to 
consider copper a reference material for material dynamic strength as demonstrated during RHSR-2. Pre-shot simula-
tions of RHSR-1 were performed, which highlighted the necessity of substantial refinement or modification of the 
elasto-plastic strength model of polyethylene proposed earlier by VNIIEF as “the first approximation…for preliminary 
calculations” (due to the shortage of experimental data). 
Results of simulations of RHSR-2-similar cylindrical candidate liner systems for the envisaged HS/HSR-101,102 ex-
periments on Atlas are given. The objective of these experiments is to look at the dynamic strength of copper at shock-
less compression to ~40 GPa, to provide additional validation of the strength models of copper, and – probably – to re-
veal strain rate effects on the shear strength properties of copper. It is also important to improve the strength models of 
copper as the reference material for dynamic strength studies of low-density materials based on the perturbation growth 
in the liner systems similar to RHSR-1. 
Two-liner gas-filled systems (Al-H2-Cu-H2) in devices similar to the RHSR-2 experiment are considered tentatively. 
Such devices are shown to be promising as applied to strength studies of high-density materials at up to ~ 2000 GPa 
quasi-isentropic pressures. 
The authors sincerely thank S. S. Nadezhin and V. A. Raevsky for the provision of data on the material strength models, 
and S. F. Garanin, V. N. Mokhov, V.P. Soloviev and V. B. Yakubov for helpful discussions. 
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STUDY OF THE MECHANISM OF MAGNETIC FIELD DIFFUSION 
INTO LASER PLASMA  

 
© 2006 A.V.Bessarab, G.A.Bondarenko, G.V.Dolgoleva, V.A.Zhmailo, V.V.Misko, 

A.V.Kunin, I.N.Nikitin, V.P.Statsenko, R.R.Sungatullin  
 

Russian Federal Nuclear Center – All-Russian Research Institute for Experimental Physics, Sarov, 
Russia  

 
The results of the study of the interactions of plasma formation (PF) occurring at 
laser irradiation of a spherical target in the background gas atmosphere and 
magnetic field on the Iskra-5 MKV-4 test bench are discussed.    
The methods of magnetic and sensor diagnostics were employed for the study of 
plasma spreading dynamics in ≈ 300÷500 Oersted magnetic field.  
The obtained results were compared with the computations obtained using different 
models of laser plasma diffusion in magnetic field.  
 

The problem of plasma cloud interaction with external magnetic field is interesting in the terms of numerous 

applied and fundamental problems. These are, for example, the problems of plasma confinement in magnetic traps, 

dynamics of different plasma formations in the Earth’s magnetosphere or interactions of Supernovas’ remnants with 

interstellar magnetic filed.  

During the last years the method of laboratory investigation using laser facilities has been applied for the 

investigation of these phenomena. The examples of such activities (along with detailed bibliography) are given in 

[1-9].  

In these papers plasma deceleration by magnetic field and field perturbation at this plasma expansion are 

discussed in detail.  

It was discovered in these experiments that interpenetration of spread plasma and magnetic filed was more 

noticeable than it could be expected basing on the “collision-wise” understanding of the diffusion coefficient.  

This phenomenon was discovered in the investigations described in [4, 10], and was explained by the 

development of some types of “kinetic” instabilities [11] in spread plasma. In later papers [7, 9] it was considered 

similarly to the Rayleigh-Taylor instability basing on obtained experimental data.  

In this work a semi-empirical model which joins both the above approaches is formulated basing on the earlier 

obtained results.  

To prove the main assumptions of such model a number of experiments has been conducted at the MKV-4 test 

bench. They are similar by the design to the experiments earlier performed at the KI-1 test bench [2-5]. The main 

difference is in the parameters of the laser radiation (shorter wavelength and considerably higher power), as well as 

in the target types.  

The experiments for the study of the properties of plasma cloud (PC) spread in external magnetic field were 

performed at the MKV-4 test bench located in a channel of the ISKRA-5 iodine laser facility[13].  

The test bench is a cylindrical vacuum chamber (1.5 m long with the 1 m diameter), provided with the exhaust 

system, gas-letting system and laser radiation letting-in windows and equipped with a number of optical diagnostics 

instruments. In the experiments thin-wall spherical targets (polyparaxililen (C8H8)n) were used. The pressure of the 

residual gas in the vacuum chamber was Ро∼10-2 torr and Ро ∼ 10-5 torr. The laser energy was ≈ 500 J, the pulse 

duration was ≈ 0.5 ns. The homogeneous (axially) magnetic field with the strength of up to 500 Oersted was created 

in the chamber.  
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In the computations presented below the model of the magnetic field diffusion based on the supposition that the 

diffusion occurs as the result of the instability development in the studied plasma flows, was employed.  Two types 

of such instabilities were considered: the kinetic and the hydrodynamic [11].  

The strongly nonlinear “turbulent” phase of such instabilities is characteristic for these experiments. Similarly 

to hydrodynamics approximate semi-empirical approaches are used for its description in this work.  

Deriving the equations for the magnetic field basing on these approaches is shown in the appendix.  

The above mentioned experiments were conducted at two essentially different pressures of the atmosphere in 

the MKV-4 chamber.  Hence, the computations of these experiments were performed using different approaches. 

The computations shown below refer to the experiments at the pressures 10-2 and 10-5 torr. Plasma deceleration at 

such pressures is mainly due to the magnetic field.  

Earlier in paper [14] the physical model and the numerical technique for the computation of nonequilibrium 

low-density plasma flows in magnetic field were discussed. The model is based on the “three-flow” approximation 

used for the description of such flows.  

In this work this model is extended with account for anomalous diffusion occurring due to the development of 

kinetic instabilities in the plasma electronic component. The results of paper [15] were used to determine the 

diffusion coefficient.  

In Figs.1 and 2 the computed data is compared with those experimental (here, L is the distance between the 

measurement point and the target perpendicularly to nonpertrubed magnetic filed).  

 
Fig. 1. Time dependence of the magnetic filed strength H at torrp 5

0 10−≈ , L=21cm: 1 - computation, 2 – 
experiment. 
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Fig.2. Dependence H(t) for the sensors L=10 см in the experiments at torrp 2
0 10−≈ , Н0=540 oersted: 1,2 – two 

experiments’ data, respectively, 3 – computation.  
 
We can see that the used model allows obtaining reasonable agreement with the experimental data.  

The hydrodynamic turbulence model [16,17] was used to describe the experiments at high pressures. The 

obtained results are planned to publish separately.  
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Stabilization of Wave Formation on a Contact Boundary of Metal Layers at an Oblique Impact During Kelvin - 

Helmholtz Instability Development 
 
Oleg DRENNOV and Anatoly MIKHAILOV 
 
Russian Federal Nuclear Center – VNIIEF 607190 Sarov Russia 
 
Abstract The elimination effect of disturbances and mutual mixing on a contact boundaries of metal layers at oblique 
impact during Kelvin - Helmholtz instability development was established and investigated. Thin layers of metal 
coatings (Δ~30 μm) reduce amplitude of disturbance realization in 10-100 times and eliminate mutual mixing of 
contacting materials (eliminate the formation of a welded zone). This stabilizing effect is explained by physical 
properties of a metal coating as a whole. Under pulsed loading high dynamic strength characterizes these materials; that 
explains the stabilizing effect. Thermophysical limits for coating layers are pointed out. 
 
1 INTRODUCTION 
 
The oblique shock wave loading of the contacting layers with different dynamic rigidness is accompanied, in general, 
by the realization of material tangential flow along a contact boundary, which may result in Kelvin - Helmholtz 
instability development [1]. The wave formation and mutual material mixing process is extensively applied during 
explosion welding of metals [2]. However, in some cases the wave formation and intermixing in metal layers under 
oblique shock wave loading is unfavourable. 
 
2 EXPERIMENTAL SCHEME 
 
Plane metal layers (copper, brass, aluminium, magnesium and their combinations) loading by an oblique shock wave 
during explosive welding and various shields' effects on a contact boundary state after the loading were experimentally 
investigated. A traditional scheme of plane throwing during a sliding detonation of explosive charge was used. In fig.2.l 
a test arrangement scheme and the notation of characteristic parameters of throwing are presented. A fixed plate (5) is 
placed on a massive steel base (6). Above it a flying plate (3) is mounted at a specified angle α to the fixed plate plane. 
On a flying plate surface an explosive layer (1) is placed, where a plane sliding detonation wave is initiated. To prevent 
spallation events in a striker material, between it and an explosive layer a thin spacer (2) with a low acoustic impedance 
is placed [3]. On a contact surface of a fixed plate (l-l' plane in fig.2.l) a shielding layer (4) of 10 μm < Δ < 50μm 
thickness is predeposited. The loading regimes for all metal pairs tested were selected to form a cumulative jet in a 
contact point. A subsonic loading was realized: a contact point velocity is 2.5 mm/ μs < υc < 4.5 mm/μs; an impact 
angle is 12[°] < γ < 25[°]. Of the samples, which have experienced the dynamic loading, the microsections were 
prepared, which were metallographically analysed at the zone of materials contact. 
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Fig.2.l. Test arrangement scheme 
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3 EXPERIMENTAL RESULTS  
 
The stabilizing effect of thin metal coating on the explosive welding and disturbance evolution at a contact boundary 
was experimentally found. In fig.3.1 a photograph of a section of a contact boundary aluminium - aluminium (AlMn 
alloy) after high - speed oblique impact is shown. The explosive welding took place. In the vortex zones of wave crests 
the metals melt. The disturbance amplitude is a ≈ 400 μm. In fig.3.2 the photograph of a contact boundary section of the 
same metal pair is shown under the loading through a magnesium coating layer Δ ≈ 22 μm thick. The disturbance 
amplitude decreased substantially, a < 10 μm. A welded joint between the metals is absent. 
 

 
 

 

 

Fig.3.1. Contact boundary (increase 30 times) Fig.3.2. Contact boundary (increase 30 times) 
 
In fig.3.3 section of contact boundary copper - copper (Ml grade) is given. The explosive welding took place. The 
disturbance amplitude is a ≈ 350 μm.  In fig.3.4 section photograph of a contact boundary for the same pair is shown, 
but under the loading through a zinc layer Δ ≈ 22 μm thick. The disturbance amplitude decreased up to a ≈ 15 μm. The 
explosive welding was not realized. 
 

 
 

 

Fig.3.3. Contact boundary (increase 30 times) Fig.3.4. Contact boundary (increase 30 times) 
 
It was noted that in all tests where a reliable stabilization of a contact boundary is seen, a metal structure of a fixed plate 
doesn’t change. 

 
In fig.3.5 the dependence of disturbance amplitudes on zinc coating thickness is shown for the contact boundaries of the 
following metal pairs; aluminium – aluminium (1 ), coppper - copper (2), aluminium - copper (3).  
 

 
 

Fig.3.5. Dependence of disturbance amplitudes on coating thickness 
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The foils of the same materials and thickness are not characterized by the same strong stabilizing properties. The 
stabilizing properfis of zinc foil (dashed lines) are illustrated in the fig.3.5 too. 
 
4 DISCUSSION OF RESULTS 
 
The theory of non - connective component mixtures, developed by Morland [4] and Drumheller [5] can be applied to 
the metal coating layers. A mixture means a uniform, densely packed, insoluble distribution of solid microparticles in a 
continuum (liquid, gas). This theory postulates that only with very small dimensions of a final number of solid 
microparticles the effect of their dissociation is vivid. A microstructure of a separate microbody becomes dominant, that 
determines the peculiarities in dynamic loading of such mixtures. 
A complex reaction of solid microparticles’ mixture in a continuum due to dynamic loading results in a considerable 
difference between normal and tangential stresses and, as a consequence, in a big magnitude of dynamic yield strength 
(dynamic strength). 
This theory data supported by the experiments with epoxide matrix, filled with aluminium microparticles of 2 μm ≤ d ≤ 
8μm diameter (ρ ≈ 0.9 ρ0 of aluminium) [6]. 
According to Drumheller concept, metal coatings will be characterized by high dynamic strength yield under dynamic 
loading, so their stabilizing effect is explained. In work [2] a semi - empiric relation, describing a function of wave - 
disturbance parameters (amplitude and  wave length; a, λ) vs contact point velocity υc , density and strength properties 
(microhardness) of impacting metals is suggested. This relation shows that under equal conditions the disturbances on a 
contact boundary are lesser than there are stronger materials. 
In a special test series, conducted accoding to the method described in work [7] dynamic yield strength of a copper 
coating was measured. Value y ≈ 2.5 gpa was obtained under pulsed hydrodynamic pressure p  ≈ 5 gpa. This value 
considerably exceeds the dynamic yield strength for a copper continuum (y ≈ 0.7 gpa under p ≈ 5 gpa) and is the same 
as a dynamic yield strength for strenghth steel. 
Thermophysical properties of a coating material affect the stabilization. In fact, ductile metal layers or simply thin metal 
layers can't acquire considerable  dynamic yield strength value under pulsed loading since after complete layer melting 
intercrystal interactions do not manifest themselves. Fig. 3.5 shows that for a copper - copper pair  a zinc layer Δ<10 
μm thick does not stabilize a contact boundary. Evidently, it melts and takes part as  a homogeneous continuum in 
boundary layers of loaded metals’ mixing. A property of disturbance elimination on a contact boundary disappears. 
In a series of unidimensional thermal calculations based on the main thermal conductivity equations [8] we obtained, 
that under the loading parameters described for t ≤ 5 μs (loading time) coating layers Δ ≤ 10 μm thick, made of 
practically all metals, experience complete melting. A contact boundary is heated intensively as well, as a consequence. 
The materials mix. Only layers of fusible metals (tin, lead, cadmium, bismuth) having 10μm< Δ≤ 20μm thickness melt 
completely. Coatings of tantalum, copper, nickel, titanium, aluminium, magnesium, zinc experience partial melting in a 
outer zone. Inner zone of a coating layer and boundary layers of a loaded sample are weakly heated and are 
characterized by the inherent original dynamic strength. 
These test results give grounds to state that stabilization effect is determined by metal coating nature, its physical 
properties as a whole. Coating layer ρ density onstitutes (0.9-0.95) of density ρ0 for a corresponding metal. The 
elementary micro volumes’ cohesion is extremely  weak, it is described by the bonds in dense packing. Disruption 
.strength is σ < 0.01 gpa for a copper coating of Δ≈20 μm thickness; and – σ ≤ 0.2 gpa for a copper foil of the same 
thickness. 
The most effective in stabilizing of a contact boundary are the coating layers, made of the metals with melting 
temperatures t > 400° and low thermal conductivity (temperature conductivity coefficient æ2 <10-4 m2/s). 
 
5 SUMMARY 
 
Thus, a method is suggested to eliminate an explosive welding and disturbances on a contact metal pair boundary in the 
process of oblique shock wave loading. Thin layers of metal coatings (Δ≈30 μm) reliably stabilize a contact boundary 
and eliminate mutual intermixing of the metals under the loading. This coating property is explained by their high 
dynamic strength under the pulsed loading. Thermophysical properties of coating materials, contributing to the effective 
stabilization of a contact boundary are indicated. 
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Abstract This paper reports results of experiments in which development of instability  was observed on the interface 
between two identical metals in tight contact with passage of an oblique shock wave through it. Numerical modeling of 
experimental results was performed by a two-dimensional Lagrangian procedure using an elastoplastic model with a 
functional dependence of the dynamic yield point on the state variables of the material.  The calculations showed that 
perturbations develop only in the presence of a technological microgap of several tens of micrometers between the 
metal layers.  Unloading of the material behind the oblique shock front into the gap gives rise to a considerable short-
term velocity gradient.  Simultaneously, near the interface behind the wave front there is a short-term loss of strength of 
the material due to thermal softening and the heterogeneous nature of the deformation. 
 
1 INTRODUCTION 
 
Hydrodynamic instabilities on interfaces between materials are of great theoretical and practical interest. The 
instabilities of interfaces between dissimilar materials under high-velocity flow conditions have long been known and 
have been studied on the bases of classical continuum mechanics. These studies are of interest for various modern 
engineering applications, for example, for the solution of the problem of inertial thermonuclear fusion.  In particular, 
Kelvin-Helmholtz instability  (shear instability) arises when the tangential velocity-field component undergoes a 
discontinuity in a continuous medium, resulting in an exponential growth of perturbations on the velocity-discontinuity 
surface [1]. 
Hydrodynamic instabilities have been adequately studied for liquids and gases. However, no adequate models have 
been developed to describe the development of instability in media possessing strength, compressibility, and viscosity, 
in particular, in metals. 
Development of perturbations at an interface between two metal specimens upon passage of a shock wave with the front 
propagating at an  angle to the interface (oblique shock wave) is  most interesting in the case of identical materials. In 
the case of dissimilar materials, the conditions of Richtmyer-Meshkov and Kelvin-Helmholtz instabilities and, at an 
appropriate density ratio, Rayleigh-Taylor instability are satisfied. If two layers of the same metal are in tight contact 
(lack of a gap), the interface should be stable. Indeed, if shear strength is ignored, such an interface is fictitious, and 
flow singularities should not arise after shock-wave passage. If shear strength cannot be ignored, slippage of one layer 
relative to the other along the interface is possible. 
A special case of instability development is the experimentally observed development of periodic perturbations on an 
interface between specimens of the same metal with passage of an oblique shock wave through it [2, 3].  
 
2 EXPERIMENTAL RESULTS 
 
A simplity loading scheme is given in fig.2.1. Two metal speciments have tight contact and are loaded by oblique shock 
wave. 
 
 
 
 
 
 
 
 

69



 
10th IWPCTM – PARIS (France) July 2006 

 

 
 
 
 
 
 
 
 
 
 
 
 
 

ψ 

D 

 
Fig.2.1. A simplity loading scheme 

 
Figure 2.2 gives photograph of microsection of two steel samples’ contact boundary (D is the velocity of the shock-
wave front in metal and ψ is the slope of the front.). 
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Fig. 2.2. Photograph of microsection of the samples contact boundary after shock – wave loading 

 
The nearly sinusoidal perturbations have an amplitude a ≈ 0.06 mm and a wave length λ ≈  0.7 mm.  An drastic change 
of the starting structure of the steel is observed in the near-interface zone with a width Δa ≈ 0.02 mm. 
 
3 NUMERICAL SIMULATION  OF THE  LOADING PROCESS 
 
The passage of an oblique shock wave through an interface between two identical metal specimens was studied by 
numerical calculations using a two-dimensional Lagrangian procedure [4]. The shock-wave parameters and the 
orientation of the front relative to the interface correspond to the data of the experiment in which perturbation growth 
was observed. The shock front pressure is p = 45 gpa. The shock wave entered the interface an angle ψ = 700. The 
numerical simulation was performed using an elastoplastic model with a functional dependence of the dynamic yield 
point on the state variables of the material (plastic strain rate, pressure, temperature). The relationship between the 
spherical components of the strain and stress tensors was derived using the Mie-Grüneisen equation of state. 
The geometry of the computational domain (fig. 3.1) was close to the geometry of the experimental assembly.  
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Fig. 3.1. Computational domain (p = 45 gpa, l1 = l2 = 5 mm, and ψ = 70°). 
 

On the boundaries y = 0 and y = l2, we imposed the rigid- wall condition. In the zone of interfaces, the characteristic 
size of the computational mesh is 5 μm.  An oblique shock wave was simulated by constant pressure on the left 
boundary of the computational domain; i.e., in the computational scheme, a shock wave with a  constant pressure p at 
the front was formed at  the time t >  0.  The calculations were performed for various magnitudes of the gap Δ between 
the surfaces.  In the first series of calculations, a gap was absent, and the absolute slippage condition was specified on 
the interface; i.e., along the interface, the discontinuity of the shearing stress was equal to zero. In this case, a/a0  ≈1. 
An  incorporation of the gap into the computational scheme led to an increase in the  rate of the  relative  displacement 
of the surfaces In the calculations with a gap the materials behave themselves as fluids with the equation of state of iron. 
Figure 3.2 gives a curve of the projection of the material's velocity onto the direction of the interface at boundary points 
of the section versus the coordinate x at the moment when the shock wave traveled a distance x = 2.25 cm. 
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Fig. 3.2. Relative velocity of the material along the interface (Δ= 40 μm): (left) projection onto the x axis; (right) 
projection onto the y axis. 

The maximum velocity is attained directly ahead of the shock-wave front and is umax ≈ 4 mm/μsec. The reason for such 
a velocity jump in the gap is the unloading of the material into the gap. The subsequent closure of the gap and  
deceleration of the unloaded material leads to a decrease in the velocity to the mean mass velocity u ≈ 1 mm/μsec in a 
time Δt ≈ 0.15 μsec. The velocity jump gives rise to a short-term velocity gradient in the direction perpendicular to the 
interface.  
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In the region separated from the boundary by Δy ≈ ± 0.25 mm, the velocity gradient reaches a value ∼ 10μsec-1. In the 
remaining region, a velocity gradient is absent. The velocity gradient in the region  Δy ≈ ± 0.25mm should lead to 
growth of perturbations whose wavelength is greater than the width of this region, i.e., λ > 0.25 mm. The calculations 
predicted the growth of propagation of exactly this wavelength: λ = 0.2-0.3 mm. Let us estimate the possible increase in 
the amplitude of these perturbations over the characteristic time of operation of the velocity gradient pulse Δt ≈ 0.15 
μsec (λ ≈ 0.3 mm and Δu = 3 mmμsec) in hydrodynamic approximation [5]: 

                                                     60ΔΔch ≈⎟
⎠
⎞

⎜
⎝
⎛ ⋅≈

λ
πtu

a
a

o
                                                                            (3.1) 

Thus, in the hydrodynamic approximation, a considerable growth of perturbations with wavelengths λ > 0.3 mm is 
possible. Perturbations with a wavelength λ = 0.7 mm build up more weakly: а/а0 ≈4. 
Calculations with the yield point dependent on pressure and thermal energy  were also  performed. Such dependences 
for steel were obtained from results of measurements using  the principal stress method [6].    
In calculations without assigning initial perturbations, perturbation growth was not observed. Neither did development 
of perturbation occur when initial sinusoidal perturbations with an amplitude ao =  10 μm. Probably, the reason for 
perturbation growth in a real system is a short-term decrease in shear strength behind the shock-wave front due to the 
formation of a system of localized shear bands with increased heating. 
To verify this hypothesis, we performed calculations in which the yield point was artificially understated and given by 

                                                              ]gpа[1045.0 ⎟
⎠
⎞⎜

⎝
⎛ −=

m
t

e
ey                                                                               (3.2) 

Here et is the thermal energy, em – is the energy of melting of the material. 
In the calculations, perturbations with wavelengths λ = 0.46 and 0.7 mm increased by a factor of about 2.5. In these 
calculations, the magnitude of the initial gap was Δ ≈ 20 μm, which corresponds to the case where one surface having 
initial perturbations was actually pressed to the other. 
 
4 SUMMARY 
 
Thus, the calculations showed that the most probable reason for the development of perturbations during passage of an 
oblique shock wave through the interface of identical metals is the presence of a small microgap Δ = 20-40 μm.  The 
gap leads to the occurrence of a considerable but short-term velocity gradient along the interface, which, in turn, is 
responsible for perturbation propagation. 
However, to recognize this explanation valid, one should also assume that short-term softening of the material due to 
the heterogeneous nature of the deformation occurs behind the shock- wave front.  
This work was supported by the Russian Foundation for Fundamental Research (Grant No.  02-01-00796). 
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2 Laboratoire de l’Univers et de ses Théories, UMR8102, Observatoire de Paris, 92195 Meudon, France

Abstract: In this article, we study the influence of cooling on the Kelvin-Helmholtz instability in the context
of astrophysical jets. It is quite obvious that cooling modifies the whole of the morphology and dynamics of
jets. Adding cooling term can produce a new instability (thermal instability). This additional instability can
play a fundamental role in the evolution of jets and can be an alternative model to understand the creation of
overdensity regions (knots) in these jets.

1 INTRODUCTION

Jets are very common phenomena in the Universe. Both mysterious and fascinating, they leave all the the-
oreticians amazed about their nature. Though they may be found around supermassive black holes as well
as around young stellar objects (YSO) [1], [2], they have common properties: the coherent structure on very
large distance (the collimation problem) and the knotty structure. Regarding the collimation problem, there
are two main models: the MHD model and the radiative one [4], [5], [6]. For the knotty structure there are
also two approaches: the pulse concept [7] in which it is supposed that the object emits plasma regularly or
the shear instability model [8], [9]. In this paper we focus on the second model, i.e., the shear or the so called
Kelvin-Herlmholtz instability in the context of YSO jets where we include the radiative heating and cooling. It
is clear that the YSO jets spread across Interstellar Medium (ISM) and consequently they may develop shear
instability. It is the same thing in the case of galactic jets. We know that this type of jet is radiative (radiative
energy losses) and the cooling can play, therefore, an important role in the morphologic and dynamic evolution
of jets [10]. Thus we study the feedback of the radiative process in the development of Kelvin-Helmholtz insta-
bility. This work is achieved in slab case for the pinch and helical modes [11]. We consider a cylindrical jet, in
order to compare with axisymmetric numerical simulations and various numerical works have shown differences
between slab and axisymetric simulations [12]. In the first part we describe the model of young stellar object
jets where we discuss different points (like thermal conductivity). Secondly, we study the linear stability of the
flow and we derive the corresponding dispersion relation. Finally, we study the case where the jet is thermally
unstable and an attempt to interpret the knotty structure as well as our conclusion are given.

2 DESCRIPTION OF YSO JETS

The YSO emit non relativist bipolar jets which are characterized by an internal Mach number (M = vjet/cint
s

with vjet the speed of the jet and cint
s the local sound velocity inside the jet) around 10 and a constrat of density

about 1-10 [13]. These jets have a cooling factor [10] (denoted χc = dcool/R0) which satisfies χc < 1 . In term
of characteristic time, this corresponds to the ratio counter between: 0.1 < tcool/tdyn < 10 where we define
the cooling time by: tcool = P/ [(γ − 1)Λ(ρ, P )] with Λ is the cooling function and tdyn corresponds to the
dynamical time. The quantities P , ρ and γ correspond respectively to the pressure, the density and polytropic
index. We can see that radiative effects can modify the evolution of jets. The YSO jets are optically thin and
we assume that the radiative transfer processes are negligible. Thus the radiative effect can be modelled by a
simple gain or loss of entropy [14]. The equation of the model are:

∂tρ +
1

r
∂r [rρv] = 0, (2.1)

ρ

[

∂

∂t
+ (~v.~∇)~v

]

= −~∇P, (2.2)
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[

∂

∂t
+ (~v.~∇)

]

P − γP

ρ

[

∂

∂t
+ (~v.~∇)

]

ρ = L(ρ, P ), (2.3)

where ~v is the fluid velocity and L(ρ, P ) = H(ρ, P ) − Λ(ρ, P ) with H the heating function and Λ is still
the cooling function. In this model we do not introduce the heat conductivity effects because they are also
negligible [15]. Different zones can develop the Kelvin-Helmholtz instabilty, like the contact between the cocoon
and the jet or between ISM and the jet [16]. In this study, we do not introduce a transition zone. Such a zone
stabilizes the wavelengths which are smaller than the thickness of this zone. These perturbations do not ”see”
the velocity discontinuity. Generally the cooling function can be approximated by a power-law model [17] in
density and pressure (or temperature) but here we consider an arbitrary dependence. It is possible to extend
this model to the other radiative cooling regimes [18]. Let us begin with the characterisation of the stationnary
state. We consider a uniform plasma jet which moves at a uniform velocity in a uniform ISM at rest. This
configuration is represented in the figure (2.1)

Fig. 2.1. Representation of the configuration and various physical profiles in the stationnary state. For the sake of

simplicity, we ommitted the existence of the cocoon located between the jet and the ISM.

This system is Kelvin-Helmholtz unstable because we have a discontinuity of the velocity which can give
rise to shear instabilities. First, we therefore study the linear stability of this flow.

3 PERTURBATION OF THE FLOW AND DISPERSION RELATION

We consider the linear stability analysis of the flow and we decompose all the physical fields, X , in the form
X = X0 + δX , where X0 is the value for the stationnary configuration and where δX is the perturbation given
by:

δX(r, z, θ, t) = x̃(r)Exp[i(ωt − kz − nθ)] (3.1)

where n is a relative integer, ω the pulsation, k the wave number, θ the angular component and x̃(r) is the
magnitude of the perturbation. For example [19], n=0 corresponds to the pinch mode, n=1 to the helical
mode, n=2 to the elliptical mode and n=3 to the triangular mode. We can determine the evolution of different
perturbations and obtain:

P = P0 + Exp[i(ωt − kz − nθ)] ×
{

P̃jet(r) ∝ In(fjet(k, w − kU))

P̃ISM (r) ∝ Kn(fISM (k, w))
(3.2)

where In and Kn are the two modified Bessel functions and the function fi (i= jet or ISM) writes:

[fi(k, x)]
2

= k2 − ω2

(ci
s
)2

ω − iωi

P
|eq

ω + iωi
ρ
|eq

(3.3)

where ci
s (i= jet or ISM) is the sound velocity in the different medium, ωi

p = (γ − 1)[∂Li/∂P ] and ωi
ρ =

[γ − 1]/[(ci
s
)2] × [∂Li/∂ρ]; the subscript ”eq” stands for ”equilibrium” or ”stationnary state”. Now we impose
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a continuous pression at the interface and the equality between the displacement inside and outside the jet in
the r direction. These conditions, written below, lead to the dispersion relation:

{

P̃jet(R) = P̃ISM (R)
[(vr)jet] / [i(ω − kU)] = [(vr)ISM ]/[iω]

(3.4)

where U is the jet velocity and the dispersion relation is:

[

ω

ω − kU

]2

= η
fISM (k, ω)

fjet(k, ω − kU)

In [fjet(k, ω − kU)] K̇n [fMIS(k, ω)]

İn [fjet(k, ω − kU)] Kn [fMIS(k, ω)]
(3.5)

This dispersion relation written in this form is very interesting because it is equivalent to the dispersion
relation for polytropic cases [19]. The only difference for the polytropic case is that the function fi reduces to:

[fi(k, x)]
2

= k2 −
ω2

(ci
s
)2

. (3.6)

Then it is possible to study the general dispersion relation (3.5) in various regimes. A specially interesting case
appears where kR0 << 1 since we have Im(w) < 0 and the gas is thermally instable [20], [21], [22]. Introducing
dimensionless variables:

ω̄ =
R0ω

U
, k̄ = R0k, Mi =

U

ci
s

(3.7)

where R0 is the initial radius of jet and the equation (3.5) becomes:

[

ω̄

ω̄ − k̄

]2

= η
1

[

fjet(k̄, ω̄ − k̄)
]2

2
[

γEuler + ln
[

fISM (k̄, ω̄)
]] (3.8)

where γEuler corresponds to the Euler constant. We can re-write this relation in a polynomial form:

g(k̄)ω̄4 + 2k̄g(k̄)ω̄3 +
[

k̄2ln(k̄) − g(k̄)k̄2 − 2η
]

ω̄2 + 4ηk̄ω̄ − 2ηk̄2 = 0 (3.9)

where

g(k̄) = [Mjet]
2 ω̄P

jet

ω̄ρ
jet

ln
[

k̄
]

(3.10)

It is possible to obtain four temporal branches for the pinch mode which is the ”best” to develop thermal
instability. These four branches are:

ω̄±

1
=

k̄

2
+

(2
√

r − p + 2y0) ±
√

(2
√

r − p + 2y0)2 − 4(
√

r + q

2(2
√

r−p+2y0)
+ y0)

2
(3.11)

ω̄±

1
=

k̄

2
+

−(2
√

r − p + 2y0) ±
√

(2
√

r − p + 2y0)2 − 4(
√

r + q

2(2
√

r−p+2y0)
+ y0)

2
(3.12)

r = −1

4
k̄4 − 9

2
ηk̄2 +

1

4
k̄4ln

[

k̄
]

− 1

4
k̄4g(k̄) (3.13)

p = −3

2
k̄2 − 2η + k̄2ln

[

g(k̄)
]

− k̄2g(k̄) (3.14)

q =
5

2
k̄3 + 6ηk̄ + k̄3g(k̄) − k̄3ln

[

k̄
]

(3.15)

and y0 is a real solution of polynom (it is not written here but it can be easily derived):

8y3 + 4(6
√

r − p)y2 + 8(2r − p
√

r)y − q2 = 0 (3.16)

One criterium [20] for thermal instability is that [dP/dρ] |L=cste < 0 which is equivalent to χ = [ωP /ωρ] > 0.
Requiring therefore the condition r < 0, we are sure that the system is always unstable. In the figure (3.2) we
represent the evolution of growth rate (in function of k̄) for differents values of χ for a jet which is characterized
by Mach number 10. We find a behaviour similar to that in the case of pure thermal instability.
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Fig. 3.2. Representation of growth rate of pinch mode. On the right figure the gas is thermally unstable, on left figure

the gas is thermally stable.

4 ASTROPHYSICAL IMPLICATIONS AND CONCLUSION

As a conclusion, the thermal instability can play a major role in the Kelvin-Helmholtz instability and in the
evolution of jets. This is very interesting as the pinch mode allows to form a knotty structure. The knots come
from the fragmentation of gaz by thermal instability. Though it is a very simple model it can find different
results that we obtain in the numerical simulation [15].
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Abstract : We compare the effects of different numerical schemes for the advection and material interface treatments 
on the single-mode Rayleigh-Taylor instability, using the RAGE hydro-code. The interface growth and its surface den-
sity (interfacial area) versus time are investigated. The surface density metric shows to be better suited to characterize 
the difference in the flow, than the conventional interface growth metric. We have found that Van Leer’s limiter com-
bined to no interface treatment leads to the largest surface area. Finally, to quantify the difference between the numeri-
cal methods we have estimated the numerical viscosity in the linear-regime at different scales.  
 
1 INTRODUCTION  
 
The Rayleigh-Taylor instability (RTI) occurs in a variety of applications: astrophysics, inertial confinement fusion 
(ICF), and mixing, for example. Because of the importance of the RTI in many applications, it is important to under-
stand, report and quantify the effects of the numerics on RTI simulations. In this study, we consider the single mode 
RTI and perform a series of numerical experiments using the RAGE hydro-code by varying the advection schemes and 
interface treatment. This study is organized as follows: In Section 2, we give a brief overview of the RAGE code, a de-
scription of our RTI problem setup and the different numerical options that we investigate. In Section 3, we show the 
density contours plots at different times and the time evolution of the interface growth and surface density metrics to in-
vestigate the differences between the numerical schemes. And in Section 4 we carefully evaluate the numerical viscos-
ity in the linear regime.  
 
2 THE RAGE HYDRO-CODE AND SINGLE MODE RTI PROBLEM SETUP 
 
The RAGE hydro-code is a multi-material Eulerian code [1]. It solves the compressible-Euler equations using finite-
volume high resolution Godunov schemes. RAGE uses the pressure-temperature equilibrium model.  

In this work, we consider the single mode Rayleigh-Taylor instability between two fluids of density ratio 2. 
The computational domain is [0,1]x[-3,3]. The Atwood number A, defined as ( ) ( )2121 ρρρρ +−=A .where ρ1 is the 
density of the upper fluid and ρ2 the density of the lower, with ρ1> ρ2.  Unless noted, throughout this study we used 
A=1/3. The gravity acceleration, g, is acting downward and is 0.1. Initially, the interface between the two fluids is per-
turbed. The initial interface position is given as ( ) ( )xaxy π2cos0=  with the amplitude perturbation 06.00 =a . The 
adiabatic constants for both fluids are γ1=γ2 =1.4. On the left and right sides of the domain we have periodic boundary 
conditions. Initially, the fluids have constant density and variable energy. The pseudo Mach number, defined as 

cgM λ=  where λ  is the wave length and c is the speed of sound, is initially 0.21 for fluid 1 and 0.30 for fluid 2 at 
the interface. The mesh is uniform with equal spacing ∆x=∆y=0.01, i.e. the mesh size is 100x600. 

We investigate the effects of different numerical schemes for advection and for modeling material interfaces. 
The following slope limiters (for the advection terms) are investigated: (1) zero slope, denoted in this paper by Ist order 
scheme, (2) minmod limiter denoted by MM and (3) Van Leer’s limiter denoted by VL. For the interface treatments the 
following techniques are tested: (1) base capturing (denoted by noIP), (2) interface preserver (IP) (3) volume tracking or 
volume-of-fluid method (VOF) [3].  

The interface preserver (IP) technique is based on a modified minmod limiter approach [1].This method is a 
capturing method that artificially steepens the slope so that the interface diffusion is limited to a fixed number of cells 
(about 3). For the base capturing method (noIP), the interface diffuses, there is no numerical interface ‘steepener’. In the 
volume tracking method, the interface is reconstructed by piecewise linear planes (PLIC) method [2]. The material ad-
vection fluxes are estimated based on the geometrical reconstruction. This approach is considered a ‘sharp’ approach, 
i.e. the interface is located over one cell and thus there is no mass diffusion at the interface. However, the VOF ap-
proach is known to generate ‘numerical surface tension’ in regions where the interface curvatures are not resolved [2]. 
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3 SINGLE MODE RTI SIMULATIONS RESULTS  
 
The density contour plots at time t=5, 10, 15 and 20 are shown for the different schemes in Figure 3.1. From these fig-
ures we clearly observe the effects of the different schemes. The Ist order upwind scheme is very diffusive as expected. 
With high resolution methods, more complex structure develop in the flow compared to the Ist order scheme. The re-
sults of the VOF method are only considered with the Ist order scheme in our present comparison study.  

In Figure 3.2 (a), the interface growth or mixing width, defined as the averaged bubble and spike amplitude is 
plotted versus time. We observe very slight difference between the interface growth results for the minmod and the Van 
Leer’s limiters (high resolution method). We observe more difference between the results obtained with the Ist order 
scheme and the results obtained with the high resolution methods, as expected, since the Ist order scheme is more diffu-
sive (less accurate) than the high resolution methods. The interface growth results with MM and VL shows a “reaccel-
eration” that is not captured with the Ist order scheme. 

In Figure 3.2 (b), the surface density function of the interface, i.e. a measure of the interface area, versus time 
is plotted. Compared to the interface growth metric, the surface density metric is expected to be more sensitive to dif-
ferences in flow structures. The definition of the surface density function can be found in references [3]. In this work 
the  surface density function <Σ > is computed as: 

( )
6.04.0

6.04.0

<<

<<∇
=Σ ∑

fN
fPf  ,     (3.1) 

where f is the volume fraction, P is the probability of having an interfacial cell (a cell with 0.4<f<0.6) and N the number 
of interfacial cells. 

For a given limiter (minmod or Van Leer), the surface density function is smaller when IP (interface preserver) 
is employed, showing the effect of sharpening the interface treatment. For the Ist order scheme, the VOF method gives 
the smallest surface density function, and IP gives a smaller surface density function than with noIP but larger than with 
VOF. For a given advection scheme, a sharper interface treatment leads to a smaller surface density function. For a 
given interface treatment, high resolution methods (MM and VL) have larger surfaces and have clearly more complex 
structures than the lower resolution scheme (Ist), as shown in the density contour plots of Figure 3.1.  

As anticipated, the surface density function is found to be a more sensitive metric than the interface growth 
metric to reflect differences in the flow structure for the difference schemes. Next, we quantify the numerical viscosity 
in the linear regime. 
 
4 EVALUATION OF NUMERICAL VISCOSITY IN LINEAR REGIME 
 
In this section, we estimate the numerical viscosity in the linear regime by performing a series of simulation for differ-
ent wave numbers k. The mesh size is 500x1000 and the computational domain is [0,1]x[-1,1]. The fluid density and 
adiabatic constants are the same as in the previous problem. The initial amplitude perturbation of the interface a0 is cho-
sen such that 10 <<ka  holds. In the linear regime, for the inviscid case, The interface growth rate, denoted by n, for the 
inviscid case and with no physical surface tension, is: 

kgAn ..=  ,      (4.1) 
 and for the viscous case (and with no surface tension) is approximated as [4]: 

242.. kkkgAnviscous νν −−=  ,    (4.2) 
where ( ) ( )2121 ρρµµν ++= . 

In Figure 4.1 (a), we have plotted on the same figure the interface growth rate estimated from the RAGE simu-
lations (represented by points) and the theoretical (represented by lines) growth rates for the inviscid and viscous cases 
at different wave numbers. The trend of the estimated growth rate does not follow the theoretical growth rates for the 
viscous cases. Therefore, we can state that the numerical viscosity effect on the growth rate does not have similar effect 
as a physical viscosity on all the scales (over the different wave numbers) on this mesh resolution. The combination of 
Van Leer’s limiter with interface preserver gives growth rates that are the closest to the inviscid case. Recall that in the 
simulation we have no physical viscosity and the numerical viscosity that is present is highly nonlinear. Also, the 
wavenumber sensitivity of the numerical viscosity is expected, as it is well known that slope limiting is effectively a 
highly nonlinear viscosity that is large only at high wavenumbers. To quantify the numerical viscosity effect, we have 
plotted the time scale ratio between the numerical diffusion and the inviscid interface growth rate in Figure 4.1(b). From 
these two figures, we observe that the high resolution schemes (MM and VL) have smaller numerical viscosities com-
pared to the Ist order scheme, as expected. We also observe that IP and VOF reduce numerical viscosity, but the main 
cause of the numerical dissipation is the advection scheme. We have also performed the same analysis for a case of 
A=5/7 and found similar results (not shown here). 

78



 
10th IWPCTM – PARIS (France) July 2006 

 

 

 

 

 

 

 

Density
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Fig. 3.1. Density contours at times t=5, 10, 15, 20 for the different schemes 
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Fig. 3.2. Time evolution of (a) interface growth and (b) surface density  
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Fig. 4.1. (a) Theoretical and estimated growth rates and (b) time scale ratio  

of numerical diffusion and inviscid interface growth rate, at different wave numbers 
 
5 CONCLUSIONS  
 
We have performed several numerical simulations with the RAGE hydro-code of single mode RTI using different nu-
merical advection and interface treatment schemes. We have compared our simulations results by investigating the time 
evolution of the interface growth rate and surface density in both the linear and non-linear regimes. We have quantified 
the numerical viscosity in the linear regime. We have found (1) that the surface density function is a more sensitive met-
ric to reflect the differences between the different schemes, (2) that ‘sharper’ interface treatment reduces the surface 
density function, (3) that the numerical viscosity does not have the same effect as a physical viscosity, (4) that interface 
preserver reduces the numerical viscosity (compared to no interface treatment) but (5) that the main cause of the nu-
merical dissipation is the advection scheme. 
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Abstract: The experimental investigations of gas-vapor multichannel discharges with electrolyte jets at low 
and high voltages revealed the following features. The multichannel discharge propagates over the 
electrolyte surface when the solid electrode is immersed to electrolyte or is placed under the electrolyte jet. If 
the solid electrode is placed over the electrolyte surface transversal waves are induced and turbulent mixing 
of plasma and electrolyte occurs. 
 
INTRODUCTION 
 
The multichannel discharge with electrolyte jet as an electrode is of great interest in connection with study of physical 
processes and phenomena occurring on the plasma-electrolyte boundary. The objective of this work is investigation of 
instabilities of multichannel discharge where the solid is immersed to electrolyte, placed over the electrolyte surface, or 
is under the electrolyte jet.  
 
DISCUSSION OF INVESTIGATION RESULTS 
 

The surface of liquid metal is instable in electric fields with strength higher than critical Еcr = (64π2αρg)1/4 (α –
 surface tension coefficient, ρ – liquid density, g – acceleration of free fall) due to instabilities like Raleigh-Taylor in-
vestigated theoretically by Thonks and Frenkel. Turbulent mixing occurs at the nonlinear stage of turbulence develop-
ment. 

We have studied multichannel discharges between electrolyte and solid electrodes, between electrolyte jet and 
solid electrode. The experimental set-up consists of electric power supply system (either high or low voltage), electro-
lyte bath, and measuring apparatus. The electrolyte-plasma boundary is observed visually and with high-speed digital 
camera DMC-FZ20 that allows getting pictures of various states of the boundary and filming processes development 
dynamics. The experiments show that at high currents (over 10 A) the foamy zone of turbulent mixing appears. The 
processes of mixing of plasma with electrolyte at wide range of discharge parameters were investigated. The character-
istic features of physical processes and phenomena are revealed. Multichannel gas-vapor discharges between electrolyte 
jet and metal electrode at a wide current range (0.3 – 15 A), distances between electrodes from 2 to 170 mm, jet diame-
ter from 1 to 10 mm, and pressure range 95 ÷ 105 kPa for various electrolyte composition (solutions of NaCl, KCl, 
NH4Cl, CuSO4 in purified water) and concentration are realized. The discharge properties significantly depend on jet 
diameter and its length, on electrolyte composition and concentration, as well as on electrode polarity. The processes in 
the boundary between electrolyte and plasma are investigated in the case of a multi-channel discharge with many jets at 
atmospheric pressure for various electrolyte compositions and concentrations. The discharge spatial structure was inves-
tigated. The voltage-current characteristics, spatial distribution of current density and temperature were obtained. Vari-
ous types of self-sustained multichannel discharges between electrolyte jet and solid electrode are distinguished. 

The basic results of experiments with high voltage multichannel discharges between solid and liquid electrodes 
are in following. If the solid electrode is placed above the electrolyte surface the transversal waves are induced on the 
liquid surface (Fig. 1a). The discharge channels disturb the surface and induce transversal waves that impose one onto 
another. Each channel generates electrolyte wave at some distance from the center. The disturbed surface region trans-
forms to boiling foamy zone of turbulent mixing of plasma and electrolyte as current is increased (Fig. 1b and 1c). The 
critical value of current when transition to turbulent mixing current occurs is greater for an electrolyte cathode (Fig. 1c) 
than for electrolyte anode (Fig. 1b). The turbulent mixing of plasma and electrolyte is due not only to high value of 
electric field strength but also to electrolyte surface heating. Significant features of multichannel discharge are observed 
when the solid electrode is immersed to electrolyte. After switching the voltage during the time period of 5 – 10 s the 
jelly like colloid substance is formed. Chemical analysis showed that the electrolyte under discharge is alkali medium 
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(pH > 7) that can give off metal oxide hydrate due which the colloid substance is formed. The colloid substance is 
mixed with electrolyte. During the mixing gas bulbs are emerged inside the electrolyte and they go upwards, while the 
colloid substance by thin jets is deposited down. The multichannel discharge propagates between colloid substance jets 
and electrolyte (Fig. 1c and 1d), the discharge current increasing from 5 to 150 A. At the same time the discharge volt-
age decreases from 460 to 400 V. These changes in current and voltage are not due to supply voltage or ballast resistors 
adjustment. 
 

 
 
 
 

 
 

 
 

 
 

а b 

d c  
 

Fig. 1 Various forms of disturbances and instabilities on the plasma-electrolyte boundary. 
 
SUMMARY 
 
The turbulent mixing of plasma and electrolyte on the plasma-electrolyte boundary for DC multichannel discharge be-
tween solid and liquid electrodes is investigated. The various forms of electrolyte surface disturbances are revealed and 
their development and propagation processes observed.  
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Abstract We present recent progress on turbulent mixing, jointly obtained with collaborators. We have an improved 
version of front tracking, improved physics models of Rayleigh-Taylor turbulent mixing, and agreement of simulations 
with experiment for immiscible experiments without surfactants and msicible fluids with mass diffusiion. We present 
improved closures for averaged equations. We use the experimentally validated simulations to validate the closures in 
the averaged equations. Issues of verification are also addressed. 
 
1 INTRODUCTION 
 
Our main result is validation of 3D turbulent mixing Rayleigh-Taylor simulations through comparison to laboratory ex-
periments. The comparison is to the overall growth rate, bα . This accomplishment is based on improved numerics (an 
improved version of Front Tracking), and improved physical modelling (surface tension effects for immiscible fluids 
and mass diffusion for air-helium miscible experiments). An overview of these results was presented in [1]. These vali-
dated simulations are used as a starting point for validation of an averaged equation fluid mixing model. We also com-
pare our model closures to those of others, finding overall good agreement with the DNS data for both, but better 
agreement for the model we propose. We also present results from a statistical analysis of mixing rates and discuss a 
program for verification of turbulent mixing simulations. 

 
2 IMPROVED NUMERICS 
Two front tracking methods have been combined. Grid free tracking is based on marker particles which move freely 
through an underlying grid, and are connected, or organized, into triangulated surfaces to represent dynamic solution 
discontinuities. It is highly accurate. In contrast, grid based tracking projects the interface onto a reconstruction tied to 
the grid structure at each time step. It is robust but inaccurate. We use grid based tracking only locally during the bifur-
cations of the front, which makes the combined locally grid based tracking algorithm (LGB) essentially as accurate as 
the grid free tracking and as robust as  grid based tracking [2]. The new algorithm greatly reduces surface smoothing, a 
numerical effect similar to surface tension. Standard benchmark tests in comparison to other interface methods such as 
volume of fluids and level sets show the advantage of front tracking [3]. 

A further improvement to the front tracking method, still in a development stage, is conservative and higher order track-
ing [4,5]. The schemes described above, as with all conventional methods, are zeroth order accurate locally near a dis-
continuity. Conservative tracking is based on tracking the space time discontinuity interface, and using finite volume 
difference methods in the irregular space time cells cut by the interface. This method is first and potentially second or-
der accurate near the interface, and so it allows a greatly increased level of accuracy as the grid is refined. 

 
3 IMPROVED PHYSICS MODELS AND NEW SIMULATIONS 
We then add physical values of surface tension in models of mixing of immiscible fluids, and obtain Rayleigh-Taylor 
mixing growth rates (i.e., bα ) in agreement with experiment. See Table 3.1. Four simulations [6] span the range of di-
mensionless surface tensions in the experiments. One of these, ideal, with no surface tension, is significantly higher in 
its mixing rate than the experiments. The simulations show significant dependence of the mixing rate on the value of the 
surface tension. Only experiments without surfactant are included in Table 3.1. 

We also modelled the Andrews-Banerjee air-helium splitter plate experiments, in which the dominant secondary phys-
ics effect is mass diffusion. Simulations [7] with the identical dimensionless value for mass diffusivity yield a maxing 
rate bα  identical to that of the experiment. See Table 3.1 and Fig. 3.1. Because of the very small value for the dimen-
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sionless mass diffusion, representation of the diffusivity through a finite difference operator was not possible and in-
stead, we introduced a subgrid model to implement this term in the continuity equation [8]. 

 
 Experiment Simulation 

Immiscible [9,10] 0.050-0.077 0.067 
Miscible [11] 0.070 0.069 

 
Table  3. 1.  Comparison of experimental and simulation values for bα . 

 

 
 

Figure 3.1. Plot of bα  vs. dimensionless surface tension. FronTier simulations pass through the experimental data 
points while the untracked TVD simulation, with ideal physics (no surface tension), yields a mixing rate about half the 
experimental value and about one third the front tracking value for ideal physics. 

 
4 AVERAGED EQUATIONS AND CLOSURE  
 
Averaged equations and closures are introduced based on a complete two fluid closure with independent velocities, 
pressures and energy for each phase. These models require expressions for the velocity, pressure and work evaluated at 
the interface as closure terms [12,13]. These quantities are denoted respectively . These quantities are 
written as convex sums of the corresponding pure phase quantities, with convex coefficients to be modeled. The models 
satisfy the following properties: 1. Hyperbolic stability, meaning real characteristics for time propagation, without 
appeal to diffusive terms. 2. Conservation of phase mass, total momentum, total energy, and a phase entropy inequality. 
Entropy conservation does not hold due the nonisentropic aspect of averaging. 3. Boundary conditions at the edges of 
the mixing zone.  The closure describes a regime of imperfect mixtures, i.e. non-atomic mixture.  The convex 
coefficients for the closures are themselves fractional linear expressions. This form for the convex coefficients was 
originally a guess, and in [12,13] was derived from manipulation of the exact (unclosed) equations. In the fractional 
linear expressions, two of the three independent parameters can be evaluated based on imposition of boundary 
conditions. The remaining condition is discussed below.  

* * *, , ( )v p pv

 
For adiabatic flows we also examine the entropy [13]. There are two possible entropies, namely as derived from direct 
averaging of the microphysical entropy and as derived from an equation of state from the averaged densities and 
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pressures. These two do not coincide in general, and only the former is guaranteed to be conserved. In fact, the second 
entropy, which is the one normally associated with the averaged equations, should not be conserved. The averaging 
process by itself is akin to mixing, and as such is non-isentropic. On this basis, even for smooth flows (without shocks), 
the entropy should be subject to an inequality, but should not be conserved. 
 
The averaged equations are missing one condition at each edge of the mixing zone. This missing condition (an internal 
boundary condition) is associated with an incoming characteristic speed at the mixing zone edge from the single phase 
region associated with the phase which is missing there. To compensate for this missing information, and to complete 
the definition of the model, we couple the buoyancy drag equation [14] to the averaged equations at the two edges of 
the mixing zone. The buoyancy drag equation is a pair of phenomenological ordinary differential equations for the 
positions of each edge of the mixing zone. It has been considered by a number of authors, and in the form given in [14], 
it has one free parameter for each edge, a drag coefficient. Methods for chosing this drag coefficient have been 
addressed by a number of  investigators including the authors and will not be examined here. 
 
To illustrate this closure, we present the formulas for a representative case, namely , *v
 
 *

1 2 2 2
v vv v vµ µ= +  

where is the fluid velocity in phase k  and , 1,kv k = 2 v
kµ  are convex coefficients defined by the equation 

 
' '

v k
k v

k k kd
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β β
=

+
 

 
and is a parameter to be determined. The identity '

v
kd ' 1v v

k kd d =  is enforced, so there is one free parameter to be chosen 

for each of the . * * *, , ( )v p pv
 
Extensions of these equations to three and more fluids was examined in [15]. In the 1D incompressible case, the 
equations admit closed form solutions [16,17]. 
 
5 VALIDATION OF MIX MODEL CLOSURES  
 
The experimentally validated Rayleigh-Taylor simulations define an important data set. We use it to validate the closure 
terms for the averaged equations. Validation of the proposed closure relations relative to Richtmyer-Meshkov 
simulations is also discussed. From the previous section, we see that the closure model depends on three parameters, the 

.  From analysis of the validated Rayleigh-Taylor simulations and from a simulation study of a 
circular Richtmyer-Meshkov mixing layer, we have determined that in most cases, the mixing coefficients are 
insensitive over a broad range of their values, and can be conveniently be set to 1. The only exception to this rule occurs 
for the velocity closure  and its parameter  for the case of Rayliegh-Taylor mixing. This parameter, however, is 
constrained in terms of the edge motions and is thus not a free parameter. Thus we see that the only free parameters in 
the model are the drag coefficients for the buoyancy drag equation coupled to the averaged equations. 

, , ,q
kd q v p pv=

*v v
kd

 
For comparison to simulation data, we set the drag to yield agreement with the simulated edge position, and assess the 
degree to which the closure terms agree with the direct computation of the interface quantities they are 
supposed to approximate. The overall error for each of the three terms is assessed in this comparison [18]. See Table 
5.1. Additionally, we carry out the same comparison for the closure [19], for which the errors are larger. 

* * *, , ( )v p pv

 
Total *v  *p  *( )pv  
11% 17% 0.0% 17% 

    
Table 5.1. Relative errors in closure terms based on comparison to simulation data. 

 
6 STATISTICAL ANALYSIS OF RT SIMULATIONS 
 
We discuss mixture fractions and fluctuation spectra for the RT direct numerical simulations mentioned above, see [20]. 
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The molecular mix fraction θ  was computed for the three (ideal, surface tension and mass diffusion) simulations. As 
could be expected, due to the tracking of the interface and reduction of numerical mass diffusion  , θ  has a value zero 
for the first two simulations. To provide a comparison to work of others, we first averaged the simulation data over 
mesh blocks of size 1, … , 8 and then recom uted p θ  using these values, on the coarse grid defined by the averaging 
process. Even the mesh block size 1 averaging changes θ , as in this case all partial cells with distinct fluids in separate 
components are replaced with a single mesh block average. We fou d that n θ  was a nearly monotone function of the 
block averaging size, and that the increase stabilized for an averaging length scale in th ge 2  to 4 x∆ , with a 
value in th .7 0.8

e ran
e range

x∆
 0θ ≈ − . These values for the mesh block averaged θ  are consistent with values obtained by 

other investigators using untracked simulations.   
 
The molecular mix fraction θ  for the mass diffusion simulation is defined in terms of concentrations rather than vol-
ume fractions, in view of the physical mass diffusion contained in the simulation. These concentrations were not re-
corded during the simulation, but have been reconstructed from the densities assuming approximate incompressibility of 
the flow. For this simulation, the picture is different. The zero averaging (zero block sizeθ ) is 0.7, already in approxi-
mate agreement with  results of others, and is approximately stable after further block averaging of the data. Since the 
simulation differs from many in that its α agrees with experiment, we comment on this difference in comparing θ  
andα as measures of mixing. We have traced differences between our simulations and many untracked ones in the 
value of α  as originating in numerical mass diffusion of the untracked simulations. The numerical mass diffusion is 
well reflected in a time dependent Atwood number ( )A t , which is sensitive to the extremes of density contrast in a 
layer, while θ  is defined in terms of averages. The many smaller bubbles, on the verge of elimination from the bubble 
mixing zone, are in fact diffused, while a few larger bubbles, to drive the mixing rate into the future, are not well mixed. 
The former dominate the definition of θ , while the latter dominate the definition of ( )A t . 
 
We also plotted the spectra for density, velocity and energy fluctuations, that is, a log log plot of fluctuations vs. wave 
number. 
 
7 VERIFICATION FOR TURBULENT MIXING 
 
We have proposed several concepts for verification, validation and uncertainty quantification. For complex problems, 
we favor a decomposition of the analysis into smaller components, with the uncertainties of the whole expressed as 
probabilities in a Bayesian framework and combined from the uncertainties of the components according to laws of 
probability. These ideas were tested in a simple (1D) framework [21] and found to be successful there. Within this 
framework, we allow for errors coming from the solution process as well as those introduced through initial conditions. 
Thus the solution framework not only is a transmitter of error (with possible amplification), but it also has the potential 
to create error. In the Bayesian framework, the essential inputs are the Bayesian prior and the Bayesian likelihood (of 
discrepancy between solution and observation). We develop numerically based models for this likehood, which are 
calibrated by ensembles of solutions and of solution errors, so that the error can be described by a PDF and the PDF has 
a basis in numerical studies of solution error.  Other contributions to this likelihood can be treated in a similar manner. 
 
For turbulent mixing, these issues become vastly more difficult. In earlier sections of this paper we have discussed is-
sues related to validation of Rayleigh-Taylor mixing flows, that is, the agreement of simulations with experiment. Al-
though we have achieved this goal, not all issues related to validation have been settled and so validation remains a par-
tially open question.  
 
Verification, the statement that the simulation is a mathematically correct solution of the equations being solved, is also 
difficult. For these flows and related Richtmyer-Meshkov mixing flows, the essential problem is that the flow becomes 
more complex under mesh refinement (until some extreme level of refinement is reached in which transport or scale 
breaking physics introduces a regularizing influence, and the underlying differential equations have changed). Thus 
verification, the issue of whether the equations as posed have been solved in a mathematically and computationally cor-
rect manner, is daunting, to say the least. To address this issue, we considered as a typical case a cylindrical Richtmyer-
Meshkov unstable flow, formulated in 2D [22]. Because the problem was formulated in 2D, mesh refinement was feasi-
ble and could be pushed to a high degree. Because the problem was chaotic, new structures emerged in the solution un-
der mesh refinement, and convergence under mesh refinement was problematic. In this sense the problem is representa-
tive of verification for turbulent mixing problems in general. 
 
We address this problem through two methods. The two methods are related, as both serve to clarify and enhance the 
convergence properties of the solution, or even to define the convergence properties. The first method is linear and the 
second is nonlinear. 
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The first step is the introduction of solution functionals. These functionals involved some degree of averaging; the aver-
aged functionals described the solution in a manner which was insensitive to the influence of the new, small scale struc-
tures introduced by mesh refinement. Typical functionals are averages over fixed size regions or over fixed rotational 
angles relative to the circular geometry.  
 
A second essential step is the use of wave filters, to identify the principal shock and rarefaction waves of the problem.  
A wave filter is a post processing program which examines each location in space and time and each direction, for the 
presence of a shock wave. The detection is based on solving a local Riemann problem between states with positions 
displaced slightly in directions of the trial normal direction. When this Riemann problem yields a single strong wave 
with the other two waves weak, a local wave is identified. Variation of the allowed normal selects a maximum strength 
and a trial normal. These pointwise identified strong waves are assembled into curves (in 2D), allowing a further re-
finement to the local normal directions. The construction extends to 3D in principle. It assumes nothing special of the 
simulation, and so it could be applied to any fluid simulation. The wave filter can be thought of as a nonlinear solution 
functional, specially adapted to the physics of the problem, and in that sense the two steps are related. 
 
The location of the contact waves (the location of the boundary between the heavy and light fluids) depends on the fact 
that the solution is tracked. These waves are determined dynamically within the calculation. The edges of the mixing 
zone are identified in terms of volume fractions of the heavy and light fluids. Errors in the convergence properties, that 
is, differences between solutions obtained at different levels of mesh, are divided into two types. The first is errors in 
the positions of the shock, rarefaction and mixing zone edges, that is, errors in the dominant wave structures of the 
problem. The second class of errors are the solution states values (pressure, density, velocity) at locations having the 
same flow history. Thus we examine and compare for convergence flow regimes having a similar history, such as the 
singly shocked heavy fluid in a single phase flow region, or the doubly shocked light fluid within the mixing zone. 
Through this use of the wave filters, we view the solution in a manner insensitive to the new structures which emerge at 
each new level of mesh refinement.  
 
The major errors in the solution values occur within or near the dominant wave structures, due to position mismatch of 
the waves and due to the lack of numerical convergence of the solution near these points. It is well known that solution 
convergence is O(1) (non convergent) in a pointwise sense near major wave structures. So removing regions near these 
waves is important in assessing convergence properties (away from these waves). 
 
 

 
 
Figure 7.1. Interface length as a function of time, computed at five distinct mesh levels. The fractal property of the in-
terface relative to mesh refinement is clearly visible from this plot. The indicated mesh numbers are the number of cells 
along the narrow dimension of the half circle. 
 
Through these two main steps, we found convergence of the solution under mesh refinement for both wave location and 
solution value errors. 
 
The total interface length (as a function of time) was recorded, and it was found not to converge under mesh refinement. 
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This is to be expected as there are no units of physical length in the simulation. Neither the global problem dimensions 
nor any microphysical scale have any meaning. All microphysical regularizing scales, such as physical mass diffusivity, 
viscosity, thermal conductivity, and surface tension have been set to zero. Thus the only regularization present comes 
from the grid. Quantities whose meaning depends on regularization thus may diverge under mesh refinement. 
In Fig. 7.1 we present a plot of interface length vs. time for five different grid levels. If we model the length as an in-
verse power of , namely x∆ (1 )x ε− +∆ , we find ε  increasing with time and positive after an initial time period.  This 
fractal property of the interface raises obvious issues for mesh convergence of untracked simulations. 
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Abstract: A traditional approach to the study of material strength has been revitalized at the Russian Federal Nuclear 
Center (VNIIEF).  Rayleigh Taylor strength experiments have long been utilized to measure the material response of 
metals at high pressure and strain rates.  A modulated (sinusoidal or sawtooth perturbation) surface is shocklessly 
(quasi-isentropically) accelerated by a high explosive (HE) driver, and radiography is used to measure the perturbation 
amplitude as a function of time.  The Aluminum T-6061 targets are designed with several sets of two-dimensional saw-
tooth perturbations machined on the loading surface.  The HE driver was designed to reach peak pressures in the range 
of 200 to 300 kbar and strain rates in the range of 104 - 106 s-1.  The standard constitutive strength models, Steinberg-
Guinan (SG) [1], Steinberg-Lund (SL) [2], Preston-Tonks-Wallace (PTW) [3], Johnson-Cooke (JC) [4], and Mechanical 
Threshold Stress (MTS) [5], have been calibrated by traditional techniques:  (Hopkinson-Bar, Taylor impact, flyer 
plate/shock-driven experiments).  The VNIIEF experimental series accesses a strain rate regime not attainable using 
traditional methods.  We have performed a detailed numerical study with a two-dimensional Arbitrary Lagrangian Eule-
rian hydrodynamics computer code containing several constitutive strength models to predict the perturbation growth.  
Results show that the capabilities of the computational methodology predict the amplitude growth to within 5 percent of 
the measured data, thus validating both the code and the strength models under the given conditions and setting the 
stage for credible future design work using different materials. 
 
1 INTRODUCTION 
 
The evolution of a Rayleigh Taylor Instability (RTI) in metals has long been used to study and understand material 
strength under high pressure and high loading rates [6-9].  Under aggressive loading conditions, material strength serves 
to stabilize or retard instability-induced perturbation growth.  An RTI occurs at a perturbed surface of a metal that has 
been accelerated by another material of a lower density.  In Figure 1, a material (ρΗ) having a uniform frequency of 
small amplitude perturbations, with fixed wavelength, λ, is accelerated by low density, high--explosive (HE) products 
(ρL).  Rather than uniform compression of the material surface, stress gradients are formed which induce plastic flow. 
Material moves from the valleys into the spike regions, increasing the amplitude of the original modulation.  Spike 
growth continues, with increasing time, as illustrated in Figure 1.  To assess the effect of material strength under RTI 
conditions, the evolution of the perturbation growth is used as a metric.   
                                                                    t0                            t>t0 
 
                                                     λ 
 
 
 
                                             HE 
                                              
                                                         ρL                 ρH       
 
 
 
 
 
                                                                a0                             a(t)                                                    
                              Figure 1.  Schematic of RTI.  a0 is the initial  
                                          amplitude of the perturbation, peak to valley.  

A(t) shows perturbation growth at later time. 
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During the decades that material strength has been studied, numerous experimental techniques have been developed to 
measure strength properties as functions of strain, pressure, temperature and strain rate.  The data from Hopkinson-bar, 
Taylor impact and flyer plate/shock-driven experiments have all been used to formulate and validate constitutive 
strength models (SG, PTW, JC, MTS) widely in use in current hydrocodes.  These experiments have largely been ap-
plied to physical problems where the strain and strain rate regimes are mostly less than 100 percent and less than 104 s-1, 
respectively.  There are many applications where the RTI-induced strain exceeds 100 percent and strain rates  are in the 
104 – 108 s-1 range, for example,  RTI in Inertial Confinement Fusion applications.   
 
The VNIIEF RTI growth experiments are serving to provide the data necessary to validate existing strength models in 
the  strain and strain rate regimes mentioned.  The RTI growth experiments revitalized at VNIIEF are a technique initi-
ated by Barnes, et al [6].  Barnes’ idea is to smoothly accelerate a sinusoidally perturbed surface by the expansion of HE 
products across a void thus guaranteeing shockless (quasi-isentropic) loading to pressures in the hundreds of kilobar 
range.  What we have investigated are a series of experiments which have attained 200 – 300 kbar peak pressures and 
strain rates in the range of  104 s-1 - 106 s-1.  This is the first time since Barnes’ [6] pioneering work in 1974 that experi-
ments of this kind have been accomplished.  We have performed a detailed numerical study to predict the perturbation 
amplitude using two constitutive strength models, namely, SG and PTW.  The remainder of the article is dedicated to 
details of the experimental technique, the numerical results and justification for follow-on experiments at higher pres-
sures and strain rates using different materials. 
 
2 EXPERIMENTAL CONFIGURATION  
 
The experimental setup is based on the original series of experiments formulated by Barnes [6] for the purpose of study-
ing the growth (or lack thereof) of a sinusoidal perturbation imposed on a metal liner accelerated by HE products.  It 
was shown that the perturbation growth is greatly moderated by the dynamic yield strength.  In order to avoid the com-
plications and heating caused by shock formation, the experiment was designed with a void between the HE driver and 
the target.  The HE products cross the void and pile up on the side of the metal liner containing the small amplitude per-
turbations, providing a smooth rise to peak pressures.  A schematic of the VNIIEF experimental design is provided in 
Figure 2.(a), (b), (c).   
 
 
                                                                                                                                                                                                                       
                                                                                        
                                                                                            
 
                                                                                                                               (b) 
                                                                                                 
                                                                                                                                     
                                                                                                                                        
(                                                                                                                                                    
                    (a)                                                                                                       (c)                                                                                    
Figure 2. (a) Schematic of the experimental assembly (1) planar detonation wave generator, (2) HMX-based HE, (3) 
vacuum gap, (4) studied liner, Aluminum T-6061, and (5) sealing cylinder; (b) dimensions of aluminium liner; and (c) 
periodic perturbations machined on the loading surface of the aluminium. 
 
The dimensions of the HE cylinder are diameter 120 mm and height 60 mm.  The vacuum gap is fixed to be 3.5 mm.  
The aluminium sample was machined to a mean thickness of 1.5 mm in the central region, and had an overall diameter 
of 80 mm.  The back side of the target is bevelled (such that the sample is thinner at the edges than in the center) in or-
der to prevent bending due to lagging peripheral zones behind the central part of interest.  The perturbations are located 
on the side of the target facing the HE.  The composition of the HE governs the magnitude of the pressure.  For the 300 
kbar case, an HMX-based composition was used having density ρ0 = 1.885 g/cm3 and energy release Q = 6.1kJ/g.  Re-
sults will also be shown for 200 kbar peak pressure, where a TNT/RDX-based composition was used having density 
ρ0 = 1.67 g/cm3 and energy release Q = 5.786 kJ/g.  Due to the limitations of machining capabilities, the perturbations 
were chosen to be saw-tooth (Ideally, a sinusoidal modulation is preferred as it is considered a single frequency mode).  
For each of the liners studied, the wavelength of the perturbation, λ, is set at 2 mm.  On each of the loading surfaces of 
the aluminium liners, a set of twenty wavelengths were machined.  The perturbations are in two zones of 10 wave-
lengths each.  The wavelength is fixed at λ = 2mm and the initial amplitude (peak to valley), A0, in each of the zones of 
10 are 0.06, 0.11, 0.15, 0.19, or 0.23 mm.  Hence each sample provided information for two different initial perturbation 
amplitudes.   
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There were a total of seven experiments performed in this series, four of which were at 300 kbar peak pressure and 
three, at 200 kbar peak pressure.  Perturbation growth was obtained by x-radiography; therefore, only one piece of data 
can be obtained from one experiment.  A broad-band x-ray source having peak energies of 1 MeV and pulse widths of 
100 ns (fwhm) was used in a side-on imaging arrangement.  A sample of the X-ray photos of the aluminium liner at 300 
kbar peak pressure is provided in Figure 3. 
 

 
 
 
 
 
 

 
  
 
 

Figure 3.  X-ray results from aluminum experiments with peak pressures to 300 kbar.  Sections a) and b) represent the 
zones of different initial perturbation amplitude.  S (mm) is the position of the liner for a given x-ray image.  A0 (mm) is 
the initial peak to valley perturbation amplitude.  A (mm) is the amplitude of the perturbation at the given position. 
 
 
3 COMPUTATIONAL TECHNIQUE 
 
A.  Characterization of the Drive 
 
Material strength is inferred from the RTI; however, it is critically important to correctly model the drive, or accelera-
tion source of the aluminium liner, in order to accurately extract the material strength.  The driver of the acceleration for 
the RTI comes from the stored chemical energy released from the HE, and therefore, the characterization of the pressure 
source is an integral part of the process.  The JWL [10] equation of state, Equation (1), is a pressure-volume-energy 
equation most commonly and successfully used in the hydrocodes, where P is the pressure, ν is the relative volume, re-
lated by ν = V/V0, and V0 is the initial volume, V, the time-evolved volume; A, B, R1, R2 and ω are constants.  The pa-
rameters used for each HE are given in Figure 4. 
 
                                                                                                            HMX       TNT/RDX                     
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                                                                                          Figure 4.  JWL parameters for HE 
 
We performed a detailed one-dimensional (1D) numerical study to characterize the drive conditions, comparing the 
Pressure, Velocity and Position versus time with the gas dynamic calculations provided by VNIIEF for both HE drive 
conditions.  An analytic equation of state was used for the Aluminum T-6061, with two different strength models:  SG 
and PTW.  Figure 5 shows that the 1D ARES SG calculations are in good agreement with the VNIIEF 1D representa-
tion.  Calibration tests for the drive were performed by VNIIEF using thicker aluminium and incorporating manganin 
gauges to obtain in-situ pressure data.  Velocimetry was not available at the time.  Figure 5. (a) (b) (c) shows good 
agreement between the ARES calibration model and the VNIIEF drive characterization for the pressure, velocity and 
position of the loading surface of the aluminium versus time. 
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Figure 5.  Comparision between ARES and VNIIEF drive conditions at the loading surface of the aluminium for the 
300 kbar peak pressure experiments.  (a) Pressure (GPa) vs. time (μs), (b) Velocity (km/s) vs. time (μs), and (c) Position 
vs. time (μs). 
 
Very good agreement is shown at early time during the calculation, approximately 1 μs into the problem, with the de-
viation at late time being due to the material strength.  The material strength consumes energy and helps to decelerate 
the plate.   
 
B.  Calculated two-dimensional Perturbation Growth 
 
The initial conditions for the two-dimensional (2D) simulations were modelled after the experiment (Figure 6), using 
the drive calibrated in the 1D study.  The full 2D calculations were performed using ARES, which is a massively paral-
lel, multi-physics code.  It is built on a multi-block Arbitrary Lagrangian Eulerian (ALE) hydrodynamics package and 
contains a wide array of physics models necessary for carrying out the HE driven material characterization experiments.  

 

Vacuum gap 

Cu liner 

High Explosive 

Figure 6.  Schematic of the full 2D computational model, HE slab, vacuum gap and aluminium liner. 
 
Each of the experiments was modelled with 120 zones per wavelength, with square zoning in the target, i.e., 
Δx=Δy=1.67 microns zoning in the metal.  An analytic equation of state is used for the Aluminum T-6061.  Two consti-
tutive strength models were used to determine the material strength:  Steinberg-Guinan [1] and Preston-Tonks-Wallace 
[3].  The SG model is an empirically based constitutive model with no explicit strain-rate dependence.  Because of this 
feature, there has been some debate pertaining to the strain-rate regime in which SG is applicable.  The SG equations 
are given in (2), (3), (4).   
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From shock wave experiments, it is often assumed that SL applies to strain rates up to 105 s-1, beyond which SG applies 
and the strain rate becomes unimportant.  Our calculations  for Aluminum T-6061 using the SG constitutive model are 
shown in  Figure 7.  The PTW model (Equations 5, 6 and 7) is a physically based constitutive model with a thermal ac-
tivation to phonon drag transition that takes effect at a specified strain rate in the 106 - 108  s-1 regime.  Due to the scale-
invariant nature of the PTW model, the authors claim it is valid for arbitrary strains, temperatures and strain rates [15].  
The calculations  for Aluminum T-6061 using the PTW strength model are also shown in Fig. 7. Simulations with either 
model (SG vs PTW) reproduce the observed results reasonably well. 
 

 
(a) (b) 

Figure 7. Perturbation amplitude vs. distance travelled.  (a) Pmax = 300 kbar (HMX driver), and (b) Pmax = 200 kbar 
(TNT/RDX driver). 
 
The results shown in Figure 7 represent the data from the seven experiments, ARES calculations with SG strength 
model and ARES calculations with PTW strength model.  The ARES 2D simulations have predicted the material yield 
strength to within 5 percent of the measured data for all cases except the smallest initial amplitude case.  The standard 
input parameters for the SG and PTW models were used for Aluminum T-6061.  Since Aluminum T-6061 is a well-
known substance, it is not surprising to find such good agreement.  However, the fact that both of the material strength 
models were formulated from data with very different experimental techniques and strain less than 100 percent indi-
cates that the strength models for Aluminum T-6061 implemented in our hydrocodes are well calibrated.  These ex-
periments have provided an excellent validation experimental set for Aluminum T-6061 in the given conditions. 
 
We show in Fig. 8 predictions from the PTW model for flow stress for Al6061 at the representative conditions of P = 
200 kbar, T = 400 K, ρ/ρ0 = 1.1, ε = 0.1 (solid curve). [11]  Flow stress is plotted versus log(dε/dt).  The flow stress has 
been normalized by the value predicted by PTW at dε/dt = 1 (but still at the above P, T, ρ/ρ0, and ε).  Also plotted is the 
result for thermal activation only (dashed) curve, turning off the contribution due to nonlinear phonon drag.  In the 
thermal activation regime, PTW predicts flow stress increasing logarithmically with strain rate, σ ~ ln(dε/dt), whereas 
in the nonlinear phonon drag regime, PTW assumes a power law dependence on strain rate, σ ~ (dε/dt)β, with β ~ 1/4.  
Note, using nominal input parameters for Al6061 for the PTW model, the transition from thermal activation to phonon 
drag occurs at strain rates of ~108 s-1.  Hence, the PTW model predicts that these HE-RT experiments, with strain rates 
in the 104-106 s-1 range, lie in the thermal activation regime.  Also plotted in Fig. 8 (dotted curve) is the prediction from 
the SG model.  The SG model is independent of strain rate, but is meant only for high strain rate applications, dε/dt > 
104 - 105 s-1.  Note also, for the conditions of these experiments, 104-106 s-1, the PTW model predicts 10-20% greater 
strength, due to the strain rate dependence in the thermal activation regime.  This is consistent with the simulated 
growth factors being slightly lower for the HE-RT experiments when the PTW model is used, compared to the SG 
model. 
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Figure 8.  Normalized flow stress versus log(strain rate) from the PTW model versus the SG model.   
 
There is a nearly 50 percent discrepancy between the calculations and the experimental data at 300 kbars for the small-
est initial perturbation amplitude of 0.06 mm.  We have found that this is due to the limitations of the machining accu-
racy.  The VNIIEF machining error, at that time, was as much as 20 percent.  We performed calculations incrementally 
increasing the initial amplitude from 0.06 mm to 0.08 mm and found good agreement when the initial perturbation am-
plitude has been arbitrarily set to 0.075 mm. 
 
4 CONCLUSION 
 
Modeling results show that the standard SG and PTW parameters for Aluminum T-6061 are sufficient to model the evo-
lution of a RTI driven quasi-isentropically to pressures in the range 200 – 300 kbar, strain larger than 100 percent and 
strain rates to 106 s-1.  The simulated perturbation amplitude as a function of distance generally agrees well with the 
VNIIEF data.  Future work will focus on higher pressures and strain rates, comparisons of BCC (such as vanadiuim) vs 
FCC (such as Al6061) materials, and different initial grain sizes.  Understanding the effects of varying the peak pres-
sure and strain rate is extremely important, to see how these constitutive models scale outside the regime in which they 
were calibrated. 
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2D Direct Numerical Simulation of Ejecta Production 
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Abstract: A 2D Eulerian code is used to calculate the shock induced ejecta produced from a metal surface using a 

typical random surface finish.  This is an example of multimode Richtmyer-Meshkov instability at high Atwood num-

ber.  The aim of this work is to calculate a 2D direct numerical simulation of ejecta and to compare with experimental 

results.   British Crown Copyright (2006/MOD) 
 
1 2D EULERIAN CODE, PETRA 
 
PETRA is a 2 dimensional Eulerian code [1].  It uses a rectangular grid with a Lagrangian calculation and then an ad-

vection step in each timestep.  The Eulerian grid can be in several geometries; plane, axiysmmetric, spherical and cylin-

drical polar.  The EOS variables are pressure, energy and density.  The material options include strength and interface 

reconstruction is used.  

This study uses fine zoned calculations to model the hydrodynamics involved in the production of ejecta. In this work 

we allow the mesh to move with the average local fluid speed in the direction of an incident shock (i.e. Lagrangian in 

the x-direction) which is driven by a time dependent pressure boundary condition. 

2 A SIMPLE TEST PROBLEM  

To demonstrate the method and to give some indication of what mesh size is needed we initially calculate a simple 

problem.  In this case it is a block of lead with a groove cut in one side and is shown in Fig 2.1.  An applied pressure on 

the opposite face drives a shock into the block which results in the production of ejecta.  The applied pressure is high 

enough to melt the lead.  The resultant jetting is seen experimentally [2] 

 

Figure 2.1: Set up of simple problem used to demonstrate the method.   

The shock is generated by applying a pressure 

boundary condition to the left hand edge of the 

metal block.  However if a constant pressure is 

a applied then the rarefaction wave that reflects 

from the metal gas interface means a second 

shock is produced when it reaches the upstream 

boundary.  The solution to this is to reduce the 

applied pressure as the rarefaction wave reaches 

the boundary.   Fig 2.2 shows the pressure in 

bulk sample of Pb and the applied boundary 

pressure. The resultant free surface velocity is 

shown in Fig 2.3.  
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Figure 2.3: The Free surface velocity of the Pb sample.   

 

Figure 2.4: The cumulative areal mass against scaled velocity.   

3 A MORE REALISTIC PROBLEM 

  A calculation with a surface finish typical of that expected in an experiment has been run.  Fig 3.1 

shows the calculation after the shock has passed through the surface into the gas.   The shock causes ejecta to form.  

The spikes shown here are the sources of the ejecta. The analysis of the ejecta calculation produces this plot of cumu-

lative areal mass against the scaled velocity which is shown in Fig 3.2.   

This shows the peak ejecta velocity is approximately 30% faster than the free surface and the total mass is approxi-

mately 3mg/cm
3
.  By repeating the calculations using measured surface roughness of a sample this curve could be 

compared with experiment.    If the comparison is favorable then the calculation could be used to improve ejecta 

models as the simulations provide more detailed information than is available experimentally.   
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To analyse these calculations it is desirable 

to produce results which are more directly 

comparable with experiments.  Some ex-

perimental results are represented by a plot 

of cumulative areal mass against velocity.  

The results of the groove problem are pre-

sented below (Fig 2.4) in this form.   The 

velocity is scaled by the jump off velocity 

of the free surface (as determined by a 1D 

calculation.)  
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Figure 3.1: Formation of Ejecta     Figure 3.2: Areal mass distribution. 

4 EXPERIMENT WITH A MACHINED SURFACE 

Another approach to an experiment with a measured surface is to perform an experiment with a machined 

surface.  One such experiment [3] consists of a HE driven aluminum flyer plate impacting onto a tin target.  The sur-

face of the tin target has a machined sinusoidal surface with a wavelength of 2.5mm and an amplitude of 0.2mm.  

This experiment was performed at the Los Alamos Neutron Science Center, proton radiography was used to diagnose 

the growth of the surface perturbations.     

This experiment has been calculated on PETRA using the method described previously. Fig 4.1 below 

shows how it is modeled.   The HE is represented by low density gas and the calculation starts with a mesh size of 

20� m the Al impacting the Sn with an initial velocity of 4.5mm/� s. The middle four periods of the surface perturba-

tion are modeled.  Fig 4.2 (from [3]) shows the result of the experiment.  The middle frame on the bottom row is at a 

time of 28.9� s.  

 

Figure 4.1: Diagram for the tin sinusoidal surface experiment calculation.    

 

 

 

 

 

 

 

 

Figure 4.2: Experimental results (from Butler, 2005) 

Sn Low-density gas  Al Low-density gas 

(HE products) 

6mm 3.8mm 

4.5 mm/� s 
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Fig 4.3 shows the calculation at a time of 28.9� s and it shows the main features of the experiment.  There 

are long jets with smaller jets between them.  The structure behind the jets is also represented.   

 

Figure 4.3: Calculational density plot at time of 28.9� s 

6 CONCLUSIONS AND FURTHER WORK 

We have shown that the method can be used to calculate ejecta.  Plots of cumulative areal mass against ve-

locity can be produced which can then be compared with experimental results.  We need to identify experiments with 

a measured surface finish and model them using this method.    

This method has also been used to calculate an experiment with a machined surface perturbation.  In this 

case experimental results were available and the calculation agreed was in broad agreement with them.  This gives us 

confidence that it is possible to use 2D simulations to model the production of ejecta.    

Given that the calculations match the experiments then ejecta models to be improved using these computa-

tional results.  These averaged models enable the properties and effects of ejecta to be calculated for problems that 

would be too computationally expensive using a fully resolved simulation.    
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Linear interaction analysis for flow configurations involving mixtures of
perfect gases
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Abstract: Possible applications of the linear interaction analysis predicting the evolution of a small pertur-
bation field interacting with a shock wave are presented for flow configurations involving mixtures of perfect
gases.

1 LINEAR INTERACTION ANALYSIS

1.1 Principle

Linear interaction analysis is a theory aimed at predicting the evolution of a small perturbation field across
a shock front. The pioneering work of Ribner [7] and Moore [6] relies on the identification by Kovasznay [5]
of three wave families in uniform flow : shear, entropy and acoustic waves. The flow is assumed uniform
upstream and downstream from the shock so that for small perturbations (|g ′/ḡ| � 1), the fluctuation field
can be written as a linear combination of each wave families in both region. The Rankine-Hugoniot jump
relations written at the deformed shock front then allow to get the downstream amplitudes with respect to
their upstream counterpart. Figure 1.1 sketches this procedure.
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Fig. 1.1. Principle of the analysis of the interaction between a shock and a turbulent mixture. Picture of the interaction

of a single non-acoustic wave with a shock front.

More precisely, Fourier decomposition is applied to the upstream field. Then, the downstream effect of single
waves with different incidence angles α must be computed. Figure 1.2 shows a picture of such an interaction
(for a non-acoustic wave with incidence angle α) and introduces the notations used in the following. Finally,
backward Fourier transform can be used to get the downstream field in the physical space.

For our purpose of using LIA to treat mixtures, it must be kept in mind that all non-acoustic waves (the
transmitted one and the created ones) are advected with material speed and remain completely correlated.
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Fig. 1.2. Picture of the interaction of a single non-acoustic wave with a shock front.

1.2 Extension to mixtures of perfect gases

The extension to mixtures of perfect gases is more precisely described by the author in the reference [3]. The
key points are:

• Mixture of 2 gases (a and b) described with a mass fraction c.

• Navier-Stokes equations + advection-diffusion equation for c.

• Non-constant mixture properties, molar weight M and constant volume specific heat Cv , given by

M =
MAMB

cMB + (1 − c)MA

, γ =
cCvA

γA + (1 − c)CvB
γB

cCvA
+ (1 − c)CvB

, Cv = cCvA
+ (1 − c)CvB

A new wave family appears for concentration perturbation. The validity limitation for LIA is then given by

( 1

MA
− 1

MB
)c′

1

MA
c̄ + 1

MB
(1 − c̄)

� 1 and
(CvA

− CvB
)c′

CvA
c̄ + CvB

(1 − c̄)
� 1

The effect of the interaction of a single wave with the shock front can be described by transfer functions.
The transfer functions Zc = (Zcv, Zcs, Zcp, Zcx)T relate the amplitudes of the downstream wave families to the
upstream concentration perturbation. For each incidence angle α and shock Mach number M , Zc is given by
a 4 × 4 system:

AZc(α) = Bcr
(α)

1/MA − 1/MB

1/M̄
+ BcCv

(α)
CvA

− CvB

C̄v

The matrix A and vectors Bcr
and BcCv

are given in [3], with a form similar to the one used by Fabre et al. [1]
for single fluid applications.
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2 APPLICATIONS

Different applications can be performed which can be divided into two classes

• interaction with upstream perturbations of finite spatial extension (for example with diffused bubbles of
gases or a corrugated interface);

• interaction with an infinite upstream perturbation field with statistically homogeneous characteristics
(for example a homogeneous turbulent field or a mixture without mean gradient).

2.1 Shock / spot interaction

The interaction of Mach 2 shock front with gaussian spots of concentration is shown in Fig. 2.3. In the case of
the “molar weight” spot, both gases have equal specific heats Cv but different molar weights M and in the case
of the “specific heat Cv” spot, both gases have equal molar weights M but different specific heats Cv . Figure
2.3 shows good agreement between numerical simulation with the Triclade code (top) and LIA (bottom).

In both cases, a primary vortex ring containing most of the circulation is created at the abscissa of spot
center and a counter-rotating secondary vortex is created somewhat farther downstream. On the opposite, the
radiated acoustic pressure waves are qualitatively different : the “molar weight” spot seems to radiate like a
dipole and the “specific heat” spot like a monopole.
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Fig. 2.3. Interaction of a Mach 2 shock wave with two kinds of spots. Vorticity field (on the left) and pressure field (on

the right). Numerical simulation (top) and LIA results (bottom).

2.2 Richtmyer-Meshkov instability

LIA can be applied to Richtmyer-Meshkov instability by considering the a sinusoidal discontinuous concen-
tration field (of corrugation amplitude a−

0
and regularized by a gaussian function giving a diffusion thickness

δ).
LIA predicts the vorticity field i.e. the solenoidal part of the velocity field which is believed to be sufficient

to predict the asymptotic linear growth rate of the interface (that is the growth rate after evacuation of the
acoustic waves reverberating between the interface and the shock front but before nonlinear interactions can
occur).

Figure 2.4-(a) shows a vorticity field computed from LIA which is larger close to the interface but has
nonnegligible values on the side of the transmitted shock due to its relaxation after it has been corrugated by
the interaction. 101
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(a) (b)

Fig. 2.4. (a)-Vorticity field for a “γ-perturbation”; (b)-growth rate for a ρ-perturbation as a function of the initial

amplitude and diffusion thickness.

LIA is intersting in this case because its limitations are different from other theories: it is limited to gases
with close properties (MA ∼ MB , γA ∼ γB : Atwood ≤ 0.1) but arbitrary corrugation amplitudes a−

0
and

diffusion thickness δ can be treated. Figure 2.4-(b) shows the coefficient defining the growth rate as a function
of both parameters.

More details can be found about this application in the reference [4].

2.3 Shock / turbulence-mixture interaction

The interaction of a Mach 2 shock wave with an inhomogenous mixture of gases at rest is shown in Fig. 2.5.
The Reynolds average is denoted with ḡ or < g >, the Reynolds fluctuation with g′ and the Favre (density
weighted) average with g′′. The longitudinal Reynolds stress Rll is < v′2

l
> and the transversal one Rtt is

defined by the mean stress between both homogeneous directions.
In Fig. 2.5-(a), two regions can be seen downstream from the shock front : a near-field and a far field. The

existence of the near field is due to evanescent pressure waves and transient correlation between acoustic and
non-acoustic waves created in phase at the shock front.

Figure 2.5-(b) shows the evolution of the far field values of the Reynolds stresses and turbulent mass flux
(< v′′

l
>) with respect to the rms amplitude of the upstream density fluctuation.

Figure 2.5 shows good agreement between LIA and numerical simulation both in the near field and in the
far field at weak amplitude, and good agreement in the far field over the whole range of density perturbations
of the figure.

These results are of interest because they show that LIA can predict quantities involved in one-point
turbulence models.
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Fig. 2.5. (a)-Reynolds stresses versus the distance downstream from the shock front; (b) statistics in the far-field as a

function of the amplitude of the density perturbation. Comparison: symbols- numerical simulation (Triclade), solid

lines- LIA.

2.4 Turbulence modelling

For some compressible turbulence models, “jump relations” across the shock may be obtained.
For example, for the GSG model of O. Grgoire, D. Souffland and S. Gauthier [2] one can show

Xdownstream = T (M).Xupstream with X =

(

Rll

Ū2
,
u′′

Ū
,
ρ′2

ρ̄2
,
Rtt

Ū2

)

This result is valid only in the following limits :

• weak shock waves (M − 1 � 1);

• weak turbulence (Xi � 1),

the second one being the only assumption needed by LIA.
By varying the properties of the incident turbulent mixture, LIA allows to compute XLIA

downstream
for a variety

of upstream fields and compare it to Xdownstream predicted by the model. Then, it is possible to construct
matrices from LIA giving XLIA

downstream
as a function of XLIA

ustream
. Some further assumptions are needed to get

a single matrix from LIA (instead of an infinity): particularly, we assume that the upstream wave amplitude
is independent of the incidence angle α.

Finally, the matrix T (M) for the turbulence model is not analytic but is obtained through an invertible
transform from an analytic MGSG matrix. The LIA transfer matrix can then be transformed into an MLIA

matrix which can be directly compared to the coefficients of the model.

The matrix MGSG from the GSG model (in the weak shocks limit) for a Mach 1.2 shock wave is

MGSG =













4 − 4

3
γ′ −2 +

4

3
γH 0 0

1 − γu 2 − γu γu − 1 0
0 2 0 0

2

3
γ′ −2

3
γH 0 2
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and the corresponding matrix MLIA from LIA is

MLIA =













4 − 4

3
0.73 −2 +

4

3
0.43 9 × 10−3 0

1 − 0.97 2 − 0.61 0.38− 1 0
10−3 2(1 − 0.98) −1.7× 10−2 0
2

3
0.64 −2

3
0.39 −3 × 10−3 2













This shows an approximate validation of the matrix structure and a possible identification of the constants.
The most striking disagreements disappear with the improved model of Soulard and Souffland [8].

3 CONCLUSION

Extension of LIA to mixtures of perfect gases shows that two properties of the gases, the molar weight and the
specific heat, produce their own effect on the field downstream of a shock wave.

LIA is limited to low Atwood numbers (for the molar weight and the specific heat) but a variety of config-
urations can be studied:

• interaction of a shock wave with a perturbation of finite longitudinal extension: application to the
Richtmyer-Meshkov instability;

• interaction of a shock wave with an homogeneous turbulent mixture: application to turbulence modelling.
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Abstract:  Conventional large eddy simulation (LES) and implicit LES (ILES) are tested in emulating the 
dynamics of transition to turbulence in the Taylor-Green vortex (TGV). A variety of subgrid scale (SGS) 
models and high-resolution numerical methods are implemented in the framework of both incompressible 
and compressible fluid flow equations. Comparisons of the evolution of characteristic TGV integral 
measures are made with direct numerical simulation (DNS) data. The computations demonstrate that the 
convective numerical diffusion effects in the ILES methods can consistently capture the physics of flow 
transition and turbulence decay without resorting to an explicit SGS model, while providing accurate pre-
diction of established theoretical findings for the kinetic energy dissipation, energy spectra, enstrophy and 
kinetic energy decay. All approaches tested provided fairly robust computational frameworks. 
 
INTRODUCTION 
  
 LES has emerged as the next generation simulation tool for handling complex engineering, geophysical, and 
astrophysical flows. In LES, large scale structures are resolved, the smaller flow features (presumably more iso-
tropic and universal) are filtered out, and their effects are modeled (e.g., [1]). In ILES [2], the SGS physics is mod-
eled implicitly through specific features of the non-oscillatory finite volume (NFV) algorithms on which the simula-
tion model is based. ILES based on monotonicity preserving methods corresponds to the monotone [3] (or mono-
tonically) integrated LES (MILES) approach [2,4-6].  
 ILES uses locally adaptive (dynamic) numerics to capture the inherent small-scale anisotropies of high-Re 
turbulent flows (e.g., worm vortices, shocks) and the viscosity independent dissipation characteristic of the inertial 
range cascade dynamics, ensuring nonlinear stability and positivity where physically needed. The use of conserva-
tive finite volume schemes in ILES provides the ability to capture the inherently discrete nature of laboratory ob-
servables (measurements always involve finite scales in space and time). By focusing on the inviscid inertial-range 
dynamics and on regularization of the under-resolved flow, ILES follows up very naturally on the historical prece-
dent of using this kind of numerical schemes for shock capturing, based on requiring weak solutions and 2nd Law – 
entropy condition – satisfaction.  
 In this paper, we report a study of transition to turbulence in the TGV case [7] using conventional LES and 
ILES. Using the TGV, we aim to advance our understanding in relation to the properties of different high-resolution 
methods, especially with regards to their embedded nonlinear dissipation that acts as a dynamic SGS model in the 
ILES framework. 
 
THE TAYLOR GREEN VORTEX 
 

The TGV is a well-defined flow that has been used as prototype for vortex stretching, instability and produc-
tion of small-scale eddies to examine the dynamics of transition to turbulence based on DNS [7]. As such, it can also 
be effectively used [9] as a convenient case to test the ability of explicit and implicit SGS modeling to allow the 
simulation of the basic empirical laws of turbulence (e.g., [8]), namely the existence of an inertial sub-range on the 
energy spectra for sufficiently high Re number and the finite (viscosity-independent) energy dissipation limit law.  

We also revisit the ability of ILES based on locally monotonic NFV methods to reproduce established fea-
tures of decaying turbulence. Positive evaluations of ILES in the turbulence decaying case have been previously re-
ported [10-12]. On the other hand, poor ILES performances in this fundamental context using other popular shock 
capturing schemes [13] – e.g., MUSCL [14] with a minmod limiter – have been recently noted (Chapter 5 of [2]) as 
indicating that inherently more-diffusive features of certain numerical algorithms are not suitable for ILES. 
 The conventional wisdom is that numerical diffusion effects at the convection stage are undesirable and 
should be avoided. In the incompressible limit, the kinetic energy can be damped only by resolved (large scale) vis-
cous effects, or by those introduced through explicit SGS models, and the kinetic energy should otherwise be con-
served. In this context, integral measures in the TGV case have been used as reference to assess (presumably un-
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wanted) numerical dissipation effects (e.g., [15]). This is in contrast with the ILES perspective here, where we dem-
onstrate that the dominant SGS physics in the high-Re applications can be effectively emulated through use of con-
vective numerical diffusion effects of certain algorithms.  

The TGV configuration considered involves triple-periodic boundary conditions enforced on a cubical do-
main with box side length 2π cm using 643, 1283, or 2563 evenly spaced computational cells. The flow is initialized 
with the solenoidal velocity components, u=Uosin(x)cos(y) cos(z),  v =-Uocos(x)sin(y)cos(z), w=0, and pressure 
given up to an additive constant Po by a solution of the Poisson equation for the above given velocity field. We fur-
ther select Po=1.0 bar, mass density 1.178 kg/m3, Uo=100 m/sec (corresponding to Mach number 0.28), and an ideal 
gas equation of state for air. 

Using truncated series analysis techniques, an inviscid instability for the TGV system was identified with es-
timated onset at a non-dimensional time t*=kuot≈5.2 (the wavenumber k is unity here) [16]. These results were later 
questioned in [7], where it was pointed out that accuracy in the analytic continuation procedure used in [16] deterio-
rates too quickly to lead to a definite conclusion regarding their early prediction. Further estimates of t* based on 
DNS in the incompressible regime [7,17] reported a fairly consistent dissipation peak at t*~9, for Re=800, 1600, 
3000, and 5000, where Re=uo/(kν), and almost indistinguishable results for Re=3000 and 5000, suggesting that they 
may be close to a viscosity independent limit [8]. Although the existence of a finite-time singularity for finite Re, is 
not suggested by the cited observed (apparent) convergence, whether or not such singularity exists for the purely in-
viscid case remains unsettled and controversial (e.g., [15]).   

By design, ILES emulates the dynamics of convectively dominated flows characterized by high (but finite) 
Re ultimately determined by the non-vanishing residual dissipation of the numerical algorithms. In the present work, 
ILES models nominally inviscid flow (when Euler based) or a linear viscous flow for which SGS effects are ne-
glected (when Navier-Stokes based). ILES was tested on this TGV case using various algorithms, including FCT, 
Characteristics-Based Godunov (CBG), and Lagrange Remap (LR) methods. The FCT schemes considered involved 
the standard 4th order FCT algorithm [18], the 4th order three-dimensional (3D) monotone limiter FCT [19], and a 
2nd order FCT using hybridization of first-order upwind and second order central differences (e.g., Chapter 4a of 
[2]). In the CBG scheme the fluxes are discretized at the cell faces using the values of the conservative variables 
along the characteristics (see [4,20] and Chapter 4a of [2] for details). Third-order variants of the fluxes can be ob-
tained through flux limiting, based on the squares of second-order pressure or energy derivatives. The LR method 
by Youngs [21] (see Chapter 4c of [2] for further details), uses a non-dissipative finite difference method plus quad-
ratic artificial viscosity in the Lagrange phase, and a 3rd order van Leer monotonic advection method [22], in the re-
map phase. 

Figure 1 shows the TGV flow dynamics based on instantaneous visualizations from the present TGV simula-
tions. The figure shows the initial TGV at t*=0, depicts the later transition to increasingly smaller-scale (but orga-
nized) vortices (top row), and then to the fully developed (disorganized) decaying worm-vortex dominated flow re-
gime (bottom row), as characteristic of developed turbulence. Being representative of all methods discussed, the re-
sults shown here were generated with ILES using the 4th order 3D monotone FCT on the 1283 grid. The snapshots 
are based on (ray tracing) volume renderings of λ2 – the second-largest eigenvalue of the velocity gradient tensor 
[23], with hue and opacity maps chosen to be the same for all times, except for peak magnitude values (normalized 
by its value at t*=0), indicated at the lower right of each frame. 

The evolution in time of the kinetic energy dissipation 

  

!dK/dt , where K =
1

2
!v2 "  and 

  

!"# , denotes mean 
(volumetric average), is demonstrated in Figs. 2, including DNS results [17], and the 1283 resolution ILES for FCT, 
CBG, and LR (Fig.2a); corresponding conventional LES results on the 1283 grid are shown in Fig.2b, including the 
dynamic Smagorinsky subgrid viscosity model [24] (DSMG), the one-equation eddy-viscosity model [25] 
(OEEVM), and the Mixed Model [26] (MM), combining the OEEVM and the scale-similarity model. Fastest K de-
cay at the dissipation peak (and peak mean enstrophy 

  

!*  in Fig.2c) corresponds to the onset of the inviscid TGV 
instability at t*≈9. The observed qualitative agreement between ILES, Mixed-Model LES, and previous high-Re 
DNS is quite good in predicting both the time and height of the dissipation peak for the large-Re limit; agreement is 
particularly good when comparing the (present) 1283 results with the highest-Re DNS cases.  

Actual values of Re characterizing the flow at the smallest resolved scales (e.g., Reλ, based on the Taylor mi-
croscale) are not a priori available in LES or ILES. The predictions for the mean dissipation rate of the kinetic en-
ergy indicate that explicit and implicit subgrid viscosities act very similarly in predicting some sort of Re-
independent regime asymptotically attained with increasing grid resolution. On the other hand, Re-dependent effects 
are clearly suggested associated with the lower predicted characteristic t* at dissipation peaks (as well as the wider 
peaks) with the coarser-grid simulations, a trend that is consistently exhibited by the DNS results as Re is lowered 
[7,8]. Moreover, we also find noticeable correlation between profiles of mean kinetic energy dissipation rates 
(Fig.2ab) and mean resolved enstrophy (Fig.2c), from various different ILES, LES, and grids, with actual peak val-
ues increasing with grid resolution. This observed correlation is qualitatively consistent with the expected relation 
(dK * /dt* = !"* /Re ) for an incompressible fluid with Reynolds number Re. Thus, the relevance of using a 
characteristic Re that effectively increases with grid resolution is suggested by the analysis of our results. 

Some obvious differences between the present ILES and conventional LES results compared to the DNS, 
such as the additional structure predicted near t*~5-6 in Figs. 2ab by some of the methods and other details, are at-
tributed to specific aspects of the implicit SGS model provided by the various limiting algorithms, by the explicit 
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SGS models, and/or their actual implementation. For example, we speculate that the double-peaked structure of the 
dissipation near t*~9 predicted by the LR method is likely due to the dispersive properties of this scheme compared 
to the less dispersive FCT and CBG schemes. On the other hand the LR method is also the least dissipative of the 
compared methods, at least at early stages of the flow development; the peak enstrophy with LR is significantly 
higher, and up to t*~20 the decay rate of K* is slower compared to the other schemes.  

Compensated three-dimensional velocity spectra for the 1283 and 2563 resolutions are shown in Fig. 2d. 
Higher wave-number modes are populated in time, through the virtually inviscid cascading process (Fig.1). As the 
size of the smallest scale structures approaches the cutoff resolution, kinetic energy is removed at the grid level 
through numerical dissipation. The velocity spectra consistently emulates a (–5/3) power law inertial subrange and 
self-similar decay, and the length of the simulated inertial subrange becomes longer with increasing resolution (and 
presumably larger associated effective Re). As the Kolmogorov spectra becomes well established in time it is asso-
ciated at the smallest resolved scale with the more disorganized worm-vortex dominated flow regime (bottom row 
of Fig. 1) – as characteristic of developed turbulence (e.g., [27]). 

The depicted self-similar decay in Fig. 2d suggests that the removal of kinetic energy by numerical dissipa-
tion may occur at a physically suitable rate. The decay rates are examined with more detail based on selected repre-
sentative 1283 data in Figs. 3a, where for reference, we have indicated slopes corresponding to power laws with 
exponents -1.2 and -2 through the mean value of K at the observed dissipation peaks, Fig.3a. All compared methods 
show decay rates consistent with each other and with the -1 .2 law for times immediately after that of the dissipation 
peak at t*≈9, and with the -2 exponent for much later times. The power law – with -1.2 exponent, is the one gener-
ally accepted as characteristic of decaying turbulence (e.g., [28]). Figure 3b uses the FCT-based ILES data to illus-
trate the consistency of the latter power-law behavior vs. grid resolution.  The later -2 exponent can be understood 
in terms of the expected saturation of the energy containing length scales reflecting that eddies larger than the simu-
lation box side length cannot exist [29]. The results suggest that the latter power law changes are somewhat sensi-
tive to the specifics of the flux-limiting numerics (e.g., nature of low and high order schemes and their interaction 
through the limiter, presence of Lagrange step in the algorithm) and explicit SGS models, as well as their actual im-
plementations. This is an area which clearly warrants further studies. 
 
CONCLUDING REMARKS 
 
 We have examined the behavior of classical LES methods and ILES based on different high-resolution 
monotonic schemes in the simulation of the TGV. The results show that numerical schemes such as tested here can 
provide a fairly robust LES computational framework to capture the physics of flow transition and turbulence decay 
without resorting to an explicit SGS model and using relatively coarse grids. The results show that the mean kinetic 
energy dissipation rate and enstrophy specifics depend somewhat on the detailed aspects of the SGS model provided 
implicitly by the various high resolution algorithms (or explicitly by the conventional LES methods), and by their 
actual implementations. The performance of LES and ILES approaches appears to be equally good for this applica-
tion, and there is no discriminating characteristic favoring one or another. However, looking forward towards practi-
cal complex flows and regimes, the ability of ILES to offer a simpler computational environment should be clearly 
emphasized. ILES performance enhancements are possible through improved design of the SGS physics capturing 
capabilities. Thus, further investigations seeking a better understanding of the specific dissipation and dispersion 
properties of the different high-resolution schemes, and suitable testing and validation frameworks to establish a 
physical basis for the various possible choices, are clearly warranted in this context. 
 Most flows of practical interest feature coupled processes that introduce additional physical length sales and 
time scales to those of convection. These may occur strictly in the context of hydrodynamics, e.g., compressibility, 
rotation, stratification. Alternatively, these may include addit ional regimes of physics where the flow features are 
not necessarily dominated by large scale convection, such as scalar mixing, combustion, radiation transport, plasma 
physics and magneto-hydrodynamics. The presence of new physical scales will likely require adding specialized ex-
plicit SGS models to ILES, as with any other conventional LES approach, and determining when they are actually 
necessary is an important question in its own right. In particular, ILES formal and test studies need to be extended to 
establish how ILES methods treat turbulent mass-density and species-concentration fluctuations, the role of which is 
crucial for Kelvin-Helmholtz, Rayleigh-Taylor, and Ritchmyer-Meshkov, driven mix instabilities, and increasingly 
important for the higher Mach number regimes. 
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Figure 1. Flow visualizations of the Taylor Green Vortex flow using volume renderings of l2 – the 
second-largest eigenvalue of the velocity gradient tensor. The results shown here, being representative 
of al methods discussed, are from the 4th order 3D monotone FCT on the 1283 grid. 
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 (a) (b) 
 

 (c) (d) 
 
Figure 2. Mean kinetic energy dissipation rate –dK/dt from (a) 1283 ILES and MM LES simulations, 
and (b) 1283conventional LES vs. high-Re DNS [17]; (c) evolution of the mean enstrophy on 643 and 
1283 ILES and LES.  (d) ILES compensated three-dimensional velocity spectra k+5/3 E(k)  for  4th or-
der DeVore FCT. 

 
 

 

     (a)  
 

 (b)

Figure 3. Volumetrically averaged kinetic energy decay in time. (a) comparative power law behaviors vs. 
various ILES methods and the MM LES; (b) kinetic energy decay vs. grid resolution, based on 4th order FCT 
simulation data; scale in both axis is logarithmic.
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Abstract: An expression is derived for the pressure as a functional of the velocity and density fields for in-
compressible fluids with large spatial variations in the density. The expression indicates that the average 
pressure induced by an eddy immersed in a "sea" of spatial density fluctuations decays exponentially, with 
the density correlation length as the decay length. The exponential fall off is in agreement with results found 
in the analysis of experimental and direct numerical simulation results of the mixed state induced by the 
Rayleigh-Taylor instability (G. Hazak, Y. Elbaz, J. H. Gardner , A. L. Velikovich, A.J. Schmitt and S. T. Za-
lesak, Phy. Rev. E 73, 047303 (2006)). This result is in contrast with the constant-density case where the 
pressure of an eddy, and consequently also correlations fall off as some power of the distance (G. K. Batchelor 
and I Proudman Phil. Trans. Roy. Soc. A, 248, 369 (1956)).  
 
1 INTRODUCTION  
 
In the theory of hydrodynamic turbulence, in incompressible fluids, it is assumed that the system is initiated with a uni-
form density. Incompressibility keeps the density uniform (although the turbulent velocity field may be inhomogeneous, 
even on the average). The assumption of uniformity of mass density has far reaching consequences. For example, with 
homogeneous mass density, in the limit of vanishing molecular viscosity, vortex stretching is the only source for vortic-
ity in three dimensional (3D) systems , and nonexistent in two dimensional (2D) flows. i.e. vorticity is conserved in 2D. 
This is the origin of the difference between the energy spectra of 2D and 3D turbulence[1]. Density variation, intro-
duces an additional source (by interaction with the pressure gradients) and vorticity is not conserved even in 2D. Clearly 
in cases , where density variation governs the dynamics (e.g. turbulence and mixing, induced by Rayleigh-Taylor insta-
bility(RTI)[2],[3],[4]) some of the intuition and theoretical tools of turbulence with uniform density are not applicable. 
 
In the case of uniform density, one may express the pressure as a functional of the velocity field[5]. In turbulence theory 
this is used to rewrite the velocity-pressure-gradient correlation tensor in terms of velocity and velocity gradients corre-
lations. This step enables a systematic approach to the closure problem. (see for example, [6],[1],[7]). Surprisingly, no 
such expression for the pressure exists in the literature for the case of incompressible fluids with spatial variations in the 
density. 
In the present work a formula is derived, for the pressure in terms of the density and velocity fields, for incompressible 
fluids with variable-density. This formula is used for the  derivation of an expression for the average pressure induced 
by a "test eddy" immersed in a "sea" of density fluctuations. The result indicates that the pressure (and therefore also 
correlations) decays exponentially as a function of the distance from the eddy's position, with the density correlation 
length as the decay length. The exponential fall off is in agreement with results found in the analysis of experimental 
and direct numerical simulation results of the mixed state induced by the Rayleigh-Taylor instability[8]. This result is in 
contrast with the constant-density case where the pressure of an eddy, and consequently also correlations fall off as 
some power of the distance [5,9].  
The basic set of Navier-Stokes equations with the boundary conditions which will be used in the present work will be 
described in section (2) . Section (3)  will be devoted to the pressure formula and some of its consequences.. Summary 
and discussion will be given in section (4). 
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2 THE BASIC EQUATIONS 
Consider a system of an incompressible fluid which is immersed in a gravitational field. The system is initiated in an 
hydrostatic equilibrium which, at  t  , is perturbed at the   0 z  0  plane. (For simplicity the treatment is in planar 

geometry). Assume that the pressure,  pr, t   velocity  ur, t   and density     are periodic in the  r, t x,y   coordi-
nates and that at large enough distance from the  0=z   plane hydrostatic equilibrium is maintained at all relevant 
times with a constant pressure gradient and density. Formally this requirement reads as  ( )1),,,( ρρ →∞→ tzyx  ,  

  and ( )2),,,( ρρ →−∞→ tzyx
 [ ] ( ) zgp zr ˆ1ρ−→∞→∂

∂r  (2.1) 

 [ ] ( ) zgp zr ˆ2ρ−→−∞→∂
∂r   (2.2) 

The Navier-Stokes equation and the incompressibility condition for this system are:   
( )( ) puzguuutr rrrrt rrrr

rrrrr
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∂
∂

∂
∂

∂
∂ −=⋅−+⋅+ νρ ˆ,  (2.3) 

and  
 0=⋅∂

∂ ur
r

r  (2.4) 
 Where  g   is the gravitational acceleration and  ρν   is the molecular viscosity. 
 
3 A FORMULA, FOR THE PRESSURE IN TERMS OF THE DENSITY AND VELOCITY FIELDS, FOR IN-
COMPRESSIBLE FLUIDS WITH VARIABLE-DENSITY. 
Operating with  ⋅∂

∂
rr   on the Navier-Stokes equation , one gets an equation for  ur

r
r ⋅∂
∂  :  
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 Initiating the system with a divergenceless velocity field,  ( ) 00, ==⋅∂
∂ trur

rr
r  , the solution of equation (3.1)  will be  

( ) 0, =⋅∂
∂ trur

rr
r   at all times if and only if the right hand side vanishes [10], i.e. if and only if  the pressure obeys the 

equation:  
 ( )uup rrrr

rr
rrrr

∂
∂

∂
∂

∂
∂

∂
∂ ⋅⋅−=⋅ ρρ ρ

1  (3.2) 
 
For a given velocity field and density distribution, equation (3.2) , together with the requirement that  p   is periodical 
in the  yx,   plane and the boundary conditions (2.1), (2.2)  uniquely determine the pressure gradient. 

In the case of constant-density fluid where  ( ) ( )21 ρρ =   and  0=∂
∂ ρrr  , equation (3.2)  is just the Poisson's equation 

and the pressure formula is well known [5],[10],[1]: 
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 The solution for the variable density case is: 
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 where,  ( )′rrG rr,   is defined by : 
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  ( ) 3 rrδ   is the Dirac delta function, also  
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 and 
 ( ) ( )rA rr

rr
rr ρρ ∂
∂≡ 1  (3.7) 
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The validity of solution (3.4)  may be checked directly, by verifying that  G   is the solution of the equation: 
 ( ) ( )′′

∂
∂

∂
∂ −−=⋅ rrrrGrr

rr r r
rr

31 , δρ ρ

z

 (3.8) 

 and that the divergence of relation (3.4)  yields equation (3.2). To check that this solution also obeys the boundary con-
ditions (2.1) ,(2.2), notice that as    the integral part of it tends to  ±∞→ ( )

( ) ( )( )211
2
1 ρρρ −rrm  . 

The effect of density variations on the pressure manifests itself mainly in the replacement of the Green's function  of 
Poisson's equation;  ( ) ′−

′ =
rr

rrG rr

rr 1
4
1

0 , π   in equation (3.3)  by  ( )′rrG rr,  .  

Note that unlike    ,which is independent of fluid variables,  G   depends on the density (but not on the velocity 
field). 

0G

In treating turbulence, one considers an ensemble of systems which differ from one another in the microscopic details 
but are macroscopically indistinguishable, all obeying the Navier-Stokes equation. In the following, angular brackets 
will denote average over the ensemble and  δ   denotes the fluctuating part, e.g.  uuu rrr

−≡δ . The pressure formula 

for constant density (equation (3.3) ) tells us that the ensemble average  ( )( ) ( )trptru ,, 11
rrrδ   involves the two-point 

correlation of  ( )( ) ( ) ( )(( ))trutrutru rr ,,, 221 22

rrrrrr
rr

∂
∂

∂
∂ ⋅⋅δ  . This observation is the starting point for all systematic model-

ing efforts of turbulence in homogeneous and inhomogeneous incompressible fluids (see for example section 5.1 in [5], 
section 2.1 in [11], section 2.5 and 11 in [10]  and sections 1.7 and 6.3.4 in [1], chapter 6 in [7] and [12] ). In contrast, 
the pressure formula (3.4)  (with definition (3.5) ) for variable-density tells us that the correlation  ( )( ) ( )trptru ,, 11

rrrδ   

will involve also    and infinite number of points correlations, the  ,4,3 −n  point correlation involves two points at-

tached to    and  ( tru ,1
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rrrr
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33
.  To further analyze the behavior of the pressure, one may rewrite equation (3.2)  in 

the form: 
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 , ( )′rrG rr,   (which is the Green's function of this equation) describes a pressure wave induced at  rr   by an eddy (A lo-

calized distribution of  ( )uu rr
rr

rr
∂
∂

∂
∂ ⋅⋅ρ  ) at  ′rr . The term  ( ) prr rr

∂
∂

∂
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1   , on the left hand side, represents a secon-

dary source due to interaction of the wave with a density variation. The total pressure is represented by the "Dressed" 
Green's function  ( )′rrG rr,   as the sum of infinite number of contributions. The first term corresponds to the "direct" 

wave described by the "bare" Green's function  ′−
=

rr
G rr

1
4
1

0 π . The second contribution is the correction due secondary 

source generated by the interaction of the direct wave with a density fluctuation at  ′′rr . In general the    order cor-
rection is due to the source generated by the interaction of the    order wave with the density fluctuations. Consider an 
isolated eddy immersed in a statistically uniform "sea" of density fluctuations. (no gravitational field). The ensemble 
averaged pressure due to this source is,  

1+n
n

( )′rrG rr,  . It is plausible that odd order terms are washed out in the averag-

ing process and we are left with:  
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 The term 
 

 ( ) ( ) ( ) ( )′′′
∂
∂

−∂
∂′′

∂
∂

′′′′′′′′′′′′′′′′′ ⎟
⎠
⎞

⎜
⎝
⎛⋅≡ rrw

rrrrrrr

rrr
rrrrrrr ρρ

ρπρ
11

4
11  (3.11) 

112



 
10th IWPCTM – PARIS (France) July 2006 

 

 is a function of  ′− rr rr
. To further examine the pressure wave described by equation (3.4)  I suggest the anszatz  
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, where  Tλ   is the correlation length of the density fluctuations, and  
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Since the communication between points is governed by the pressure, it is plausible that two-point correlations will also 
fall off exponentially with the distance between the points. An exponential behaviour was indeed found recently in the 
analysis of experimental and direct numerical simulation results of the mixed state induced by RTI[8].  
 
 
4 SUMMARY AND DISCUSSION 
The main result of the present work is in formula (3.4)  which represents the pressure  p   in a variable-density incom-

pressible fluid as a functional  ( )ρ,~ up r
  of the velocity field  ur   and the density distribution  ρ  . In the case of con-

stant density the functional is well known and serves as a major tool in handling the closure problem in turbulence. 
Formula (3.4)  now enables similar treatments also of the problem of turbulent RTI mixing. The pressure formula  pre-
dicts that the pressure induced by an eddy immersed in a "sea" of density fluctuations decays exponentially, with the 
density correlation length as the decay length. This result is in contrast with the constant-density case where the pres-
sure falls off as some integral power of the distance[5]. It is plausible that this will induce an exponential behaviour of 
all correlations in the system (including, when solved in a self consistent manner, the correlation of density fluctua-
tions). An indication of this exponential behaviour was recently found in the analysis of experimental and direct nu-
merical simulation results of the mixed state induced by RTI[8]. This exponential (rather than algebraic) fall off of cor-
relations, has an implication also on the existence of some dynamic invariants in the system [9].  
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Abstract:
The ASC Flash Center is using its Flash adaptive mesh refinement code to perform simulations of the high

energy density hydrodynamic processes that occur within supernovae. Observations of core-collapse supernova
events suggest that mixing processes play a critical role in the distribution of elements after the explosion.
Since the elements are initially separated into shells that are nearly spherical, Rayleigh-Taylor and Richtmyer-
Meshkov instabilities may provide the mechanism for this mixing.

An ongoing series of experiments on the Omega laser is aimed to study such shock-induced mixing processes
in a two-fluid medium. In these experiments, the interface between the two media is planar with sinusoidal
perturbations, where one or more perturbation modes are present.

Here we present a set of two- and three-dimensional comparisons between Flash simulations and the two-
media mixing experiments. With the help of high-resolution numerical models, we evaluate the differences in
mixing efficiencies obtained in two and three dimensions. Finally, the dependence of mixing on the form of the
perturbations is discussed.

1 INTRODUCTION

Fluid instabilities may play an important role in supernova explosions. Supernova progenitors are massive stars,
with layers of different elements arranged in concentric shells. The interfaces between the shells are subject to
Richtmyer-Meshkov and Rayleigh-Taylor instabilities seeded by perturbations and triggered by the the passage
of blast waves during the explosion. Such instabilities lead to mixing processes that may be responsible for the
observed transport of material in core-collapse supernovae.

The Flash code [6] is an Eulerian hydrodynamics program with adaptive mesh refinement that was de-
veloped for the primary purpose of modeling supernova explosions. As such, Flash must include a number
physical phenomena on a wide range of spatial and temporal scales, including hydrodynamics, gravity, and
nuclear burning. Careful validation of each of these components is essential for gaining confidence in applying
the Flash code to situations inaccessible to experiment (see [2], [7]).

2 FLASH CODE VALIDATION

Because of the magnitude of the scales involved in supernova explosions, Flash validation relies on the use
of surrogate systems that yield similar behavior, but are manageable within a laboratory setting. A method
for scaling the dimensions of a polytropic fluid is described by [13]. As long as no significant differences exist
in the dimensionless quantities describing the supernova and the experiment (see [1]), we can confidently use
laboratory fluid experiments to validate Flash for supernova dynamics.

The current project focuses on the evolution of the mixing layer in Rayleigh-Taylor unstable media. The
laboratory experiments are inherently three-dimensional, as are the physical processes within a supernova, so
three-dimensional simulations are crucial. Analysis of less-expensive, two-dimensional problems provide valu-
able insight into the performance of the Flash code, whereas the geometry of three-dimensional runs permits
more complex behavior. This 3D behavior includes significantly faster mixing layer growth as demonstrated
in [9].

114



10th IWPCTM – PARIS (FRANCE) July 2006

3 OMEGA LASER EXPERIMENTS

The experiments being run on the Omega laser (see [5], [10]) involve a solid cylinder with a diameter of 900 µm.
One end of the cylinder is composed of polyimide (1.41 g cm−3), while the other end is a lower density carbon
foam (0.05 g cm−3). The interface between the two components is a plane transverse to the cylinder axis onto
which sinusoidal perturbations are imposed (see Figure 3.1). The target is encased in a polyimide tube roughly
25 µm thick.

Fig. 3.1. Illustration of the experimental setup. A simplified version of the target cylinder is shown, with the Omega

drive beams inducing a planar blast wave in the polyimide. The blast wave travels into the foam, triggering Richtmyer-

Meshkov and Rayleigh-Taylor instabilities in the interface between the two media. Within this paper, the coordinate

axes are defined such that the x-axis runs along the length of the cylinder, while the y- and z-axes are tranverse to the

cylinder’s axis.

Each simulation and experimental run has a primary perturbation mode (71 µm wavelength) that varies
along both transverse axes:

δx1(y, z) = (2.5 µm) cos
2πy

71 µm
cos

2πz

71 µm
(3.1)

“Single-mode” simulations and experiments have only the primary perturbation mode. “Double-mode” simu-
lations and experiments have an additional perturbation that varies only along one of the transverse axes. In
this paper, we are concerned with a secondary perturbation wavelength of 213 µm:

δx2(y, z) = δx1(y, z) + (2.5 µm) cos
2πy

213 µm
(3.2)

The Omega experiments use laser ablation to form a nearly planar shock wave at the polyimide end of
the tube. The laser pulse is brief enough that radiative transport subsides and the shock wave evolves into a
planar blast wave (see [3]) before the shock front reaches the material interface. When the shock wave travels
across the interface, the perturbations and the jump in density conspire to induce vorticity in the velocity field.
Meanwhile, material behind the shock is subject to a rarefaction wave due to material exiting the tube at the
drive end. The pressure and density gradient produced by the rarefaction provides the deceleration necessary
for the growth of Rayleigh-Taylor instabilities seeded by the perturbations and the vorticity. However, unlike
classical RTI, the gradients producing the acceleration field are not spatially uniform, but decrease with distance
from the shock front.

4 FLASH SIMULATIONS

A set of simulations of the Omega experiments were run with the Flash code, exploring different resolutions
and different perturbation modes (single and double) in both two and three dimensions. (For the 2D simulations,
the z-dependence of the perturbations was ignored.) The resolutions used are denoted L15, L30, and L60,
corresponding to approximately 15, 30, and 60 mesh cells per primary (71 µm) wavelength at the finest level
of refinement.

The simulations included a model of the polyimide and foam cylinder onto which the pressure, density, and
velocity field from a one-dimensional Hyades simulation was imposed. The Hyades simulation included a
model of radiation transport from the laser, and was run long enough (1.5 ns) for the radiative effects from the
laser to subside, but not long enough for the shock wave to reach the interface. The polyimide–foam interface
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Fig. 4.2. Left. Radiograph image from an Omega experiment. This image shows the state of a double-mode experiment

at a time of 17 ns. The mixing layer (Rayleigh-Taylor spikes) is visible as the dark, comb-shaped structure across the

width of the tube; the shock front can be seen just to the right. We also note the expansion of the tube wall behind the

shock wave, as well as the large-scale curvature in both the shock front and the mixing layer. The grid in the lower-right

corner is a gold mesh used for spatial calibration. Right. The state of an L30 double-mode simulation at 12 ns. Here,

the mass fraction of polyimide is shown for a slice through the middle of the volume, with darker shades denoting higher

polyimide concentration, and lighter shades denoting higher foam concentration. (The coordinate scale is centimeters.)

The polyimide bars above and below the foam region represent the tube walls; we note the expansion of the tube walls

around the mixing layer. The shock, which appears in density and pressure, is not visible here.

was then perturbed with the same pattern as the experiment. An image from a 3D double-mode simulation at
L30 is shown in Figure 4.2.

High-pressure Hugoniot data for polyimide has been published by [14]. However, as little other information
exists about these materials in this regime, we have chosen to model these fluids with an ideal gas equation of
state and a fixed value for the adiabatic index, γ. During the experiment, the materials transition to a partially
ionized state. Thus, the appropriate γ values will be softer than 5/3 (see [3]); we have chosen a value of 1.4 for
both species.

The Flash code does not have a tensile strength model. To approximate the polyimide tube surrounding
the cylinder, the computational volume outside of the cylinder (larger than the thickness of the real tube by a
factor of four) was filled with polyimide. The simulation was then run with “outflow” (zero gradient) boundary
conditions. The tube could then expand with some resistance, as occurs in the experiment (see Figure 4.2).

Plots of the polyimide mass fractions for 2D single- and double-mode simulations at resolution L60 are
displayed in Figure 4.3. These plots show a subset of the computational volume about the fluid interface at
three different points in time after the shock wave has passed by.

Figure 4.4 shows polyimide mass fraction plots for the 3D single- and double-mode simulations at L60. The
plots are derived from slices through the center of the volume parallel to the x-y plane. The value for the z
coordinate was chosen to maximize the amplitude of the 71 µm perturbation, enabling direct comparisons with
the 2D plots. The times and spatial coordinates were chosen to be the same as those of Figure 4.3.

5 MIXING LAYER GROWTH

The primary metric chosen for this analysis was the width of the mixing layer as a function of time. Here, the
mixing layer was determined by randomly sampling the volume a different y- and z- values, and finding the
minimum and maximum x-values for which the polyimide mass fraction passed through 50%. Thus, we end
up with an approximation for the maximum extent of mixing, but we do not account for the distribution of
matter throughout the mixing layer. (More recent analysis methods are described in Section 6.) The evolution
of the simulated mixing layers is shown in Figure 5.5.

Overall, the simulation curves are parallel to those of the experiment, suggesting that the mixing layer
growth rates are close to those of the experiment at the times of observation. The expected trends are also
seen, with 3D growth rates being faster than 2D, and double-mode being faster than single-mode. The curves
for the 2D simulations show some signs of convergence with resolution, but convergence is unclear for the 3D
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Fig. 4.3. Images from 2D Flash simulations. Here we show the mass fraction of polyimide material about the mixing

layer at three different times for single-mode (left) and double-mode (right) simulations. Dark regions denote high

polyimide concentration, while light regions denote low concentration.

Fig. 4.4. Images from 3D Flash simulations. Slices through the center of the volume are shown, colored according to

polyimide mass density, as in Figure 4.3. We note the agreement with the 2D simulations in the position of the mixing

layer along the cylinder axis. However, the 3D simulations show longer, narrower spikes that result in the enhanced

mixing layer growth rate.

simulations. The jitter seen in the curves is likely due to the random sampling used. Both of these issues may
be resolved with more sophisticated metrics, as discussed in Section 6.1.

6 DISCUSSION

There are a number of points where the simulations find agreement with the experiment and previous theoretical
work. From the mixing layer growth plots (Figure 5.5) and the interface morphology (Figures 4.2, 4.3, and
4.4), we note the following:

• 3D simulations exhibit faster mixing layer growth than 2D, in agreement with [9]
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Fig. 5.5. Mixing layer growth rate curves. The mixing envelope widths for the 2D and 3D simulations are shown in

the left and right panels, respectively. In each plot, the three single-mode simulations are shown in light gray, and the

three double-mode simulations are shown in dark gray. Each plot also includes preliminary experimental values for the

single- and double-mode widths in black.

• Double mode perturbations yield faster initial growth than single-mode, as in the experiment and [12]

• Expansion of the tube wall is seen in the simulations, as in the experiment

However, there are still a number of disagreements that we find between the simulations and the experiment.
The most significant of which are:

• Simulations do not account for the large-scale curvature of the mixing layer

• 3D simulations exhibit faster mixing layer growth than seen in the experiment

These disagreements may be due to a number of factors. Any comparison of simulations and data must
acknowledge that fundamental deficiencies exist in any numerical algorithm. Our primary task is to determine
whether any such deficiencies are a significant contributor to the observed errors. Other possible causes can be
classified as inadequate analysis metrics or errors in simulation parameters and initial conditions.

6.1 Improved Metrics and Analysis

We are improving our analysis techniques for computing the mixing layer width, exchanging the random
sampling method for one that uses all of the data for a central core of the tube. In doing so, we are looking at
internal structure for determining the boundary of the mixing layer. Ultimately, these techniques will enable us
to validate the code on much smaller scales, directly comparing structures in the simulation and the experiment.

We are also investigating verification of the Flash simulations against linearized analytic models of Rayleigh-
Taylor growth. Since classical RT models have uniform acceleration fields to drive the instability, a “correction”
that removes the expansion due to the non-uniform acceleration must be applied to the simulation (see [11]).
This correction will essentially put the simulations on the same footing as are used in the linear models.

6.2 Refining the Simulations

The choice of adiabatic index values for the materials can influence the shock speed and the growth of the
perturbations, especially at early times. The γ’s used for these simulations represent an estimate of the proper
parameter for the equation of state. An exploration of different values of γ for polyimide can be found in [11];
we are building this work by using Bayesian design-of-experiments techniques (see, for example, [8]) to tune
separate values for the polyimide and the foam.

The tube wall used in the simulations did not produce the large-scale curvature of the mixing layer seen in
the experiments. As suggested by the simulations of [11], the likely cause of the curvature is the non-planar
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driving produced by the lasers. New, two-dimensional Hyades simulations of the laser interaction are being
run, which will provide us with more-realistic initial conditions for the simulations.

The initial conditions may also be improved by including the contribution of “noise” in the perturbations
used. The manufacturing process produces low-amplitude, fine-scale artifacts on the polyimide-foam interface.
We are characterizing this noise, and we will determine whether it is a contributor to the dynamics of the
mixing layer. If so, it will be included as part of our interface perturbations.
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Abstract: There are the power-law dependences ,  describing the 
expansion of the Richtmyer-Meshkov turbulent mixing fronts into dense “upper” (+) and less dense “lower” (-) sub-
stances. An analysis presented below shows that 

0)( >== +
++

θtqthz 0)( >==− −
−−

θtqthz

−+ = θθ  (density asymmetry is in the ratio ) and the expo-

nents 
+− qq /

−+ θθ ,  do not depend on the density ratio ]1,0[∈μ  of these substances. The analysis gives also values 

 (5/22 =sp
Dθ += θθ ) for the 2D geometry and  for the 3D geometry. These values correspond to the most 

important case of spontaneous Richtmyer-Meshkov turbulence which grows from short-wavelength initial perturbations 
without or with insignificant initial long-wavelength perturbations. On the contrary the development of the stimulated 
Richtmyer-Meshkov turbulence is controlled { , } by the long-wavelength 

 initial (before a passage of a shock wave) spectrum  of surface perturbations. The values 2/5, 1/3 

may be obtained from the expressions  when 

3/13 =sp
Dθ

)2/5/(12 += βθ st
D )3/(13 += βθ st

D

0→k βη kk ∝

)(βθ st 0=β . The major achievement of the study is not, of course, a 

derivation of the simple expressions , but the demonstration how the general arbitrary short-wavelength initial 
perturbations create the long-wavelength tail with the exponent 

)(βθ st

0=β . 
 
1 INTRODUCTION 
 
Development of the Richtmyer-Meshkov instability in the case of large Reynolds numbers leads to Richtmyer-Meshkov 
turbulence. The problem concerning the asymptotical (this means at ∞→t ) expansion in space of such turbulence is 
of fundamental importance. At late stage compressibility effects become negligible. Therefore we can consider Richt-
myer-Meshkov turbulence around a contact boundary between two incompressible media - the asymptotical power law 
dependences 
                                                                                                                                                              (1.1) ±∝±

θth
 
are the same for the compressible Richtmyer-Meshkov turbulence and for the incompressible Richtmyer-Meshkov tur-
bulence. Morphologically the mixing region is a layer expanding with time t . The mixing layer “upper” and “lower” 
boundaries are  and , where )(thz += )(thz −= z  is a “vertical” or longitudinal axis normal to the layer (it is the di-
rection of the fronts propagation). Let the upper substance to be denser than the lower one. Let’s denote by 

hl ρρμ /=  the density ratio of light (l) and heavy (h) fluids.  
 
Dynamical interaction through a whole mixing layer +− << hzh  bands both fronts together for 0≠μ  cases. There-

fore we have −+ = θθ  for the 0≠μ  cases. 
 
Mixing with “vacuum” - when 0μ =  - is a special case. The jets thrown into vacuum ( 0l )ρ =  lose their links or ties 
with the dense semi-space. They do not affect dynamics of bubbles near the perturbed boundary of this semi-space. 
They keep in time their velocities gathered during a process of their separation from the semi-space and ejection into 
vacuum. Therefore positions of the jets are . Conditionally in this sense it may be said that z t∝ 1θ− = . At the same 

place it should be emphasized that asymptotical profiles (e.g., density profile) for the 0μ =  case are self-similar with 
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the “heavy front” power-law exponent θ+ : 
,

( , , , ) ( , ) ( / )ssx y
x y z t z t z tθρ ρ ρ += →  when t , here →∞

,x y
 

means averaging in the transverse plane, and the subscript “ss” denotes “self-similar”. Only small part of mass (thrown 
at early stages of “mixing with vacuum”) located near the “light front” h−  can not be described by the “θ+  self-

similarity” ( , ) /z t z tθ+→ . This part forms the non self-similar “tail” of ejected matter. This “tail” resembles kinetic 
(non-hydrodynamical collisionless) tail of hydrodynamic wave of gas expansion into vacuum. 
 
Large scale structures define an expansion of the mixing layer. The conceptions “mixing layer” and “large scale struc-
tures” are inseparable. In the pair “mixing layer”-“large scale structures” the second is more substantial and definitive. 
{The mixing layer  is composed from chunk to molecular mixtures. The problem of a mixture composition at small space scales 
needs a separate treatment.} 

],[ +−∈ hhz

 
The instant transverse scale λ  of the large structure grows with time similarly to the growth of the penetration depth: 

( ) ( )t h tλ + . Let’s consider the spectrum ( , , , )x yf z t k k  of some value (e.g., velocity, mixture composition or pres-

sure) in the 3D case at the transverse plane  (at 0=z 0=t  this plane separates contacting substances). The spectrum 
consists of the long wavelength linear λλ <<0  and the short wavelength nonlinear (“saturated”) ∞<< λλ  spec-

tral parts, where k/2πλ = , 22
yx kkk += . 

 
The instant expansion rates  are defined by a group of the largest nonlinear modes with wavelengths ( )h t± λ λ  - 

the largest developed scale at this instant )(λt . At the next instant )()( 11 λλ ttt >=  the next large scale mode 

λλ >1  appears or (i) from amplifying of small amplitude perturbation 1λ  in the long wavelength spectrum linear for 

 or (ii) from harmonic beating and amplifying of nonlinear modes 1tt < λλ ≅ . The way (i) with linear growth of the 

mode 1λ  during the time interval  presents development of the stimulated turbulence if the long wavelength part 
of the spectrum corresponds to the initially imposed perturbation spectrum. The way (ii) with self-development 

1tt →

1λλ →  of leading or dominating large scale )(tλ  is the way of development of the spontaneous turbulence. In this 
sense Richtmyer-Meshkov and Rayleigh-Taylor turbulences are qualitatively similar.   
 
Two main theoretical approaches and powerful modern experimental [1,2] and computational techniques [3] were ap-
plied to define the exponent θ . The first group of the theoretical approaches use K, K-L, K-ε  or buoyancy-drag mod-
els (see, e.g., [1,2]). The second group base their work on the two–bubble interaction or the bubble shell models [4-6]. 
Both groups describe phenomenon by fitting experimental results with phenomenological parameters. The “K-
approaches” exploit an energy equation for the turbulent kinetic energy  with the Kolmogorov viscous energy loses 

. The buoyancy-drag approach is based on a force balance between the buoyancy and the decelerating hydro-
resistance force connected with ram pressure. The K- and the buoyancy-drag approaches are qualitatively similar – the 
resistance to the bubble motion plays the same role as the viscous loses. The force balance may be transformed into the 
form of the energy equation . Deceleration of the “

K
viscE

/ /dv dt vdv dt dK dt→ → / λ -bubbles” of the large scale 
structure by the ram resistance converts kinetic energy of potential bubble streamline motion into kinetic energy of vor-
tices. After that the vortical kinetic energy dissipates somehow. Therefore all of the first group models may be called 
local (on the scale λ ) dissipative models. The shell model describes the enlargement of the leading scale λ  due to 
bubble merging. Both theoretical groups give approximate values ( )θ μ±  which may differ for the “+” and “–“ direc-
tions and depend on the ratio μ . 
 
Unfortunately, it is necessary to say that the local dissipative approach (useful for description of Rayleigh-Taylor and 
Kelvin-Helmholtz turbulences) is inapplicable for the description of the scaling of the Richtmyer-Meshkov turbulence. 
The point is not that it is approximate or phenomenological. The point is that it offers wrong physical assumptions for 
the description of the phenomenon. For example, in the K-approaches peoples adjust the value viscθΔ  in the relation 
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2 / 3 viscθ θ= −Δ  using experimental values for the exponent θ  (the K-approaches may be used only in the 3D case 

where the Kolmogorov dissipation exists). But the reason for the exponent 3Dθ  to be 1/3 is not that the dissipation 

viscθΔ  equals to 1/3. It will be clear below that the values 2/5 and 1/3 result from statistics of momentum in all scales 

[ , ]λ ∞  interacting simultaneously and not from energy loses. 
 
The shell models [4-6] are better. Some statistical information about the transverse structure is presented. One disadvan-
tage of the shell models is connected with their approximate nature. This follows from the phenomenological descrip-
tion of propagation of bubbles and their merging. Using of only pair bubble interaction (local λ -scale interaction) is 
another disadvantage. In the Richtmyer-Meshkov case it is necessary to include simultaneous interaction in all scales 
[ , ]λ ∞  (pairs, quartettes, octettes and so on). Because this wide scale interaction produces velocity cell structure like a 
geometric series (see below). 
 
2 CREATION OF HIERARCHICAL VELOCITY FIELD BY SHOCK IMPACT 
 
We have to study the scaling at the late times 0 /t 0wλ  at large distances 0r λΔ  in the case when influences of 

compressibility, viscosity, or surface tension are negligible. The quantities 0λ  and  are average transverse scale of 
the arbitrary short-wavelength initial perturbation and average initial (after passage of shock through perturbed bound-
ary) velocity. {The 3D 

0w

, ,x y z -components of velocity are . In 2D the components are , ,u v w ,x z  and . } Motion after impact 
acceleration depends on the perturbation. General dynamics is initiated by the perturbation of general form. General 
multimode motion is turbulent motion. The most interesting is the case when turbulent motion develops from the gen-
eral arbitrary short-wavelength perturbations. Such perturbations have some average scale 

,u w

0λ and they are transversally 
homogeneous. Let us call them random-periodic functions (RPF). An example of the function for 2D case is presented  

 
Fig. 2.1. Random walk of RPF describing initial perturbed contact surface of general form 

 
in Fig. 2.1. Randomness and periodicity of the RPF are equally important. Periodicity ensures transverse homogeneity 
while randomness extends the function to broad class of arbitrary perturbations. The solitary and the periodic functions 
correspond to very restricted classes of initial data in comparison with the RPF. They are or transversally inhomogene-
ous (the solitary functions) or present special kind of initial perturbation (the periodic functions). 
 
In the Section 2 we have to show how the contact boundary perturbed by the RPF “refracts” the shock impact into hier-
archical cell velocity field shown in Fig. 2.2. Let’s begin with a short description of the two main properties of the RPF: 
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Fig. 2.2. The hierarchical cell velocity field created by shock passage “through the RPF”. The cell net forms geometric 
series. The right picture is the five times enlarged left bottom pierce of the left picture (comp. digital marking of the axes) 

 
the “loss of memory” when we shift the RPF transversally to several average lengths 0λ  and the asymptotical behav-

iour of long-wavelength ( ) tail of the Fourier transformation of the RPF [5]. The correlation function (2.1) is 0k →

                                                            

2

0
2

2

0

( ) ( )
( )

[ ( )]

f x f x x dx
K x

f x dx

π

π

′ ′ ′−
=

′ ′

∫

∫
                                                      (2.1) 

presented in Fig. 2.3. The left picture in this Figure shows one realization of the correlation function , while the ( )K x

 
Fig. 2.3. The correlation properties of the RPF. One realization (left) and averaged after many realizations (right). We 
see that the correlation between the successive “bumps” of the RPF decays at a distance 0λ∼  (comp. with Fig. 2.1) 

 
right picture presents the curve  averaged after the 4000 realizations. The RPF with the length ( )K x 0 /100Lλ =  at 

the interval [0, ], 2L L π=  has been taken for the example shown in Figs. 2.1 and 2.3. The periodic boundary condi-

tions have been applied at the interval end points. As 0 Lλ  the periodic conditions at the interval ends do not influ-

ence the statistical properties of the RPF. The integrals in the definition (2.1) of correlation function  are taken 
over the interval [0 . 

( )K x
, ]L

 
The spectrum of the RPF is shown in Fig. 2.4. The left picture corresponds to the example of the RPF presented in Fig. 
2.1. The right picture is obtained after averaging over 4000 realizations. The main thing is that the long-wavelength 
( ) asymptotic 0k → kf k β→  has the exponent 0β = . As we will see this long-wavelength tail defines the rate of 

expansion of the mixing layer at late time and therefore it defines the exponent θ  (1.1). The “shoulder” 0β = ,  
 

 
Fig. 2.4. The spectrum of the RPF. The long-wavelength tail of this spectrum defines the exponent θ  

 
0k →  in the spectrum appears due to decay of correlation (Fig. 2.3) between the “bumps” in the chain of the “bumps” 

of the RPF. The long range correlations increase the β , and thus decrease the influence depth and the mixing rate θ . 
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It is important to consider the case when the initial amplitudes of perturbations are small | | 1η⊥∇  because in the 
opposite case of the large amplitude perturbations the universal dynamics is absent. This means that the inclination or 
tangent angles of the perturbed contact surface are infinitesimal and the perturbation are linear. Here ( )xη , ( , )x yη  

are the initial contact boundaries, { / , / }x y⊥∇ = ∂ ∂ ∂ ∂ . The arbitrary initial perturbation may be decomposed into the 
linear superposition of harmonics in the case of the infinitesimal perturbation. 
 
Let us apply the Richtmyer formula (2.2) to all harmonics in the superposition. Here  is the Fourier amplitude of the  nw
 
                                                            Atn nw F n WSWη=                                                                                     (2.2) 
 
n -th harmonics of the vertical velocity,  is the non-dimensional coefficient, At is the Atwood number, F nη  is the -

th harmonics of the initial surface perturbation, and  is the velocity “jump” of the unperturbed contact after pas-

sage of shock. The velocity harmonics  are created by shock impact from the surface perturbations 

n

SWW

nw nη . It is impor-

tant that the coefficient  does not depend on wavelength. Therefore the velocity field after shock impact is given by 
the linear superposition 

F
n nw nη∝∑ ∑  of the nnη  terms. The velocity amplitudes  are proportional to wave 

number  as the amplitudes 
nw

n nη  do not depend on . The phases of the harmonics  are random. n n
 
The differences in the velocity fluctuations at the scale λ  in the plane z =  const are given by the expression (2.3)  
 

                                                       ( , ) | ( , ) ( , ) |w z t v r t v r tλ λ= − −                                                                    (2.3) 

 
where vectors r  { , }x y  2D or { , , }x y z  3D have the same value of the coordinate . The fluctuations of the velocity 

components (e.g., 

z
wλ ) are of the same order as fluctuations of velocity vλ , | |v v= , | |λ λ= . The fluctuations (2.3) 

and the Fourier amplitudes  are connected nw
 
                                                                        nw nλ w ,                                                                                         (2.4) 
 
where /n n Lλ λ= = . From the equation (2.2) nw n∝  and (2.4) we obtain that 
 
                                                                  3/ 2 3/ 21/w nλ λ∝ ∝ .                                                                                 (2.5) 
 
The example of the 2D velocity field with  and  is shown in Fig. 2.2. The field was presented by 

the sum  with 

nw ∝ n

−

3/ 2wλ λ−∝

1
( , ) cos( )exp( )

N

n
n

w x z n nx nzψ
=

= +∑ 1000N = , 2L π= , 0 / 2 /L N Nλ π= = , and the ran-

dom phases nψ . The left picture is the frame 2 [2 /(2 )]π×  of the upper semi-space . In the black areas the verti-

cal velocity is negative  and in the white – positive. 

0z >
0w <

 
The dependence (2.5) defines the decay of velocity field from the boundary into the bulk of fluid  

(the sum 

3/ 2( , ) 1/w x z z∝
cos( ) nz

nn nx eψ −+∑  decays as ). We have , where  is the mix-

ing front position. Therefore the exponent (1.1) is 

3/ 2z− 3/ 2/ ( , ) | 1/z hdh dt w x z h h

2 2 / 5Dθ = . Similar calculation in 3D gives 3 1/ 3Dθ = . 
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3 VARIATION OF THE CELL VELOCITY FIELD IN TIME AND LOGARITHMIC CORRECTIONS 
 
Let us consider time dependence of velocity in a point Λ  remote from the boundary  as a 

function of “logarithmic” time 

( ) ( , , )fixw w r zτΛ ⊥= = tΛ

0log( / 1)t tτ = + / w, where t0 0 0λ= ,  is the average velocity of the boundary af-

ter impact. Before the shock arrival the contacting fluids are at rest, 
0w

(0) 0wΛ = . The shock quickly (in the incom-

pressible case) creates the cell velocity field: 3/ 2( 0) 1/wΛ + ∝ Λ . This is the “Richtmyer jump” . 

During the time interval  after the shock impact the almost plane at 

(0) ( 0)w wΛ Λ→ +

0t∼ 0τ = +  boundary deforms into the nonlinearly 

| | 1η⊥∇ ∼  perturbed surface. The large scale bubble structure with the dominant scale 0λ  appears. The duration  is 

the one rotation time for vortices of the scale 
0t

0λ . 
 
The imprint pressure of groups of 0/λ λ  bubbles changes the cell velocity field during the time interval . Here 0t∼

0[ , ]λ λ∈ ∞  is the size of the group. It will be described below how the imprint pressure works. The change of velocity 

 in the point {  is wΛΔ ,fixr z⊥ } 1 1 ( 0)w wξΛ ΛΔ = + , where the coefficient 1ξ  may be positive or negative, 1| | 1ξ . 

This is the result of momentum creation by the imprint pressure during the first time step τΔ  from 0τ = +  to 1τ = . 
During the second time step 1τΔ =  from 1τ =  to 2τ =  the dominant scale of large structure enlarges several ( ) 

times 

q

0 q 0λ λ→ . The imprint pressure of the groups of 0/( )qλΛ  bubbles again changes velocity in the chosen point 

1 2( 2) ( 0)w w w wτΛ Λ Λ= = + + Δ + Δ 2 2 ( 0)w wΛ , ξΛ ΛΔ = + , where the coefficient 2ξ  may be positive or negative, 

2| | 1ξ . 
 
After  of such steps the dominant scale is m 1

0
mq λ−  while the velocity in the chosen point is 

1 2( 2) ( 0) ... mw w w w wτΛ Λ Λ Λ= = + + Δ + Δ + + Δ ( 0)m mw wΛ , ξΛ Λ= + , where mξ <  or , 0> | |mΔ 1ξ . There 

are three possibilities: (a) the sum 1 2 ... ms ξ ξ= + + +ξ 1 is less than 1, (b) the terms are | |mξ  and the signs of the 

terms mξ  randomly changes, and (c) the terms are | |m 1ξ  and all signs of the terms are the same. Then for the veloc-
ity field and the growth (1.1) of the mixing layer in 2D and 3D cases we have respectively 
 

3/ 2 3/ 2 2/5 2/5 2 1/3 1/3
0 0 0 0 0 0( / ) ( ) ( )w w h w t wλ λ λΛ Λ → ↔ t , 

 
1/ 5 1/ 6

3/ 2 3/ 2 2/5 2/5 2 1/3 1/3
0 0 0 0 0 0

0 0

log ( / ) ( ) log ( ) logt tw w h w t w
t t

λ λ λ
λΛ

⎛ ⎞ ⎛ ⎞Λ
Λ → ↔⎜ ⎟ ⎜ ⎟

⎝ ⎠ ⎝ ⎠0

t , 

 
2 /5 1/3

3/ 2 3/ 2 2/5 2 /5 2 1/3 1/3
0 0 0 0 0 0

0 0

log ( / ) ( ) log ( ) logt tw w h w t w
t t

λ λ λ
λΛ

⎛ ⎞ ⎛ ⎞Λ
Λ → ↔⎜ ⎟ ⎜ ⎟

⎝ ⎠ ⎝ ⎠0

t . 

 
4 MULTIBUBBLE GROUPS AND THEIR IMPRINT/INDENTATION PRESSURE 
 
Let’s consider the current stage 0

m
curr qλ λ= , logcurr m q Cτ = + , 0 currλ λ Λ  of the enlarging in the process 

of the inverse cascade, here currλ  is the current or the present size of the dominant scale of the large scale structure at 

the instant currτ , or . This is the -th generation in the sequence of pair merging. The value  is a 

constant. The particular deposit into momentum 
0

m
currt q t

)
m 1C

2 ( mwρ ΛΛ Δ  of the cell Λ×Λ  (2D) during the time interval 
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[ 1,m m ]τ τ−  is produced by the action of the bubbles/vortices of the size currλ . The coordinated action of the group 

(the “ -group”) of the Λ / currλΛ  bubbles creates this deposit (see prev. Section). 
 
The momentum is changed by force. In the Richtmyer-Meshkov case the only force is the pressure force (gravity is ab-
sent). The change in momentum is due to imprint or indentation pressure of the “Λ -group”. How the indentation or 
imprint pressure is produced? The ram pressure decelerates the bubble but the indentation of the bubble also raises pres-
sure in surrounding fluid. The pressure increase is of order of the ram pressure. The size of the increased pressure re-
gion is of order of the bubble size. In the case of the coordinated Λ -group of the bubbles the size of the region with in-
creased pressure is of order of Λ×Λ . The periodic bubble array increases pressure at infinity  because all 
bubbles are long-range correlated and the transverse size of the array is infinitely large, see Fig. 4.1. 

z = ±∞

 
Fig. 4.1. To the left: the vertical velocity contours for the instant 0t = +  after the shock impact onto the periodically 
disturbed contact with small initial surface amplitude [7]. To the right: the p  (the horizontal axis) on  (the vertical 

axis) dependence (the pressure “well”, 
z

p  does not depend on x  at 0t = + ) for the case shown in the left picture. 

There are , , , where  is the bubble rise velocity at 2( ) / 2hp wρ+∞ = (0) 0p = 2( ) /lp wρ−∞ =
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The -groups are responsible for velocity changes Λ wΛΔ  at the vertical distance Λ  from the contact. The increment 

 is produced by statistical inequality of the wΛΔ Λ -groups. The mean value of the force acting on the horizontal dis-

tance  is , where  is the average current velocity of bubble penetration. Due to 

inequality of the -groups the amplitude of fluctuations of this mean force is . The 

Λ 2( ) ( /h l curr currwρ ρ λ λ− Λ )
/ 2)

w
Λ 2 1( ) ( /h l curr currwρ ρ λ λ− Λ

Λ -groups of the currλ  bubbles acts during the time interval [ 1,m ]mτ τ− . After that time interval the dominant bub-
bles are changed due to the currently going process of the enlarging. This may induce the changes in the phases of the 
cell pressure field. The momentum creation during this time interval in 2D geometry is 

. The main l.h.s. and r.h.s. factors in this equation are  - 

surface Λ  (or volume in 3D) versus statistics 

2 1/ 2
1( ) ( ) (h l m m mw t tρ ρ −− Λ Δ ∝ Λ − ) / 22 1( )mwΛ Δ ∝ Λ

2 Λ . From this the desired relation  follows. 3/ 2
mw −Δ ∝ Λ

 
5 THE LONG-WAVELENGTH TAIL STIMULATING THE INVERSE CASCADE OVERTAKING THE SPON-
TANEOUS INVERSE CASCADE AND THE LIMIT OF SUCH STIMULATION – HOMOGENEOUS NOISE 
 
In the spontaneous Richtmyer-Meshkov turbulence the long-wavelength tail is formed due to an interference of random 
modes of scale currλ . Its k  asymptote is 0→ sp

k k βη ∝  with 0β =  for the surface perturbations η  for both 2D and 

3D cases. In 3D the  is k 2 2
x yk k+ . The upper superscript “sp” means spontaneous. Let’s impose additional long-

wavelength perturbations with the Fourier spectrum 3/ 2 1/ 2( / )( cos )st
n n n

β L nβη λ ς ψ+ +
∗= st nβ  (2D), β

λη ∝  (3D). Its 

variations at distance λ  are 3/ 2 1/ 2 1/ 2( / )st sp
nL n nβ β β

λ λ η+ + +
∗= 1 in 2D case and st sp

nn nβ
λ η+∝  in 3D. Its ηη
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relative variations are  (2D), 3/ 2/ ( / )st st β
λ λε η λ λ λ +

∗= 2( / )st β
λε λ λ +

∗  (3D). Here the “st” is “stimulated”, λ∗  

is the shortest considered wavelength, for simplicity the discrete representation with integers / nn L λ=  equivalent to 

the wavenumbers 2 /k π λ=  is used,  is the transverse box size, L 2L π= , Lλ∗ , 2 2
3D x yk k k= + , 1nς = , 

nψ  are random phases. The rate of stimulated expansion is 1( 5 / 2)stθ β −= +  (2D) {  (3D)}. 1( 3)stθ β −= +
 
It is obvious that the interval of values β  is 3 / 2 0β− < <  (2D) { 2 0β− < <  (3D)}. The stimulation is stronger if 
the exponent β  is smaller. The weakest stimulation is 0β = . It has the same expansion rate as spontaneous turbu-

lence. The strongest possible stimulation has homoβ β= 3/ 2= −  (2D) { 2−  (3D)}. It corresponds to the homogene-

ous noise. It is homogeneous at all scales λ , because in this case the relative changes /st st
λ λε η= λ  are the same for 

all scales (the homogeneous noise is of course transversally homogeneous as all considered perturbations). Stronger 
perturbation can not be imposed. The perturbation with 3 / 2β < − { 2< − } strongly distorts the unperturbed state. In 
this case the initial state far deviates from the state with two semi-infinite spaces separated by almost plane boundary. 
 
6 DISTURBANCES HOMOGENEOUS IN ALL WAVELENGTHS/SCALES – HONOGENEOUS NOISE 
 
It should be emphasized that the homogeneous noise is nondimensional. It does not contain the dimensional scale λ∗ . 

The stimulative non-homogeneous ( homoβ β< ) spectra contain the scale λ∗ . The spontaneous case is also non-

homogeneous. Its scale is 0λ . The exponent θ  of the rate of expansion (1.1) in the homogeneous case is 1θ =  (2D, 
3D) [6]. It corresponds to the fastest possible rate of large scale mixing. 
 
7 SUMMARY 
 
Development of Richtmyer-Meshkov mixing from the random perturbations of general form has been considered. Gen-
eral or typical forms means that the perturbation is transversally homogeneous and has some finite transverse scale 
(scale of initial roughness of the contact). Corresponding motion has been called spontaneous Richtmyer-Meshkov tur-
bulence. Its expansion exponents are 2 / 5θ =  (2D) and 1/ 3θ =  (3D) (Section 2). They are the same for the upper 
and lower expansion fronts and do not depend on the density ratio. The expansion law h tθ∝  may have the logarith-
mic corrections: (log )h t tφ θ∝  (Section 3). The spontaneous and homogeneous turbulences are the most interesting 
cases. The first starts from small scale roughness (Sections 2,3,4) while the other is of the nondimensional nature and 
does not have any distinctive scale (Sections 5,6). They form two limits for the stimulated Richtmyer-Meshkov mixing. 
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Abstract: The IWPCTM have started from considering Rayleigh-Taylor and Richtmyer-Meshkov instabilities. After 
some delay problems concerning Kelvin-Helmholtz instability and shear mixing also have been included. In applica-
tions there are the cases where a combination of Rayleigh-Taylor and Kelvin-Helmholtz instabilities (gravity and shear 
mixing together) appears. But another case is much more important for applications. In this case Kelvin-Helmholtz in-
stability competes with internal gravity waves (shear mixing against stabilizing influence of buoyancy factor). In the 
last case there is the critical (or threshold) value of Richardson number which separates stable (shear is weaker than 
gravity stabilization) and unstable (shear is stronger than gravity stabilization) cases. Very interesting situation arises 
when we consider transport of two-phase system through wide pipes. Here some surprising flows exist which combine 
Richardson like flow (shear against gravity waves) together with Rayleigh-Taylor type flow with rising up bubbles of 
light fluid. There are gas-liquid and liquid-liquid cases. They differ in density ratio μ  of light to heavy phases. A wide 
pipe means that capillary scale is much less than a pipe diameter D . There are beautiful regimes with large (many pipe 
diameters) gas pockets separated by liquid slugs in the gas-liquid case. There are interesting changes of regimes when a 
ratio of transportation velocity S  to gravitational veloci /Qv Q= ty (1 )gv gD  varies, wh e Q  is the 

volumetric flowr , S  is the cross-section area. Flow changes from slug to churn and to annular flow as th  
/Q gv v  grows. In this report we will present short review of known results and what was done new

μ= −

 by us. 

0

gt

er

ate e ratio

 
1 INTRODUCTION 
 
There is wide scope of important topics considered by the IWPCTM. It is written “this workshop focuses on fundamen-
tal aspects of turbulent mixing in flows subject to destabilising acceleration”. It is known also that the shear mixing by 
Kelvin-Helmholtz instability is among the topics of the workshop. This is exactly the set of physical ingredients which 
are important for studies concerning motion of two-phase mixtures in pipes. In the Rayleigh-Taylor problem we have 
vertical “pipe” filled with light and heavy fluids below and above initially plane contact boundary. For the vertical pipe 
the inclination angle is . Similar problem is studied for the inclined ( ) pipes transporting 
two-phase mixtures. Negative and positive inclinations correspond to downward and upward motion, respectively. 

090α = 090 90α− ≤ ≤

 
In the pipes there is flow of light and heavy phases. This is important complicative difference with the more simple case 
of the Rayleigh-Taylor instability where light and heavy phases only interpenetrate each other. This means that in the 
Rayleigh-Taylor case the parts of light and heavy substances located far from the mixing region are at rest relative to 
the pipe walls – volumetric flowrate of mixture through pipe is absent. In the Rayleigh-Taylor or Richtmyer-Meshkov 
cases we study the Cauchy problem - the problem with initial data where interpenetration gradually develops in time. In 
the two-phase hydraulics the “steady in average” problem of transportation of turbulent two-phase systems is interest-
ing. In this problem the flowrates of the phases are fixed in time but flow fluctuates significantly around its mean values 
at frequencies , .  /Qv D∼ /gv D∼
 
We think that the two-phase hydraulics may be used for testing of computer algorithms and codes. Indeed, there are se-
rious questions about description of the rate of transformation of chunk mixture into molecular mixture by numerical 
codes. This rate influences the computer estimates of the alpha coefficient ( ) for Rayleigh-Taylor self-

similar ( ) mixing [1,2]. It may be so that too low values of the alpha coefficient (

2Ath α+ +=
2/h t g∝ 2%α+ ≈ ) appear due to 
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too high fine mixing rate in the computer simulations [1]. {Another plausible suggestion explains slow mixing in com-
puter simulations by presence of the almost inevitable small amplitude long-wavelength noise in the experimental de-
vice [1,2]}. Similar problems with mixing of light and heavy phases and with back separation of them exist in the two-
phase hydraulics (there are Taylor bubbles with sizes  at Weber numbers We ). It is not well understood 
how these mixing and separation depend on the number We which characterizes the importance of surface tension. 

D 410∼

  
2 LARGE OR TAYLOR BUBBLES IN RAYLEIGH-TAYLOR INSTABILITY AND IN INCLINED PIPES 
 
Analysis of development of bubble and jet structure after periodic perturbation is basic in the theory of Rayleigh-Taylor 
instability. Let’s consider 2D case with small density ratio /l hμ ρ ρ=  and impose velocity perturbation with the x -

component of velocity cos( / )y Dπ∝  onto the initially plane contact 0x =  separating ,l hρ ρ  fluids. Then perio-
dicity on the axis y  and symmetry y y→−  allows to restrict the region of motion to the “pipe” (the strip) 

, 0 y D< < x−∞ < < ∞ , where x  and  are the longitudinal and transverse axes. Let the sign of longitudinal ve-
locity is positive at the 

y
x -axis. Then the half of the bubble will rise up along the x -axis while the half of the jet will go 

down along the straight line y D= . Similar picture for the inclined pipe is shown in Fig. 2.1. In the inclined case the  

 
Fig. 2.1. The initial (a), the transition (b), and the final steady-state (c) stages of development of the bubble-jet pair 

 
axes ,x y  are not the vertical and horizontal axes but they remain the longitudinal and transverse axes. After some tran-
sition the steady-state stage with steady shape of the bubble nose and constant bubble rise velocity ( )u α  establishes. In 

Fig. 2.2 (left) development of the bubble-jet pair for inclinations  is presented (arrows are the  vectors) 
[3,4]. The evolution (c) corresponds to the Rayleigh-Taylor case. The mushroom size grows with inclination. The thin 

0 00 ,30 ,900 g

 
Fig. 2.2. Transition to the steady-state for various inclinations (left). The function ( )u α  in 2D (middle) and 3D (right) 

 
transverse straight line shows the position of the initial plane. All bubble tips at different time instants are shifted to the 
same position on the x -axis. The inclination dependence of steady longitudinal rise velocity ( )u α  of the Taylor bub-
ble is shown in Fig. 2.2 (middle and right). 
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3 TAYLOR BUBBLE, ITS TRACE BEHIND AND THE “TRAIN” OF SUBSEQUENT TAYLOR BUBBLES 
 
Abo e the simplest case has been considered {an infinitely long bubble rising in a pipe in fluid which is at rest at infin-
ity }. Flow around the finite bubble (Fig. 3.1) rising in still fluid 

v
0 0( , , )v x y t= +∞ ≡ ( , , )v x y t= ±∞ ≡  is more 

complex. Flow near the nose and rise velocity don’t depend on the length of the bubble if this length is larger than few 
. But now the trace appears. Matter in the narrow jet streaming around the bubble is accelerated up to high velocities.  D

 
Fig. 3.1. Transition to steady-state rise. One finite bubble in the “infinitely” long pipe, , 045α = 0.1μ =  

 
Therefore there is a long (several tens of ) trace behind the bubble. Let there is flowrate of heavy fluid D QQ v S= , 

. There is no difference with the case in Fig. 3.1 (after Galilean transformation) if the pipe walls 
are ideal (without friction) as in the case of Rayleigh-Taylor half of the bubble (Fig. 2.2, left, c) where the walls are 
lines of symmetry. In viscous fluid (no-slip walls) there are some insignificant modifications. Real complexity begins 
when flowrates of both phases  are non zero. The situations are very different for liquid-liquid 

( , , ) Qu x y t v= ±∞ =

,lQ Qh 1μ ∼  and gas-

liquid 1μ  systems. Here only the most difficult case 1μ  is considered. Complexity is connected with finite 

flowrate of gas phase . Flowrate  of liquid (heavy) phase is less important. Let’s consider motion of two bubbles lQ hQ

 

 
Fig. 3.2. Two bubbles in the long pipe, . (1) Initial state, (2) non-interacting bubbles {non-interacting because 

the trace of the upper bubble is shorter than the liquid slug between the bubbles}, (3) the influence of the trace of the 
upper bubble on the lower bubble begins, (4,5) due to shear in the trace of the upper bubble the lower bubble rises faster 

than the upper bubble – the distance separating them decreases, (6) merging of two bubbles into one bubble 

045α =

 
in still liquid in infinitely long pipe (Fig. 3.2) ( , , )u x y t 0= ±∞ =  before the consideration of the case . The  0lQ ≠
figure 3.2 explains how instability in the chain (or “train”) of bubbles works (Fig. 3.3). The chain consists of equal gas 
bubble – liquid slug pairs. The chain corresponds to the case 0lQ ≠ . Instability of the periodic chain appears if the 
pairs in the chain are not exactly equal. Development of this instability leads to merging of neighbour bubbles into one 
bubble. Thus the lengths of the bubbles and the lengths of the liquid slugs grow. Influence of the upper bubble on the 
lower one weakens when length of the slug increases. This decreases the increment of the merging instability. Trains 
with very long bubbles and very long slugs (many tens of ) establish in that way. D

130



 
10th IWPCTM – PARIS (France) July 2006 

 

The figure 3.3 presents important model of the train with equal pairs. In incompressible fluid this train corresponds to 
the periodic bubble-slug chain. We consider one link of this periodic chain. It includes one bubble and one slug. We  

 
 

 
 

 
 

 
 

 
 

 
 

 
Fig. 3.3. Establishing of steady-state flow of the periodic slug chain, . Time increases from the upper to the lower frame 

020α =
 

take a pipe and impose periodic boundary conditions at the pipe ends (compare – in the cases shown in Figs. 3.1, 3.2 the 
pipe ends are closed). Thus we obtain periodic model of the infinitely long chain with equal links. In sequence of  Figs. 
3.3 we see how the bubble exits from the right end of the pipe interval and simultaneously its nose appears at the left 
end. It is necessary to consider two bubbles and two slugs in the pipe interval with periodic boundary conditions at the 
ends to explore the merging instability in the periodic chain (two slightly different links in one interval, difference be-
tween links grows due to development of the merging instability). Results of this simulation need separate presentation. 
Analysis of results for the periodic chain (Fig. 3.3) shows that steady-state bubble rise velocity ( , ,slug bubbu L L )α  in 

the chain is very significantly larger (2-3 times) than velocity ( , , )u α∞ ∞ for the solitary bubble shown in Figs. 2.2. 
This is due to shear created by the upper bubble. At the same time it should be emphasized that velocity ( , , )u α∞ ∞  is 
rather insensitive to the inclination and even to dimension! The 3D case shown in Fig. 2.2 corresponds to the cylindrical 
pipe. One of us (A.M.O.) is grateful to the Russian Foundation for Basic Research (project No. 06-01-00558) for support.  
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Abstract:   

In this paper, the code MFPPM (Multi-Fluid Parabolic Piecewise Method) employs to simulation of 
the Richtmyer-Meshkov instability (RMI). The basic algorithm is an operator split two-step high-order 
Godunov PPM method. The algorithm captures, but does not track, the interfaces between distinct materials 
while maintaining a VOF representation of the constituent materials. We simulated the two experimental 
modes, one is from Ref [3] and the other is from our Laboratory for Shock wave and Detonation physics 
(LSD). We also described our experiments and applied the MFPPM to simulation of the instability of the 
jelly surfaces under the imploding drive. Shape, position, velocity and acceleration of the outer and the 
inner surfaces at top-bottom of the jelly experimental and numerical results are given. For analyzing the 
numerical particularly and comparing to the experimental results, the basic physics phenomena and 
numerical images are excellent consistent each other. 
Key Words:  Richtmyer-Meshkov Instability , PPM, MultiFluid, VOF 
 

Experiments and numerical simulations are important implements in researching of the RMI [1,2]. 
Jelly experiment is one of the basic experiments for RMI. Also, various techniques emerged to predict the 
position of the instability interfaces during the solution in time and fall into of two categories. These are 
interface tracking methods, including moving mesh, front tracking and particle tracking schemes; and 
interface capturing method, which include volume of fluid (VOF) and level set techniques. We study jelly 
experimentally and numerically to learn how mix develops in cylindrical geometry. In this paper we study 
RMI in cylindrical geometry. We applied the high-resolution compressible multi-fluid PPM method to 
simulation of the instability of the jelly surfaces under the imploding drives. To verify our code MFPPM [6], 
we simulate two experiments from Ref [3], and obtain the numerical results of the jelly agreement with that 
experiment and simulation. Our experiment is different from Ref [3], which the outer and the inner surfaces 
of the jelly are set by mode numbers 10, amplitude 1 mm in top-top and top-bottom initially. Emphasis is 
on feed-thru of perturbations from one surface to another in cylindrical geometry. Shape, position, velocity 
of the outer and the inner surfaces of the jelly computational results are given; radius of the inner and outer 
surface and the basic physics phenomena of the jelly are consistent with our experiment well.  

The code MFPPM employs an operator-split piece-wise parabolic method [4], which is part of the 
family of higher-order Godunov methods. This method accurately follows shocks by reducing the diffusion 
present at the discontinuity. The basic algorithm of the MFPPM is a two-step Euler higher-order finite 
volume scheme to the multi-fluid hydrodynamic equations system. The first step is Lagrange step in which 
the computation cells distort to follow the material motions, and the second step is Remap step where the 
distorted cells are mapped back to the Euler mesh. This two-step Lagrange/Remap algorithm can be divided 
into a four-step calculations: ①  the piecewise parabolic interpolation of physical quantities, ② 

 
1 Project Supported by the Foundation of China Academy of Engineering Physics. Gtants No.: 20040650, 20050104 
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The first computational experimental model from Ref [3] is simulated by MFPPM. The cylindrical 
jelly is imploded by an explosive gas such as oxyacetylene. The thickness of the jelly is 1.5 cm with an 
outer radius of 5.5 cm. The oxyacetylene explosion as an energy source which was added to the gas 
(adiabatic index γ = 1.21) over a 10 µs period to bring it up to a pressure of 16.5 atmospheres. A sinusoidal 
perturbation having the form η0 cos(mθ) was added to the outer surface of the jelly. The amplitude η0 is 
set 0.1 cm, while the mode number m was chosen to be 6 (only single-mode perturbations were applied). In 
Fig.1 we show snapshots of the Ref [3] and MFPPM simulation, and in Fig. 2 we show the evolution of the 
inner and outer surface perturbations as functions of time. We see that there is good agreement between 
simulation and experiment. 

approximately solving Riemann problems, ③ evolution of the Lagrange equations and ④ mapping the 
physical quantities back onto the Euler meshs. The multi-fluid interfaces are captured by using the volume 
of fraction (VOF) method [5]. We extend the process to 2D and 3D cases by using the operator-split 
techenique. 

The second computational experimental model is from our LSD. The outer and the inner surfaces are 
both set sinusoidal perturbation and amplitude 0.1 cm with top-top and top-bottom initially, while the mode 
number m was chosen to be 10. Emphasis is on feed-thru of perturbations from one surface to another in 
cylindrical geometry. In Fig.3 we show the MFPPM simulation results, include evolution of the inner and 
outer surface perturbations amplitude, radius, velocities and accelerations as functions of time. Especially, 
the radius of the inner and outer surface experiment and numerical results are given in Fig.3 (a). It is shown 
that the inner surfaces are good agreement with our experiment, and the outer surfaces are poor at the time 
great than 820µs (may be invisible of mixing). In the top-top model, the radius of the inner surface reaching 
a maximum value of 0.548cm at time 763.88µs, and the outer surface reaching a maximum value of 
3.905cm at time 752.04µs. Also in the top-bottom model, the radius of the inner surface reaching a 

 

Fig.1 Snapshots of the implosion and bounce of the jelly as calculated by Ref [3] and MFPPM.  
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maximum value of 0.388cm at time 757.33µs, and the outer surface reaching a maximum value of 3.902cm 
at time 745.17µs. For the perturbation of amplitude in these two models, see Fig. 3(b), the outer surface has a 
perturbation of amplitude 0.1cm which grows during the implosion reaching a maximum value of 0.603cm 
in top-top and value of 0.629cm in top-bottom, after which it undergoes a large phase reversal. This 
reversal results from the bounce which can be thought of as an impulse which “shocks” the jelly radially 
outward and hence proceeds from a heavy fluid (jelly) to a lighter fluid (oxyacetylene) at the outer surface, 
hence the Richtmyer-Meshkov-instability-induced phase reversal. The evolution of the inner-surface 
perturbation, however, is more subtle: the first is phase reversal and decreases, passes through zero, and has 
the opposite phase before bounce, then increasing to a maximum value of 0.165cm in top-top and value of 
0.16cm in top-bottom, after which it undergoes another phase reversal. A strange phenomenon of the third 
phase reversal appeared in the top-bottom of inner-surface perturbation (unknown).  
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Fig. 3 MFPPM simulation results, as well as it compare the radius of jelly with our experiment. 

(1,2: inner;  3,4: outer;  1,3: top-top;  2,4: top-bottom;  in (a) circle and square are experimental) 
 

The velocity of the outer and the inner surfaces of the jelly computational results in top-top and top-bottom 
by MFPPM are given in Fig.4. It is shown that the evident difference appeared at the bottom of the inner 
surface in our two models. We can see the position presents at the thickest of the jelly, may be a strong 
shock wave focus from the outer and inner surface perturbations. Next, we given two images in our 
experiments at time 400µs, and corresponds simulation by MFPPM in Fig. 5.  
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Summary of this paper. The jelly technology has distinctive advantages in 2D hydrodynamic instability 
studies, especially for converging implosion. It can be used to verify the theoretical models and numerical 
codes quantitatively. The 2D numerical simulation can reproduce correctly the complicated experimental 
process. Its results accord with the experiment quantitatively for the linear stage, and qualitatively for the 
nonlinear stages. In the experiments on the interaction of perturbations on outer and inner boundaries, an 
interesting phase reverse of inner perturbation has been observed. 
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Abstract: An experimental investigation of the shock and re-shock gas bubble interactions have been under-
taken in a shock tube coupled with a high speed camera shadowgraph device. Positive, negative and close to
zero density jumps across the bubble interface have been considered. Qualitatively, observations show, in all
cases, a deceleration, even a stop, for the close density case, of the inhomogeneity and an increase of the mixing
process after the re-shock bubble interaction.

1 INTRODUCTION

The interaction of a plane shock wave with a single spherical gaseous inhomogeneity is an example of shock-
induced Richtmyer-Meshkov instability with large initial distorsions of the gas interface which is materialized,
here, by a soap film. Except the axisymmetric geometry, soap bubble is more acceptable (less effects on the
flow) than a mylar or nitrocellulose membrane usually used in plane configuration. These phenomena of shock-
accelerated gas flows arise in inertial confinement fusion, supersonic combustion or supernova astrophysics. The
aim of the present experimental work is to understand the influence of a re-shock on a previously accelerated
inhomogeneity. It follows a previous study focussed on the incident shock wave acceleration of the bubble [1], [2].

2 EXPERIMENTS

Experiments were conducted in the T80 shock tube, previously used for incident shock/bubble interaction
experiments. In the present work, to anticipate and to be able to observe the interaction between the reflected
shock wave and the distorting bubble, the end-wall was moved in order to reduce the experimental chamber
length from 80 cm to 35 cm. A high speed shadowgraph picture device was coupled with the shock tube
and allows to observe the interaction process on a 30 cm long field by taking 100 frames during 7 ms (70 µs
between 2 consecutive frames). We have investigated close to zero, negative and positive density jumps across
the interface. To obtain such density gradients, bubbles were filled respectively with nitrogen, helium and
krypton. The surrounding gas was always air at atmospheric pressure and ambiant temperature. Regarding to
the results obtained previously [1], [2], we chose to investigate only two Mach number values: 1.2 and 1.7.

2.1 Close density configuration: Nitrogen bubble in air (A= -0.05)

In such a configuration, after the incident shock wave passage, the bubble is only submitted to a compression
which only affects both bubble length and height, i.e. its diameter. During such a rapid stage, the bubble is
also set into motion. The velocity value reached at the end of the compression phase is very close to that of the
main flow. The reflected shock then interacts with a stabilized inhomogeneity which is one more time submitted
to a new compression. After that, we can observe that the main part of the bubble is stopped, whereas the
upstream interface tends to follow the shock wave direction. In fact, we have shown [3] that the nitrogen acts
as a light bubble gas at long time, with the appearance of a small penetrating jet due to the light generation
of vorticity. Furthermore, the interface is no more smooth and turbulent structures appear, what proves that
the second interaction intensifies the mixing. Note that, for a lower Mach number, we have observed a velocity
reduction of the bubble. However, the re-shock does not completely stop the inhomogeneity motion.
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Fig. 2.1. Experimental shadowgraph pictures of a shocked and re-shocked nitrogen bubble (D0 = 4.4 cm) for incident

shock wave Mach number of 1.61 (run ] 318).
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Fig. 2.2. Experimental shadowgraph pictures of a shocked and re-shocked helium bubble (D0 = 3.9 cm) for incident

shock wave Mach number of 1.73 (run ] 319).

2.2 Heavy/light configuration: Helium bubble in air (A= -0.8)

During heavy/light configuration interaction, we can observe a compression phase followed by a distortion
phase due to vorticity which leads to the reversal of the bubble and then the formation of a double vortex ring.
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During the incident reversal phase, an air jet emerges from the upstream vortex ring, where a great quantity of
vorticity is concentrated. This downstream ring goes faster than the main air flow, whereas the upstream one
travels at a velocity close to that of the surrounding flow. Moreover, for the present experiments, due to the
relative high shock wave strength, the downstream ring is bigger than the upstream one. About 430 µs after
the incident acceleration, the interaction with the reflected shock wave takes places with the compression of
the downstream vortex ring which keeps its travelling forward. 60 µs later, the reflected shock interacts with
the upstream vortex ring, involving its compression and its stop in motion. On the picture movie, we clearly
observe that the downstream vortex ring motion direction remains the same (forward) whereas the upstream
one is the opposite (back). As initial vorticity generated by the incident shock wave mainly concentrates on the
downstream vortex ring, its effects are not counterbalanced by those of reflected shock generated vorticity. On
the other hand as there is very less vorticity in the upstream ring, the reflected shock wave effects are dominant.
To summarize, after the reflected shock wave passage, a compression phase occurs, followed by a generation of
vorticity, depending on the considered part of the bubble. The more vorticity there is in the considered vortex
ring, the more competition there is between initially generated vorticity and reflected secondary deposited one.
Thus, the high initial vorticity area is not stopped by the reflected shock effect but only slowed down. On the
other side, the low initial vorticity one is stopped and sets out again even in opposite direction. Experiments
at lowest Mach number give similar behaviors even if they are less visible.

2.3 Light/heavy configuration: Krypton bubble in air (A= 0.4)
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Fig. 2.3. Experimental shadowgraph pictures of a shocked and re-shocked krypton bubble (D0 = 3.9 cm) for incident

shock wave Mach number of 1.59 (run ] 321).

During the incident shock wave interaction with a heavy gas bubble, we can observe also a compression phase
followed by a vorticity generation. If the compression phase is similar than the previous case, the difference
occurs during the second one. This comes from the generated vorticity which rotating sense is now opposite.
This results from the change of the density gradient direction whereas the pressure gradient remains the same.
We observe now the formation of filaments on the boundary of the bubble. They roll up on themselves and thus
create a vortex ring on the front of the inhomogeneity which grows up whereas the body of the inhomogeneity
decreases. Near the vortex, an area of turbulence and mixing also develops. Just before the second interaction,
the inhomogeneity has reached its final shape. About 630 µs after the initial acceleration, the passage of the
reflected shock wave implies a compression and a stop in the bubble motion. The vortex ring after stretches
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but its front interface stays at the same abscissa and only the rear interface seems to go back. Due to this
process of stretching , mixing occurs and it then becomes harder to distinguish one gas from the other as an
homogenous media appears. Lower Mach number experiments are less interesting because the interaction with
the reflected shock wave occurs when the initial deformation process only begins.

3 SUMMARY

An experimental investigation of the shock and re-shock gas bubble interaction has been undertaken in a shock
tube coupled with a high speed camera shadowgraph device. Positive, negative and close to zero density jumps
across the bubble interface have been considered. Observations show in all cases, first, an increase of the
mixing process after the re-shock bubble interaction. This is especially distinguishable in area initially poor in
vorticity. Second, a strong or weak, decrease of the bubble motion has also been observed for all the studied
configurations. We found that the higher the vorticity concentration is, the lower the area is slowed. For
the experimental conditions considered, we point out the difference in area behavior regarding to their initial
concentration in vorticity deposited by the incident shock. The more vorticity in an area there is, the less it is
affected by the re-shock.
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Abstract: Modified Nikiforov model is described in which turbulence energy dissipation rate change in SW is deter-
mined by longitudinal turbulence macro-scale change with the assumption of turbulent eddies freezing into the fluid. 
This provides as rapid difference solution convergence so well enough agreement with experimental data. New expres-
sions of turbulent diffusion and turbulent energy exchange’ correlations are proposed in which a limit transfer to the 
case of negligible density fluctuations exists. To initialize TM calculations an algorithm based on the model of small 
short-wave perturbation growth is proposed. 
 
1 INTRODUCTION 
 
Turbulent flows realized in various devices (for example, such as laser targets in inertial fusion and explosive magnetic 
generators) are characterized by very high Reynolds numbers Re~105÷108, while only relatively simple flows at Re~103 
are accessible for DNS so practical engineering calculations are based on various turbulence models. Thus Nikiforov 
semi-empirical turbulent mixing model [1] being among Reynolds stress models is widely used in VNIIEF. In the report 
we describe some problems appeared with using of Nikiforov model and a model modification which permits to solve 
these problems. Results of several test simulations show that modified Nikiforov model provides with more physically 
correct description of the wide class of turbulent flows. 
 
2 NIKIFOROV MODEL FEATURES AND ITS USING PROBLEMS 
 
In Nikiforov model [1] turbulent flow is characterized by density, pressure and temperature averaged over flow realiza-
tions’ ensemble and velocity, specific internal energy and turbulent mixture species’ mass concentrations Favre aver-
aged with density as weight function. Turbulence is described by Reynolds turbulent stresses tensor, turbulence energy 
tensor, total turbulence energy with account of density fluctuations’ effect, turbulence energy dissipation rate, turbulent 
mass flux and density fluctuations’ intensity. 
Equations of evolution deduced from mass and momentum conservation are used for turbulent quantities in the model. 
Representation of turbulent fluxes (third order correlations) contains both turbulent diffusion of small-scale eddies and 
convective transfer of large-scale energetic eddies. Compressibility, thermal expansion of multi-species mixture and 
density fluctuations effect on the departure of turbulent mixture moles’ acceleration from gas-dynamic acceleration are 
accounted for in the model. 
Practice of Nikiforov model using showed that this model gives satisfactory description of gas and plasma turbulent 
flows if difference grids used for computation are not too detailed. At the same time calculations accomplished on de-
tailed grids to increase its accuracy and simulation of experiments with measuring of flow velocity revealed some prob-
lems of Nikiforov model. In the case of flows with SW this is a strong dependence of difference solution of model 
equations upon difference grid while calculated evolution of turbulent quantities does not agree with measurements. Be-
sides this the model gives too high TMZ growth rate for incompressible liquids (by 2-3 times greater than experimental 
data). At last in the model there is no physically adequate way to initialize turbulent mixing simulation (or to set a be-
ginning moment of turbulent mixing calculation and initial turbulent quantities distributions on this moment 
Said is illustrated by Fig. 2.1 where the results of simulations are shown for cylindrical Meshkov experiment [1] where 
TM was observed on cylindrical helium-air interface accelerated by converging SW. Calculations were accomplished 
on a series of grids with mesh refinement up to 32-fold while initial TMZ width (where initial density fluctuations in-
tensity was set) was conserved. It’s seen that calculated zone width does not practically depend on difference grid only 
until reflected SW arrives on zone while zone width agrees well with the experiment. Turbulence suppression behind 
SW occurs after TMZ interaction with reflected SW and this suppression is more as mesh size is less. 
 
3 MODEL MODIFICATION 
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Thus difference solution of model equation does not converge in simulation of flows with SW (more exactly, solution 
behind SW degenerates into trivial one in the limit of grid with infinitesimal meshes). This defect is caused by follow-
ing features of Nikiforov model. Turbulence effect on difference SW structure is negligible so SW width is completely 
determined by dissipation and dispersion of difference scheme used. Balance equations of all turbulent quantities except 
for turbulence dissipation rate Q are linear in gas-dynamic gradients so these quantity changes in SW do not practically 
depend on mesh size (to prove this one must use reference frame where SW is fixed and integrate balance equations on 
shock transition). At the same time balance equation of Q is quadratic in gas-dynamic gradients so dissipation rate 
change in SW is inversely proportional to SW width or mesh size. Thus turbulence energy does not change and dissipa-
tion rate increases behind SW with grid refinement. This results in turbulence suppression behind SW for detailed 
enough difference grid. To eliminate this model defect a modification was proposed in [2] in which Q change in SW is 
determined by turbulence energy e and longitudinal turbulence macro-scale Lt’ changes with the assumption of turbu-
lent eddies freezing into the fluid. Such modification provides for both rapid difference solution convergence and well 
enough agreement with experimental data. 
Too high growth of incompressible liquids TMZ is caused in Nikiforov model by following reasons. Values of some 
model constants were chosen arbitrarily in correlations accounting for density fluctuations effect (such as energy ex-
change tensor and generation terms in balance equation of turbulence dissipation rate). At that model constant in turbu-
lent diffusion coefficient was calibrated on the basis of simulation results for gas tests where the mean strain rate influ-
ence (that is velocity fluctuations influence) is the leader effect. At the same time the buoyancy force influence (that is 
density fluctuations influence) is the leader effect in experiments with incompressible liquids mixing. As a result of 
incorrect choice of model constants turbulent quantities balance does not agree with phenomenon physics in this case. 
In Nikiforov model a representation 
 

 1
3ik ik mm ik

QL e e
e

γ δ = − 
 

 (3.1) 

 
is used for the energy exchange tensor where γ is a function accounting for gas-dynamic gradients’ effect on energy ex-
change rate. In modified model expression 
 
 0 1 tXγ γ γ= +  (3.2) 
 
is used where 
 

 12 ik ik
t

V e f GW
X

Q Q
= − +

r r

. (3.3) 

 
Here Vik is strain rate tensor, 2ik i ke u u′ ′=  is “turbulent energy” tensor, G P ρ= ∇

r
, W uρ ρ′ ′=
r r , f1 is a function 

accounting for density fluctuations’ effect on turbulent mixture moles’ acceleration. Parameter Xt characterizes sui 
generis turbulence sub-criticality (if Xt > 1 then turbulence develops, if Xt < 1 then turbulence is suppressed) as it’s seen 
from turbulence energy balance equation 
 

 . { }1t
de Q X
dt

= − . (3.4) 

 
γ0 = 2 and γ1 = 1/4 values were chosen in (3.2) on the basis of simulation of turbulence deformation in tunnel with vari-
able cross-section [3]. 
If incompressible liquids’ mixing develops under constant gravity than longitudinal turbulence macro-scale satisfies 
inequalities 
 

 0 t TMZdL dL
dt dt

< ≤  (3.5) 

 
where ( )3 22tL e Q=  and 2

TMZL Agtβ= . From this one can get a Q balance equation term 
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 1
3
2

dQ Qf GW
dt e

≈
r r

, (3.6) 

 
which accounts for the buoyancy forces’ effect and contribution of which is about 1.5 times greater than it was in initial 
model. 
At last in the modified model there is a new representation of turbulent diffusion coefficient 
 

 
3 2

1 1
1t t t t

ee ee eD W L f W
Q Q Q

ρµ β µ β
ρ
′

= + ≈ +
r r

% , (3.7) 

 
which is similar to turbulence diffusion in two-phase heterogeneous turbulence models [4]. The first term corresponds 
to turbulent diffusion in the case of infinitesimal density fluctuations and value used in k-ε model is taken for constant 
µt = 0.09. The second constant value β = 0.675 was calibrated against simulations’ results for water and Freon mixing 
under the constant acceleration in experiments [5]. It is about of value used in two-phase heterogeneous turbulence 
models. 
 
4 AN INITIALIZATION OF TM CALCULATION 
 
In Nikiforov model to initialize TM calculation in the case of Richtmyer-Meshkov or Raleigh-Taylor instabilities non-
zero density fluctuations’ intensity values 
 
 ( )22 2

0 0.01 0.02 1R ρ ρ δ δ′= = ÷ −  (4.1) 
 
are posed in some moment in narrow layer nearby the interface while all other turbulent quantities are supposed to be 
equal to background values (here δ is density ratio). This method has some disadvantages from physical point of view. 
So an initialization moment, initial level of density fluctuations and initial TMZ width are not exactly determined by it. 
A choice of these values depends practically entirely on intuition and experience of the researcher. This method works 
most surely in the case of pure Raleigh-Taylor instability under constant acceleration. 
In modified model an evolution of single-mode short-wave interface perturbation with initial amplitude a0 and wave 
number k is considered. Toward this end an approximate model  
 
 a V=& , (4.2) 
 

 
3

2

1 2
2k aV Agka k Vσ ν

ρ ρ
= − − −

+
&  if 0.4ka < , (4.3) 
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dk C k ka VAgka k aV V
ka ka ka

νσ
ρ ρ

+ −
= − − ⋅ −

+ + + − + −
&  if 0.4ka ≥  (4.4) 

 
is used in which molecular viscosity ν and surface tension σ are accounted for. Here Ig U≡ − &  is an effective gravity 
(where IU  is velocity of the interface under consideration) and Сd = 1.5. 
An initialization moment of the TM calculation is determined by condition 
 

 Re Re 2500crit
aV
ν

= ≥ ≈  (4.5) 

 
where a and V are an amplitude and a growth rate of the perturbation, ν is n effective viscosity of initial mixture. Non-
zero initial values of all turbulence quantities are assigned in the layer j Ir r a− ≤  nearby interface under investigation 
and initial values are determined by a and V values. 
 
5 SIMULATIONS’ RESULTS 
 
Fig. 5.1 shows results of Meshkov cylindrical experiment [1] simulations which are analogous to those shown on Fig. 
2.1 (an initial perturbation is determined by a0 = 35 µm and k ≈ 31 cm-1). It’s seen that the model modification provides 
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for both difference solution convergence and well enough agreement with the experiment. 
Fig. 5.2 shows simulation results of experiments [5] in which mixing of water and Freon was investigated under various 
accelerations of effective gravity. An initial perturbation amplitude а0 = 1 µm was used in simulation (which is a size of 
micro-in-homogeneities being always in technically pure water) and wave-number corresponds to the quickest mode. 
Fig. 5.3 shows simulation results for Meshkov experiment with TMZ merging [1] in which TM development on two flat 
helium-air interfaces placed nearby and accelerated by flat SW was investigated. It’ seen that TMZ merging occurs in 
initial Nikiforov model visibly later than in the experiment while total TMZ width is less than in the experiment. Model 
modification gives well enough agreement with the experiment. Notice that TM calculation begins in modified model 
only after reflected SW passes through both interfaces. 
Fig. 5.4 and 5.5 show simulation results for an experiment in which TM development is caused by SW (with M = 1.45) 
passing through a flat air-SF6 interface [6] (instantaneous flow velocity was measured in this experiment by laser Dop-
pler velocimetry). It’s seen that calculated TMZ width is less by 20% than experimental while a variance of the axial 
gas mixture velocity is 3 times greater than measured one after reflected SW passing through TMZ. This discrepancy is 
probably related with following. In the experiment velocities of doped particles were measured by laser Doppler ve-
locimetry and so the axial velocity variance for doped particles was determined while Nikiforov model gives the axial 
velocity variance for gas mixture. At the same time it’s known that velocity of heavy particles moving in fast oscillating 
flow of light gas differs from gas velocity and, as consequence, axial velocity variances also differs for particles and 
bearing gas. One can get approximate evaluation for transition coefficient from gas to particle axial velocity variance 
which is 
 

 
( )

2

2
1

1
2 1

x
eff

u
k

e

′
≡ ≈

+ ωτ
, (5.1) 

 
where Q eω ≈  is turbulent velocity fluctuations’ frequency, ( ) 22 2 9P Rτ ≡ π ρ +ρ µ  is a velocity relaxation time for 
particles with radius R and density ρP, ρ and µ are density and dynamical viscosity of gas mixture. Corresponding re-
sults for soot particles (ρP = 2 g/cm3 and R = 2 µm) are shown by the Fig. 5.5. It’s seen that well enough agreement with 
data [6] is obtained now. 
 
5 SUMMARY 
 
We proposed the modification of Nikiforov model which provides for rapid convergence of model equations’ difference 
solution and the method of TM calculation initialization based upon evolution analysis of interface small short-wave 
perturbation. Simulation results for some test experiments agree well enough with experimental data. 
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Fig. 2.1. r-t diagrams of TMZ bounds in Meshkov cy-

lindrical experiment (initial Nikiforov model) 
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Fig. 5.1. r-t diagrams of TMZ bounds in Meshkov cy-

lindrical experiment (modified model) 
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Abstract: Turbulence energy dissipation rate behind difference SW is shown for Nikiforov model to be inversely pro-
portional to SW width while all other turbulence quantities do not depend practically on difference grid. In the case of 
grids detailed enough it causes almost complete suppression of turbulence behind SW. Model modification is proposed 
to eliminate this defect and to get good agreement with experiment. 
 
1 INTRODUCTION 
 
SW/turbulence interactions are interesting from both practical (flow around supersonic aircraft) and theoretical (plasma 
spread from supernova explosion) points of view. Many experimental, theoretical and numerical papers are devoted to 
investigation of this problem. Here it is considered on the base of Nikiforov model [1] which is among models with 
Reynolds stresses and accounts for effects of compressibility and density fluctuations. 
 
2 CONVERGENCE OF NIKIFOROV MODEL’S DIFFERENCE SOLUTION 
 
In a shock transition turbulent stresses are negligible in comparison with momentum flux that is turbulence has practi-
cally no effect on the average flow in the shock transition in the case of Reynolds stresses’ models. As a result the dif-
ference shock structure and, in particular, its width lSW depend only dissipation and dispersion of difference scheme and 
specific numerical viscosity in use. At that relation lSW ≈ (4÷6) ∆x holds true with good accuracy where ∆x is character-
istic size of meshes in the shock transition. 
In Nikiforov model balance equations of all turbulent quantities except of turbulence energy dissipation rate Q are linear 
in mean gas-dynamic quantities’ gradients and equation for Q is quadratic in these gradients. Turbulent quantity change 
in SW is determined by integration of its balance equation over the shock transition. As a result turbulent quantities’ 
changes in difference SW are qualitatively described with meshes refinement (∆x→0) by relationships 
 
 ( )0

1e o x∆ = ∆ , ( )0
2e o x∆ = ∆ , ( )0W o x∆ = ∆ , ( )0R o x∆ = ∆ , ( )1Q O x−∆ = ∆ . (2.1) 

 
Here e1 and e2 are mean squares’ halves of longitudinal and transversal velocity fluctuations, W is turbulent mass flux 
velocity, R is density fluctuations’ intensity. Thus in Nikiforov model dissipation rate behind SW increases monotoni-
cally in reversal proportionality to SW width while difference grid being refined. This results in considerable turbulence 
suppression behind SW as turbulence kinetic energy change being practically invariable. Thus TMZ growth rate de-
creases significantly after passing of intensive SW through the zone in the case of simulations with using of difference 
grids detailed enough. 
 
3 MODEL MODIFICATION 
 
Turbulence kinetic energy change in SW is shown by calculations to be correctly described by Nikiforov model. So to 
provide convergence of model difference solution in SW one needs a new balance equation of Q which will be linear in 
gas-dynamic gradients. It can be gotten on the base of following consideration. 
Let’s suggest that relationship 

 
( )3 23 2euQ

′
≈ =

Λ Λ
 (3.1) 

 
holds true in SW. Here e = e1 + e2 is turbulence kinetic energy, Λ is longitudinal turbulence macro-scale. Longitudinal 
macro-scale is about size of eddies which contain basic part of turbulence energy. Let’s also suggest that these eddies 
are frozen into the fluid moving through SW then one can get equation 
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 1 23 2
2

de dedQ Q QdivV
dt e dt dt

 ≈ + − 
 

r
 (3.2) 

 
by logarithmically differentiating the freezing-in condition ρΛ≈const and using (3.1). This equation describes dissipa-
tion change in SW. To determine those meshes which are in shock transition following condition is used in calculations. 
Total change of mass velocity in SW is V divV∆ ≈ −Λ

r
 and at the same time SV C−∆  where CS is local sound speed. 

On the other hand SV C∆  in weak-compressible flows and 0SV C∆ >  in rarefaction waves. Therefore condition  
 

 
3 2

SW
S S

V e divVX X
C QC
∆

= − − ≥
r

 (3.3) 

 
holds true in shock transition meshes where XSW is model parameter (XSW ≈ 0.1 on the base of calculations’ results). 
In Nikiforov model balance equations of some turbulent quantities as they are deduced from mass and momentum con-
servation there is density gradient. Nikiforov suggested that turbulent mixture moles move adiabatically in developed 
turbulence so adiabatic density “gradient” ( ){ }SA P P= ∂ρ ∂ ∇ −∇ρ ρ  is used in [1] instead of relative density gradient 
−∇ρ ρ . In this way non-physical turbulence development is suppressed in stably stratified flows. However moles’ en-
tropy is increased as they pass through SW so in modified model very relative density gradient is used in SW meshes. 
 
4 SIMULATIONS’ RESULTS 
 
Modification efficiency is illustrated by simulations of an experiment [2] in which isotropic turbulence and steady SW 
(with М ≈ 3) interaction was investigated. In simulations е1 = е2 = 0.6723 m2/s2, Q = 0.2496×104 m2/s3, W = 0, 
R = 0.5×10-8 were set before SW. They were calculated on the base of mean square of longitudinal velocity fluctuations 
and longitudinal macro-scale’ values before SW measured in [2]. 
Fig. 4.1 shows evolutions of mean square of longitudinal velocity fluctuations and turbulence anisotropy that is ratio of 
root-mean-square values of longitudinal and transversal velocity fluctuations. They were obtained in simulations with 
using of initial Nikiforov model [1]. (Sequence of difference grids 1N, 2N, 4N, 8N, 16N was used in these simulations 
in which every grid had doubled number of meshes as compared with previous one. The coarsest grid 1N had 200 
meshes and initial meshes’ size was 1.5 mm that is 2 times less than SW width in [2].) One sees that difference solution 
convergence is absent in these simulations and turbulent quantities’ evolutions differ even qualitatively from experi-
ment. Rapid turbulence degeneration behind SW shows significant overstating of dissipation rate change in SW. 
Fig. 4.2 shows results of similar simulations with using of modified model. Now both rapid convergence of difference 
solution and well enough agreement with measurements [2] are obtained. 
Fig. 4.3 shows evolution of spatial integral turbulence scale obtained on the base of modified model. It should be noted 
that temporal autocorrelation of longitudinal velocity fluctuations was measured in [2] and temporal integral scale T 
was calculated using it. Spatial integral scale L was calculated on the base of T using Taylor hypothesis xL U T= . In 
simulations estimation 1T e Q  was used for temporal scale. It’s seen that modified model provides good agreement 
of this parameter with [2] (some descreapency for X > 1 cm is explained by 2D effects). 
Fig. 4.4 shows dependence of turbulence kinetic energy amplification just behind SW on density fluctuations’ intensity 
before SW obtained using modified model. Besides of R0 non-zero values of 12W R e= ± ⋅ ⋅  were set before SW in 

these simulations. It’s seen that positive correlation xW uρ ρ′ ′=  before SW causes additional turbulence amplification 
in SW while negative one inhibits turbulence amplification (it agrees with DNS results [3]). 
 
5 SUMMARY 
 
Modification of Nikiforov model is proposed which provides rapid convergence of model difference solution. Simula-
tions’ results agree well enough with experimental data. Also this modification describes correctly influence of density 
fluctuations before SW on turbulence amplification. 
The author thanks I.V. Sapozhnikov for program realization of modified model and performing computations. 
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Abstract: Experimental results for turbulent mixing caused by the combined action of the Richtmyer-Meshkov and 
Rayleigh-Taylor instabilities following the passage of a non-stationary shock wave through an interface separating two 
gases with different densities are presented. The experiments were performed with combinations of gases having 
Atwood numbers A = 0.2 and A = 0.8. The Schlieren method was used to record the turbulent mixing in the region of 
the contact boundary. The turbulent mixing zone width was determined in the light and heavy gases at different instants 
of time. The dependence of the mixing zone size on time was determined. 
 
1. INTRODUCTION 
 
The Multifunctional Shock Tube [1,2] was used to experimentally investigate turbulent mixing caused by the successive 
action of the Richtmyer-Meshkov and Rayleigh-Taylor instabilities at the RFNC-VNIITF together with LLNL on ISTC 
Project 2716. A non-stationary shock wave was generated in the shock tube to create the conditions for development of 
both the Richtmyer-Meshkov and Rayleigh-Taylor instabilities following the shock passage through the interface 
separating different density gases. The non-stationary shock wave initiates the Richtmyer-Meshkov instability, and 
during the subsequent accelerated motion of the contact boundary, if the shock wave travels from a heavy gas into a 
lighter one, turbulent mixing caused by the Rayleigh-Taylor instability develops. Stochastic perturbations at the 
interface are a “seed” for the turbulent mixing evolution. Such perturbations (i.e., arising from the interface geometry 
and the light and heavy gases velocities) form after a shock wave passage through the interface. The dynamics of 
perturbation formation relates to the process of destruction of a separating membrane which is directly in contact with 
the light and heavy gases, and separates them before the unstable state arises. The occurrence of the initial stochastic 
perturbations of the velocity near the interface is one of the characteristics of the experiments. 

 
2. THE EXPERIMENTAL CONFIGURATION AND THE DIAGNOSTIC TECHNIQUES 
 
The physical and functional schemes of the experiments are presented in Fig. 2.1 and Fig. 2.2. The Multifunctional 
Shock Tube (MST) was assembled in different sections. The sections form a channel of a square cross-section of sizes  
yk × zk = 13.8 cm × 13.8 cm. Different one-dimensional gas dynamic flows were realized in the MST channel. 
The sections G1 and G2 were filled with a light gas of density ρ1 and a heavy gas of density ρ2, respectively. The 
sections with the working gases (WG) were filled by blowing gas in, displacing the air by the light and heavy gases. 
The composition of the resulting gas mixture was tested by the gas purity control system. The gas filling process was 
stopped when the air content in the mixture was less than 3%. 
The measuring section equipped with optical windows allowed the possibility of taking photo images of the turbulent 
mixing zone in the region of the interface and determine its size L(t) at different instants of time using the Schlieren 
method (IAB-451 device). 
To check the realized gas dynamic flow in the MST from one experiment to another, the sensors τi SW were placed in 
the G1 and G2 sections. These sensors timed the shock wave arrival τi at the given coordinate x = xτi (see Fig.2.1). 
In the plane x = xCB of the WG separating membrane section, a nitrocellulose film of thickness ∼ 1 µm was placed 
against a grid consisting of strong thin strings (the metallic string diameter was ød = 0.005 cm, and the grid cell size 
was ∆yНВ × ∆zНВ = 0.6 cm × 0.6 cm). The initial perturbation zone of size L0 formed at the plane x = xCB following 
shock wave passage. The perturbation zone formed in the course of the small-scale destruction of the nitrocellulose 
film. The maximum size of fragments from the destruction of the nitrocellulose film was  
∆yНВ × ∆zНВ (∆yНВ = ∆zНВ << yk). 
The GEM section was filled by a Gaseous Explosive Mixture (GEM) consisting of the stochiometric composition of 
hydrogen and oxygen, H2 + 0.5 O2.  
Lavsan films of thickness 50 µm were placed in the planes x = x1 and x = x2 of the GEM membrane 1 and membrane 2 
sections respectively. These films leaned against the grids made of thin metallic strings of cell size 1.2 cm × 1.2 cm and 
confined the volume occupied by the gaseous explosive mixture. The metallic grids allowed the possibility of small-
scale destruction of the lavsan films by a shock or detonation wave. This ensured the one-dimensionality of the gas 
dynamic flow near the interfaces x = x1 and x = x2. 
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Fig. 2. 1. Physical schematic of the MST experiments on turbulent mixing 
 
 
 

 
 

Fig. 2. 2. Functional schematic of the MST experiments on turbulent mixing 
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In the plane x = xi of the GEM initiation section, there were 23 copper conductors of diameter 0.01 cm, length yk = 13.8 
cm, and spacing 0.6 cm (which were isolated from metallic parts of the MST for 50 kV voltage). The rapid parallel 
electric burst of the conductors was produced by the GEM initiation unit (burst time is 0.4 µs, with an energy release of 
1.4 × 103 J). This provided the initiation of detonation in the plane x = xi. The development of the shock wave flow in 
the MST began from the moment of the electric burst of the conductors (t = 0). This moment of time was detected by 
the recorders τi SW that allowed the times τi to be determined with high accuracy. In addition, the value of the electric 
burst energy was determined in each experiment. This allowed a determination of whether the initiator operation was as 
expected. 
The initial coordinates of all of the contact boundaries (interfaces) which influence the gas dynamic flow in the MST 
and the initial dimensions of the regions occupied by the different gases in the MST channel are given in Table 2.1. 
 

x1, cm xi, cm x2, cm xCB, cm x3, cm l1, cm l2, cm l3, cm l4, cm 
18.2 19.8 98.8 203.8 566.8 363 105 80.6 18.2 

 
Table 2. 1. The initial coordinates of the contact boundaries 

 
The MST and the ambient air were connected by the GEM exhaust section, through which the detonation products 
escaped into the air. 
 
3. EXPERIMENTAL RESULTS 
 
Two series of experiments with gases of different Atwood numbers were performed (see Table 3.1). 
 

Gas characteristics under normal conditions 
G1 gas  G2 gas  Series No Atwood number 

Gas ρ1 ×10-3, g/cm3 Gas ρ2 × 10-3, g/cm3 

I  0.21 Air 1.29 Carbon dioxide 
(CO2) 

1.98 

II  0.82 Helium (Не)  0.178 Argon (Ar) 1.78 
 

Table 3. 1. The gas parameters in the experiments 
 
The geometry of the experiments described above was the same for all of the experiments. The initial pressure and 
temperature of the gases and the mixtures placed in the MST channel were equilibrated to the pressure and temperature 
of the ambient air (P = 0.97 atm, T = 2930 K). 
The one-dimensional codes ERA, VOLNA and MAHAON [3–5] were used to simulate the shock wave flow evolution 
following the GEM detonation. To calibrate the codes and confirm the simulation results, the shock wave hodographs in 
the G1 and G2 sections were measured by the τi SW sensors. Figures 3.1–3.4 show the x-t diagrams of the shock wave in 
the MST channel and the time dependences of the velocity of the working gases contact boundary UCB(t) for the series I 
and II experiments. The turbulent mixing near the contact boundary was recorded from the moment of arrival of the 
first shock wave at the contact boundary (t = τ1) to the moment of arrival of the reflected shock wave from the plane x = 
x3 at this boundary (t = τ2). 
As mentioned above, the visualization of the turbulent mixing near the working gas contact boundary was accomplished 
using the Schlieren method. Characteristic photographic images of the turbulent mixing regions are presented in Fig. 3.5 
for series I and in Fig. 3.8 for series II. The following peculiarities of the flows are noteworthy. The following are 
observed for small displacements of the contact boundary (∆xCB < 60 cm): 

• turbulent mixing zone (5); 
• fronts (1) and (2) of the mixing in the light gas and the heavy gas, respectively; 
• scaled reference lines (4); 
• layer (6) consisting of fragments of the destroyed nitrocellulose film which gradually expands and leaves the    
turbulent mixing zone behind; 
• interference wave field (7), which arose at the initial instant of time when the shock wave passed through the 
metallic grid at the contact boundary (it formed as a result of the addition of numerous waves reflected from the 
metallic strings of the grid; the amplitude of these waves and their decay factor depend on the string diameter). 
The following are observed for intermediate displacements of the contact boundary (60 cm < ∆xCB < 110 cm): 
• fronts (1) and (2) of the mixing in the light gas and the heavy gas, respectively; 
• wall flow (3) (the development of this flow near the walls is associated with a “friction” of the mixing zone as it 
moves along the MST channel, and its development with time made visualization of the mixing front in the heavy 
gas difficult). 
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Fig. 3. 1.  x-t diagram of the shock wave flow in the MST channel for series I experiments 
 
 
 
 

 
 

Fig. 3.2.  Time-dependence of the contact boundary velocity UCB(t) for series I experiments 
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Fig. 3.3.  x-t diagram of the shock wave flow in the MST channel for series II experiments 
 
 
 
 

 
 

Fig. 3.4.  Time-dependence of the contact boundary velocity UCB(t) for series II experiments 
 

 
For large displacements of the contact boundary (∆xCB > 110 cm), either the mixing front of the light gas in the heavy 
one or the mixing front of the heavy gas in the light one was recorded, as for such large displacements the size of the 
mixing zone exceeds that of the optical window through which the recording occurs. 
The mean values of x21(t)-coordinate of the mixing front in the light gas and x12(t)-coordinate of the mixing front in the 
heavy gas were determined by the photographic images. The mean size of the turbulent mixing zone L was determined 
as L(t) = x21(t) - x12(t). Averaging was performed over 16 experiments for each instant of time. The mixing front 
coordinates were determined by zero concentrations of the heavy gas and the light gas, respectively. Neither the layer of 
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the destroyed nitrocellulose film nor the wall flow hampered the determination of the position of the mixing front in the 
light gas. However, the determination of the position of the mixing front in the heavy gas was difficult beyond a certain 
time due to the wall flow. 
The obtained time dependences of the averaged values x21(t), x12(t), and L(t) for the two series of experiments are 
presented in Figs. 3.6, 3.7 and in Figs. 3.9, 3.10. The calculated trajectory of the contact boundary xCB(t) (solid line) and 
the experimentally measured time τ1 of the shock wave arrival at the contact boundary are presented in the same 
figures. 
All of the experiments were performed using the following parameters of the working gas separating membrane: 
- Nitrocellulose film thickness ∆lf = 1 µm; 
- Grid cell size ∆yНВ = ∆zНВ = 0.6 cm; 
- Metallic string diameter 0.005 cm. 

 
 

 
 
Fig. 3.5.  Characteristic photographic images of the turbulent mixing regions in the series I experiments (CO2 – air:  
1- mixing front in the light gas; 2- mixing front in the heavy gas; 3- wall flow; 4- scaled reference lines; 5- turbulent 
mixing zone; 6- nitrocellulose film fragments; 7- wave field) 

 
 

 
 

Fig. 3.6.  Time-dependence of the mean values the mixing front coordinates x1.2 and x2.1, and the calculated coordinate 
of the contact boundary xCB for series I experiments 
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Fig. 3.7.  Time-dependence of the mean value of the turbulent mixing zone L(t) for series I experiments 
 
 

All of these parameters influence the formation of the initial stochastic perturbation zone caused by the shock wave 
passage through the working gas interface. In fact, the pressure drop required to destroy the nitrocellulose film depends 
on its thickness, the maximum size of fragments of the nitrocellulose film depends on the grid cell size, and the 
amplitude and decay factor of the interference wave field depend on the metallic string diameter. 
Special experiments were performed to clarify the influence of the working gas separating membrane parameters on the 
measured widths L(t). The working gas separating membrane parameters were varied within the ranges 1 µm ≤ ∆lf ≤ 4 
µm, 0.3 cm ≤ ∆yНВ ≤2.4 cm, and 0.001 cm ≤ ød ≤ 0.12 cm. These experiments showed that the turbulent mixing zone 
size increased with increasing ∆lf, ∆yНВ, and ød. This is clearly associated with the increase of the initial scale of the 
stochastic non-uniformities and both the velocity and pressure fluctuations (initial perturbations) near the interface. In 
these experiments, the mean size of the turbulent mixing zone increased by 2σ (σ is the mean-square deviation) for the 
following parameters of the working gas separating membrane: ∆lf

* ≈ 3 µm; ∆yНВ* ≈ 1.2 cm, and; ød* ≈ 0.08 cm. This 
result showed that the chosen parameters of the working gas separating membrane ensured acceptable small-scale initial 
stochastic perturbations near the interface in the series I and II experiments. 
 
 

 
 

Fig. 3.8.  Characteristic photographic images of the turbulent mixing regions in the series II experiments (Ar – He:  
1- mixing front in the light gas; 2- mixing front in the heavy gas; 3- wall flow; 4- scaled reference lines; 5- turbulent 
mixing zone; 6- nitrocellulose film fragments; 7- wave field) 
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Fig. 3.9.  Time-dependence of the mean values the mixing front coordinates x1.2 and x2.1, and the calculated coordinate 
of the contact boundary xCB for series II experiments 

 
 
 

 

 
 

Fig. 3.10.  Time-dependence of the mean value of the turbulent mixing zone L(t) for series II experiments 
 
 
 
4. CONCLUSION 
 
The first experimental investigation into the turbulent mixing evolution caused by non-stationary shock wave passage 
through an interface separating two different density gases has been carried out using the Multifunctional Shock Tube. 
The decaying shock wave accelerated the interface, thereby creating conditions for the development of both the 
Richtmyer-Meshkov and Rayleigh-Taylor instabilities. The experiments were performed using two pairs of gases with 
Atwood numbers A = 0.2 and A = 0.8. Initial small-scale stochastic perturbations were present at the interface 
separating the gases. The time-dependence of the mean values of the turbulent mixing zone size were measured. 
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Abstract: Compressibility effects of the Rayleigh-Taylor instability are investigated. The linear eigenvalue
problem is solved numerically with a self-adaptive multidomain highly accurate Chebyshev method. Quan-
titative results are obtained for a wide range of parameter values. Two types of “compressibilities”, static
and dynamic, have been distinguished. The effect of transport coefficients is also studied. These findings are
confirmed by nonlinear numerical simulations with the full Navier-Stokes equations.

1 INTRODUCTION

Although the Rayleigh-Taylor instability (RTI) has been the object of numerous studies for decades, compress-
ibility effects in RTI are still an open problem. One has to distinguish two types of “compressibilities”. The first
one, called “static compressibility” is due to the variable density of the fluid. In an acceleration field, it results
a stratification quantified by the density gradient length scales, LρH,L = |d ln ρH,L/dz|

−1
, of the heavy and light

fluid, respectively. The second one, called “dynamic compressibility” is essentially an effect of the equation
of state. For a perfect gas equation of state, this effect is governed by the adiabatic index γ. In previous
works, these two compressibility effects were not clearly identified. This leads to some misunderstanding [1,2].
Actually there are several “compressible Rayleigh-Taylor instabilities”, depending on the thermodynamical
hypotheses made on the equilibrium state and the perturbations. Notations and details on the modeling are
recalled in Ref. [3].

There are several cases where the problem can be solved analytically. Mathews and Blumenthal [4], Baker [5]
and Ribeyre et al. [6] solved the configuration where both the basic state and the perturbations are isothermal.
Bernstein and Book [7] solved the stability problem for perfect fluids for an isothermal basic state and isentropic
perturbations. Recently Livescu [8] solved this configuration with surface tension. Lezzi and Prospereti [9]
solved the case of isentropic basic state.

2 PHYSICAL MODEL AND GOVERNING EQUATIONS

We use the Navier-Stokes equations that are made dimensionless with the following four reference quan-

tities (i) length: Ly (the horizontal length of the box), (ii) time: (Ly/g)1/2 (g is the acceleration), (iii)
mass: (ρH(0+) + ρL(0−)) /2 L3

y, (where the densities are taken on each side of the interface) (iv) tempera-

ture: Tr = T , the uniform temperature. The reference of pressure is given by the equation of state. The full
Navier-Stokes writes [10]:

∂tρ + ∂j(ρ uj) = 0, (2.1a)

∂tui + uj∂jui = −
1

Sr ρ
∂ip +

1

Re ρ
∂jσij − δi2, (2.1b)

∂tT + uj∂jT =
γr − 1

ρ Cv
p ∂juj −

γr − 1

ρ Cv

Sr

Re
σijDij +

T

ρ Cv

dcCv

Re Sc
∂2

jjc +
γr

Re Pr ρ Cv
∂2

jjT, (2.1c)

∂tc + uj ∂jc =
1

Re Sc
∂2

jjc, (2.1d)

The total density profile is built with the regularized Heaviside functions H±(z) = (1 ± erf(z/δ))/2, where the
parameter δ represents the width of the initial pseudo-interface thickness. It writes

ρ(z) = ρH(z) + ρL(z)

= (1 + At) exp(A−z)H+(z) + (1 − At) exp(A+z)H−(z), (2.2)
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where A± = −Sr/(1 ± At). The concentration profile is

c(z) = (1 + At) exp(A−z)H+(z)/ρ(z). (2.3)

Pressure is calculated from Eq. (2.1b) as p(z) = −Sr
∫

ρ(z) dz, one obtains

p(z) = pb + (1 − A2
t )

[
exp(A−z)H+(z) + exp(A+z)H−(z)

−
1

2
exp

(
A2

− δ2/4
)
erf

(
z

δ
−

A− δ

2

)
+

1

2
exp

(
A2

+ δ2/4
)
erf

(
z

δ
−

A+ δ

2

)]
. (2.4)

The integration constant pb is adjusted in such a way that T (zb) = 1. The temperature is then recalculated
from these quantities.

3 THE NUMERICAL METHOD

A stability code analysis, based on the normal mode method and called SPECLMD, has been developed to
study the stability of the equilibrium profile given by Eqs. (2.2)–(2.4). In this approach, dependent variables

are supposed to behave as ϕ(y, z, t) = ϕ(z) + ϕ̂(z) eik y eσ t, where ϕ = (ρ, ui, T, c)
T
. The quantities ϕ and ϕ̂

denote the equilibrium state and the corresponding perturbation, respectively. The real wave number is k and
the complex growth rate is σ. With solutions of the previous form, the initial boundary value problem of the
linearized Navier-Stokes equations (2.1) reduces to the generalized linear eigenvalue problem

A ϕ̂ = σ B ϕ̂. (3.1)

The matrices A and B are 5 × 5 block matrices for two-dimensional geometry. They depend on the steady
state defined by Eqs. (2.2)–(2.4) and on the first and second derivative operators, Dz and D2

z . Boundary
and continuity conditions are enforced with the penalty method. The numerical method used a self-adaptive
pseudo-spectral algorithm [11–13]. The eigenvalue problem (3) is usually solved with a global LZ method
available through the IMSL library that provides both the eigenvalues and the eigenvectors. The whole method
has been validated on various perfect fluid configurations for which exact solutions are known [4]. In particular
a configuration where the Atwood number At is equal to 0.99 (the density ratio is then equal to 199) has
been computed accurately. The numerical values of the dimensionless coefficients have been chosen in such
a way that the flow is both quasi-inviscid and quasi-isothermal. The eigenvalue σ obviously depends on the
numerical width δ of the density gradient and we have carried out several calculations versus this parameter.
It turns out that the eigenvalue σ depends linearly on the thickness δ and extrapolation at δ = 0 gives the
value σ(δ = 0), which when compared with the exact value, leads to an accuracy of 0.7 10−4. This calculation
has been carried out with 16 subdomains with 50 Chebyshev collocation points. This result has been obtained
with a 32 significant-digit floating-point representation [13, 14].

4 LINEAR STABILITY RESULTS

A systematic parameter study has been conducted in order to understand the various effects that play a role
in the compressible Rayleigh-Taylor instability. In the following, the stratification of the initial equilibrium
profile, through the parameter Sr, the compressibility, through the γ-indices, the confinement of the fluid layer
(Lz) and the effects of the transport coefficients through the Reynolds (Re), Schmidt (Sc) and the Prandtl
(Pr) numbers are investigated. The effect of stratification is first studied. Results of the linear stability
analysis are represented in Fig. 4.1 for stratification parameter values Sr ranging from 0.05 to 8. The density
gradient length scales LρH,L = (1 ± At)/Sr are given in Table 4.1. For small values of the stratification, only
very small wave numbers are close to density gradient length scales. Consequently the dispersion curve is not
affected by the stratification. On the contrary, for values of Sr close to 1, the length scale of the heavy fluid
becomes comparable to the horizontal size of the box. As a result, influence of the stratification becomes more
pronounced. The dispersion curves are approximately symmetric with respect to the maximum, so that large
and small scales are affected by stratification in a symmetrical way. Consequently the wave number of the most
unstable mode does not vary much with the stratification.
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Fig. 4.1. Dispersion curves for various values of the stratification parameter Sr.

Sr LρH LρL

0.05 0.250 102 0.150 102

0.50 0.250 101 0.150 101

1.00 0.125 101 0.750
2.00 0.625 101 0.375
4.00 0.312 0.187
8.00 0.156 0.937 10−1

Table 4.1. Density gradient length scales of the heavy and light fluid versus the stratification parameter Sr.
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Fig. 4.2. Dispersion curve for various values of the adiabatic index γ = γH = γL (left) with At = 0.25, Sr = 1, Re = 400

and Pr = Sc = 0.7; Dispersion curve for different adiabatic indices γH 6= γL (right).

The results for the compressibility through the γ-indices are reported in Figs. 4.2. On the left part of this
figure, the γ’s of both fluids are equal. In that case, we observe that compressibility destabilizes the Rayleigh-
Taylor flow. However the overall effect is small since the growth rate varies of 20% for γ values ranging from
1.0001 to 1000. In other words, the instability is not strongly affected as long as both fluids have the same
compressibilities. A different result is obtained when compressibilities of the two fluids are not equal (see
Fig. 4.2 (right)). In these cases, a heavy incompressible fluid (large γH) over a compressible light fluid (small
γL) is more unstable than the standard configuration. In the same way a heavy compressible fluid (small γH)
over an incompressible (large γL) light fluid is more stable than the standard configuration.

The influence of the confinement is given in Fig. 4.3 where dispersion curves for box sizes are ranging from
5 to 0.156. Wave numbers of the perturbation that are of the order of the wave numbers associated with the
vertical thicknesses of the heavy and light fluids are affected (see Table 4.2). As a result, large scales are first
stabilized as the size of the box is decreasing. Dispersion curves are non-symmetric with respect to the wave
number of the most unstable mode. For very small aspect ratios, large scales are weakly unstable and the wave
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Lz 2 π/Lz H 2 π/Lz L

Lz 5.000 0.228 101 0.279 101

Lz/2 2.500 0.457 101 0.558 101

Lz/4 1.250 0.914 101 0.112 102

Lz/8 0.625 0.183 102 0.223 102

Lz/16 0.312 0.366 102 0.446 102

Lz/32 0.156 0.731 102 0.894 102

Table 4.2. Wave numbers associated with the vertical thicknesses of the heavy and light fluids, respectively.

numbers of the most unstable mode and the cutoff are shifted to the small scales.
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Fig. 4.3. Dispersion curve for various values of the aspect ratio with At = 0.25, Sr = 1, Re = 400, Sc = Pr = 0.7 and

γH = γL = 1.4.

Influence of the transport coefficient has also been investigated. Results are reported in Figs. 4.4 and 4.5.
The influence of transport coefficients are roughly the same: the cutoff wave number strongly depends on the
dimensionless transport coefficients Re, Sc and Pr numbers. At large scales, the growth rate follows the law
of the corresponding compressible perfect fluid.
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Fig. 4.4. Dispersion curve for various values of the Reynolds number

5 NONLINEAR NUMERICAL SIMULATIONS

The results obtained within the linear regime are checked with respect to those obtained in the nonlinear regime
where numerical simulations of the complete Navier-Stokes have been used. Only few results are presented here.
Fig. 5.6 displays single-mode simulations for four different values of the stratification parameter Sr. Inhibition
of the instability by the stratification is obvious in these concentration fields. Fig. 5.7 shows concentration and
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Fig. 4.5. Dispersion curve for various values of the Schmidt number Sc (left) with At = 0.25, Sr = 1, Re = 400, Pr = 0.7

& γH = γL = 1.4; Dispersion curve for various values of the Prandtl number Pr.

Fig. 5.6. Influence of the stratification: Concentration field at t = 10. Four values of the stratification parameter

Sr = 0.005, Sr = 0.05, Sr = 0.5 and Sr = 1.

density fields for four different compressibilities. For the (γH = 5, γL = 5/3) and (γH = 5/3, γL = 5) cases
the nonlinear behavior agree with the linear stability results, i.e., the more the heavy fluid is incompressible,
with respect to the light one, the more the configuration is unstable. However for the (γH = 5/3, γL = 5/3)
and (γH = 5, γL = 5) configurations, the result is different. In a first step, the linear behavior is confirmed by
the simulation of the full Navier-Stokes equations, i.e., the compressible configuration grows faster than the
incompressible configuration. However in the nonlinear regime, the incompressible configuration grows faster
than the compressible configuration (see Fig. 5.7 second and third concentration and density fields).

6 SUMMARY

The linear Rayleigh-Taylor problem for two compressible fluids has been solved for a wide range of parameter
values. A self-adaptive Chebyshev method allows us to obtain accurate and reliable results. The effects of
stratification on the one hand and compressibility, due to the equation of state, on the other hand, have been
clearly distinguished. Nonlinear numerical simulations with the complete Navier-Stokes equations confirm these
trends.
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Fig. 5.7. Influence of the compressibilities: concentration fields with At = 0.25, Sr = 0.05 for four different compress-

ibilities: (γH = 5, γL = 5/3), (γH = 5/3, γL = 5/3), (γH = 5, γL = 5), (γH = 5/3, γL = 5) (left); density fields

(right).
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Abstract: In this poster, we present the 2SFK model, already introduced in Pasadena [Llor & Bailly, 2001]
and also in Cambridge [Llor, Bailly & Poujade, 2004]. 2SFK is a statistical RANS model aimed at simulat-
ing developed turbulent mixing due to gravitational and shearing instabilities at the interface of two fluids
(Rayleigh-Taylor, Richtmyer-Meshkov and Kelvin-Helmholtz). The basic idea behind the 2SFK concept, which
stands for 2 Structures, 2 Fluids and 2 turbulent fields (K-ε), is that the dynamic evolution of the mixing
zone is driven by usual buoyancy-drag balance acting on the large turbulent eddies which form the structures:
bubbles on one side and spikes on the other side. The first part of this poster summarizes the main ideas
and the methodology to build up a coherent set of equations (least action principle and an extension of the
thermodynamics of irreversible processes to statistical models). The model is adjusted by two constants (Cd:
drag, Cs: sifting diffusion). The second part deals with the calibration of these constants. It is performed in
two steps: (i) a 0D analysis (in which all fields in the equations are replaced by “simple” and “reasonable”
guess) gives a coarse estimate of the search area in the (Cd, Cs) space, and (ii), by refined scanning within the
delimited area where the outcomes of 1D numerical simulations of the 2SFK model (growth rates for spikes and
bubbles in the mixing zone as given by a code) are compared to expected experimental results (LEM results).
The best fit gives the model constants Cd and Cs. The last part is devoted to the results of the model for the
single set of constants that passes the previous tests. We compare growth rate of bubbles and spikes given by
2SFK with LEM results at Atwood numbers ranging from 0.1 to 0.9 [Dimonte, 2000]. We also compare the
ratio of the bubble length with the size of large eddies on the bubble side Lb/〈λ〉 [D. Oron et al., 2001]. Various
profiles (volume fraction, kinetic turbulent energy, eddies length scale ...) within the mixing zone highlight the
advantages of the 2SFK model.

1 THE 2SFK MODEL

The 2SFK model is a RANS (Reynolds Averaged Navier Stokes) model. It describes the evolution of a turbulent
mixing layer between two fluids (heavy and light). This mixing layer may have been triggered by 3 types of
instability: Rayleigh-Taylor, Richtmyer-Meshkov or Kelvin-Helmholtz, for which it is crucial to capture the
following:

• the directed transport by a two fluid approach,

• the natural buoyancy force (in opposition to artificial terms that need to be added in a one fluid approach),

• the turbulence diffusion by including the k-ε features,

• the mixing rate and exchange of fluids between structures,

• the geometrical aspect of the turbulent structures.

We will label the fluids by the roman letter m where m ∈ {1, 2} for light (1) and heavy (2) fluid. At the
initial time, before any instability creates the mixing zone, the turbulent structure − is merged with the fluid 1
and structure + with fluid 2. When any of the 3 instabilities described above starts, the turbulent structures do
not have any reason to evolve in the same way the fluids do. But fluids exchange at the border of the turbulent
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structures (cf. figure 3.5). This effect is taken care of by the so called exchange term Ψ in the following set of
equations:

D±

t

(

α±ρ±
)

= ∓Ψ (1.1)

D±

t

(

α±ρ± C±

m

)

= ∓Ψm + Φm±

j,j
(1.2)

D±

t

(

α±ρ± H±
)

= −α± P, i ∓ R±

ij,j
∓ (Ψi + Di) (1.3)

D±

t

(

α±ρ± E±
)

= +α±ρ±ε± ∓ ΨE + ΦE±

j,j
(1.4)

D±

t

(

α±ρ± k±
)

= Π± − α±ρ±ε± ∓ Ψk + Φk±

j,j
(1.5)

D±

t

(

α±ρ± ε±
)

= Cε1

ε±

k±
Π± − Cε2

ε±

k±
α±ρ±ε± ∓ Ψε + Φε±

j,j
(1.6)

There are two k-ε fields, one for each type of turbulent structure ±. Each of these fields are evolved using
the standard k-ε equations of Launder & Spalding. The exchange of the generic physical value A between
structures is a first order closure of the type α+ρ+A+ − α−ρ−A−. The associated exchange rate depends on
the turbulent physical values k± and ε±. In addition to the standard k-ε constants hidden in the closure of
flux terms there are three adjustable constants. The one called Cεc , which is common to all exchange terms, is
fixed by asymptotic assumptions. There are experimental constraints and physical requirement (positivity of
turbulent production Π±) that fixes the value. The two other adjustable constants, called Cd (for drag) and
Cs (for sifting), act on the drag term (Ψi + Di) in the momentum equation and on diffusion fluxes ΦA±

j,j
.

2 CALIBRATION OF THE MODEL CONSTANTS

We have compared the 2SFK model results to the LEM experiment results for Rayleigh-Taylor and Richtmyer-
Meshkov. In order to find the correct values of Cd and Cs that allow the model to be in agreement with
experimental results we have proceeded in two steps:

• first: at low Atwood numbers, the 2SFK model has been reduced to a set of ODEs with the help of a
“0D” projection. This simplified system depends on Cd and Cs and evolves bulk physical values like
“bubble length” and “spike length”. Given the experimental bubble growth rate from LEM experiments,
we find a region of potential calibration in the (Cd, Cs) plane.

• second: we search more precisely within this narrow region using the full set of PDEs (1D code Lagrange,
remap). A region of acceptable values can be drawn on a (Cd, Cs) plane for RT and RM experiments.
The model is said to be valid if these two regions intercept and the correct value of Cd and Cs must be
taken from there.

The final set of constants comes from the restitution of bubble and spike growth rates of LEM experiments
(RT and RM) within 15% for Atwood numbers from 0.0 to 0.9.

3 RESULTS FOR THE RAYLEIGH-TAYLOR INSTABILITY

The results of several 1D simulations at Atwood numbers 0.2 to 0.9 is now presented for the RTI. The bubble
(αb) and spike (αs) coefficients, cf. figure 3.1, are in good agreements with LEM results [3]. The ratio of bubble
length to the turbulence length scale, cf. figure 3, is nearly constant around 1.5 value as expected from [4].
At last, we show instantaneous profiles for the volumic fraction of fluid and structure at Atwood numbers 0.2
(cf. figure 3.3) and 0.9 (cf. figure 3.4). The fluid profiles are in agreement with known results : linear at low
Atwood numbers.
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Fig. 3.1. Bubble and spike growing coefficient versus Atwood number in comparison with LEM results

Fig. 3.2. Bubble size over turbulence length scale versus Atwood number
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Fig. 3.3. Profiles of volumic fraction of fluid (left) and structure (right) @ At=0.2

Fig. 3.4. Profiles of volumic fraction of fluid (left) and structure (right) @ At=0.9

Fig. 3.5. The structure concept
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Abstract: In this document we analyse the effective performance of WENO [1] schemes of order 3, 5, 7, 9, 11, and we 
present an extension to multi-species simulations. This analysis is performed through numerical experiments on: asymp-
totic linear analysis of the effective modified wave number, mono and multi-species elementary test cases (Sod, RT, 
flame), an adaptation of Pasadena’s test case #2 in 2D. 
 
1 INTRODUCTION 
 
Due to its simplicity, Monotone Integrated Large Eddy Simulation (MILES) has become a standard way of LES. This 
form of LES is intended to capture the correct flow energy up to some scale in the inertial range and then dissipate it at 
a non linear rate depending on the numerical dissipation of the scheme. Very long time simulations should then use 
highly accurate schemes in conjunction with fine enough grids to ensure that results are not polluted by the numerics. 
From our experience on Kelvin-Helmholtz instabilities [2], WENO schemes are good candidates for MILES but, in 
their initial form, they still suffer from a relatively poor resolution of contact discontinuities (with smearing for larger 
time), and may not always preserve monotonicity. Recent work of [3] and [4] allowed to fix these two key points, lead-
ing to a nearly optimal numerical scheme. Here, we present numerical experiments with schemes of order 3, 5, 7, 9, 11. 
 
2 WENO BASICS 
 
The WENO idea consists in approximating a spatial derivative in a conservative form with the highest possible order 
for an imposed stencil size. One is then looking for an interfacial value knowing mean values of a discrete function on a 
given stencil. This is done by using a convex combination of all interpolated values obtained at order k on different 
stencils around the point of interest to get a final order of 2k-1. A complete description of WENO schemes is included 
in the review article [1]. Inside WENO class of methods, two principal approaches can be distinguished: upwinding in 
which the eigensystem is extensively used, and centered scheme family , in which the eigensystem is ignored. The latter 
form is straightforward even for complex sets of equations while the former is more accurate but needs more CPU time. 
In this study, we restrict ourselves to the classical direct and characteristic finite differences schemes with Lax-
Friedrichs flux splitting for upwinding. 
 
3 LINEAR ANALYSIS 
 
The linear analysis of WENO schemes is based on the modified wave number (MWN) concept [2]. It gives an idea of 
the resolving efficiency of the scheme in 1D and of the anisotropic directional damping in 2D. In 1D, we examine the 
response of the derivation operator to a single frequency. Since the scheme is really non linear, other frequencies may 
appear, but with smaller amplitude and not considered here. A single mode jkx

kk eFxF ˆ)( =  is derived numerically on 

an uniform mesh of size N with periodic boundary conditions to get �
−=

==
2/

2/

'' )(ˆ)(
N

Nn

jnx
kkk enFxFxF δδ . Then, we 

impose jkx
kkk eFjkxF ˆ)( '' = , where )()( ''' kkkkk NLLk +=  is the modified wave number, and 

kkL FkFjkk ˆ)(ˆ)( '' −=  is the linear MWN ( xkw L∆= ''  is the scaled linear MWN, independent of the grid mesh). 

The phase error, )( '
kkℜ , and the amplification factor, )( '

kkℑ  (negative for stability), are plotted on Fig. 1. One can 
note that the 11th order (k=6) scheme shows a possible unstable behaviour and the smoothness indicator of WENO 
schemes are in default for sub-multiples of π=w . The damping of higher frequencies is the main source of numerical 
errors. For the 9th order scheme (k=5), about 1/3 of the full wavenumber range is accurately captured. The 2D analysis, 
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not shown here, reveals large directional errors, mainly in the diagonal direction, which may cause difficulties to handle 
cylindrical/spherical geometries on Cartesian grids. 
 
4 NON REACTIVE EULER SIMULATIONS 
 
The single species Sod (1D) and monomode Raleigh-Taylor (2D) test cases confirmed that going to higher order 
schemes provides sharper profiles for the contact discontinuity without any artificial technique (ACM, anti-diffusive 
…). Furthermore, results from the characteristic reconstruction are more accurate. A 2D multi-mode Rayleigh-Taylor 
case, inspired from IWPCTM8 test case #2 for a mono-species configuration at Atwood number 0.5, demonstrates the 
ability of the WENO procedure to capture the development of instabilities even at very low spatial resolution which is 
crucial for LES simulations, cf. Fig. 2. 
 
When one goes to multi-species Euler simulations, two main difficulties arise. The first one is the mass fraction positi-
vity problem (which has been fixed by Larrouturou [5]). The second one is the emergence of pressure oscillations at 
contact discontinuities when γ  is not constant (at our knowledge this problem is still open in the conservative case). 
We do not focus on this second point, expecting small effects on our results. Larrouturou's idea is to use a flux for the 
species directly linked to the full mass flux so that the mass fraction ( ) iii YY ρρ=  is coherent and remains bounded 

under some time step condition. The application to the WENO formalism leads to the evaluation of 2/1+iY  at the same 

order as the hydro scheme and, most of all, we have to insure that 1
1

2/1 =�
=

+

Nsp

j

j
iY . This last condition is fulfilled by 

choosing the same non-linear WENO weights for all species. Furthermore, we apply some limitation on the interpolated 
value 2/1+iY  to avoid the generation of new extrema. This method can be applied to the direct procedure or to the char-
acteristic one where we may assume either a full characteristic decomposition (CPU time consuming when dealing with 
a large number of species) or an approximate characteristic projection based on the mono-species case (may introduce 
large errors when variable thermodynamic coefficients are taken into account). The 1D bi-species Sod case shows only 
little difference on Y between those methods. A 2D bi-species Rayleigh-Taylor problem (O2/N2 mixture with same 

4.1=γ ) reveals that the characteristic WENO is much more accurate than the direct reconstruction procedure and that 
the full or approximate characteristic methods are in good agreement due to the fixed value of 4.1=γ , cf. Fig. 4. 
 
5 REACTIVE EULER SIMULATIONS 
 
We test now the ability of WENO schemes to handle complex physics (variable thermodynamic properties and large 
number of species). Here the two main difficulties arise from stiff source terms and the great number of species for de-
tailed chemistry. For all our reactive simulations we consider the Air/H2 combustion with the detailed chemical model 
of Dagaut, involving 9 species H, H2, O, O2 OH, H2O, HO2, H2O2, N2 and 34 elementary reactions (17 reversible). Ni-
trogen serves as a third-body in 8 elementary reactions. We use the JANAF database for all species thermodynamic 
properties (Cp are polynomial functions of temperature). The results of a typical laminar 1D premixed flame, not shown 
here, reveal that: the direct reconstruction is unstable unless Larrouturou's fluxes are used for the species, and that the 
delay of ignition may be slightly different, depending on the order of the scheme (i.e. numerical viscosity). A 2D cylin-
drical laminar flame with periodic boundary conditions shows that directional diffusion strongly affect the topology of 
the flame unless the highest 9th order scheme is used in conjunction with Larrouturou’s fluxes for species in full charac-
teristic reconstruction, cf. Fig. 3. 
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FIGURES 
 

 

 

Fig. 1. Linear effective modified wave number for various order of the WENO procedure 
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Fig. 2. Same iso-level of density for the k=5 WENO-characteristic scheme at various spatial resolutions 

 

   
Fig. 3. Iso-levels of temperature (300 to 2500K) for the cylindrical flame 
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Fig. 4. Effect of resolution, order and reconstruction for the WENO procedure 
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Abstract: The turbulent mixing of stratified fluids is of concern in many fields. This paper presents the
results of both numerical and experimental investigations of mixing processes in an environment where stable
and unstable interfaces are interleaved. The simplest example is a three-layer problem, with an stable interface
lying beneath a Rayleigh-Taylor unstable one. Direct visualisation of the mixed fluid is achieved using LIF
techniques on a chemically reactive fluorescent dye. On the numerical side, recent developments enable us
to capture with some validity the physics of mixing generated by the unstable layer. In the Rayleigh-Taylor
context, the ILES approach is of interest because of its computational efficiency. ILES simulations are shown
in this paper to have good quantitative agreement of mixing behaviour with complementary experiments.

1 INTRODUCTION

The driving instability in the present study has been a focus for scientific curiosity since Rayleigh [13] when
the problem of dense fluid above less dense fluid in a gravitational field was first considered. Such instability
is observed in a variety of fluids with applications ranging from geophysical and astrophysical to industrial
fluid systems. Understanding the suppression of turbulent mixing by stable density stratification also has im-
plications for geophysical systems and potential industrial application, and the interleaved heavy-light-heavy
problem configuration of [6] considered here is an appropriate case study, since turbulence generated by the
development of the unstable interface induces mixing across the stable interface. The ability of modern numer-
ical techniques to capture the flows with such varied mixing characteristics is not yet confirmed, and this is a
focus of current investigation.

1.1 Computational Approach

Despite the approximately exponential growth in computing power over time, numerical simulation of Rayleigh-
Taylor instability remains a challenging problem. An approach called Implicit Large Eddy Simulation (ILES)
is used in this paper, with the code of [1]. Historically, the approach originated from the surprisingly successful
application of modern numerical methods for compressible gas dynamics to problems involving intense mixing.
Total Variation Diminishing (TVD) methods (eg. [9]) were developed as a (non-linear) means of controlling
truncation error terms in numerical algorithms. Dispersive error (odd order truncation error terms) manifests
itself as spurious oscillations around discontinuities and high gradients. Such errors could be eliminated by
using a numerical scheme which interpolates, using some empirically derived function, between low and high
order. Increased diffusive error (even order truncation error terms), although undesirable in regions of high
gradient, is accepted as a consequence, since it has a physical analogue.

The physical relevance of diffusion associated with high gradients motivated the change in application from
wave-dominated to highly turbulent flows. It is well known that high gradients are smoothed by viscous effects
in a real flow, and the observation that TVD methods also smoothed gradients led to the birth of ILES.
Without explicitly applying viscous terms, real flows could be simulated with plausible results (eg. [3, 12, 15]).
Effectively, the numerical error replaces a conventional ‘eddy-viscosity’ sub-grid scale model, and performs a
similar function. However, a better understanding of the numerical analysis of ILES for mixing problems is
only now being developed (see [11]).

1.2 Experimental Method

While in a broad range of fields much experimental work has focussed on the physics of mixing, obtaining direct
visualisation of the mixing process is much less common. Light/Laser-Induced Fluorescence (LIF) techniques
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have been used in the past for this purpose in miscible liquid shear flows, eg. [7], and more recently also a
hybrid fluorescence/phosphorescence technique in gaseous shear flows (see [4]), but in Rayleigh-Taylor driven
mixing there seem not to be comparable experiments. Experiments using pH indicators in the Rayleigh-Taylor
context to mark mixed fluid have been performed before (see [10]); the present work extends this concept by
using a fluorescent pH indicator, hence permitting detailed LIF visualisation of the actual mixing within the
‘mixing region’ and furthering understanding of its structure.

The experiments in the current study were conducted using developments of apparatus and techniques which
have been applied previously by [2], [3] and [6]. The principal feature of the experimental rig is a horizontal
barrier to provide initial separation of fluids across an unstable interface. Using a technique devised by [8], the
barrier can be removed from the tank without applying the resulting shear to the fluid. The fluorescent dye

 400 mm

 500 mm

 200 mm

Fig. 1.1. Sketch of experimental apparatus. The hollow stainless steel barrier is shown as dark grey and the nylon

fabric as light grey.

used in these experiments is 2,3,5,6-dibenzo pyridine, which absorbs light in the ultraviolet wavelength range,
but its emission wavelength is pH dependent. Above pH 5 [14], the emission is violet blue, but below pH 5 the
emission is cyan-green. By appropriately filtering the emitted light before reaching the CCD camera, a signal
is only received in areas of mixed fluid. The light sheet, provided by a pair of xenon arc lamps, is thin relative
to the dynamics of the flow, so the internal structure of the mixing in a two-dimensional cross-section can be
examined. The ratio of advection to reaction timescales is very large, and the temperature changes due to the
chemistry are negligible, so the reaction itself plays no dynamic role in the fluid mechanics. Acid is added to
one (salt solution) fluid layer, the fluorescent dye to another. Refractive indices are matched using alcohol.
The initial densities are set by the combination of acid and salt, and densities measured using a Paar density
meter.

2 OBSERVATIONS ON RAYLEIGH-TAYLOR MIXING

As a starting point for validation of the numerical simulation, detailed experimental work was focussed on
the Rayleigh-Taylor component of the flow, since ILES has been found to work well for this problem. Direct
comparison of experiment and simulation is not strictly appropriate because there are significant unsimulated
effects in the experiments, such as asymmetries and large scale motions introduced in the experiment by the
barrier removal, and discrepancies due to the random perturbation which initialises the simulation. However, a
virtual time origin can be derived from the comparison of growth profiles. The experimental results have been
spatially filtered down to the same resolution as the simulation, and an equivelant diagnostic used to present
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the simulations. A dual time-sequence of images in figure 2.2 compares the evolution of the flow. As is evident

Fig. 2.2. Time series charting the flow evolution in experiment and simulation, using a comparable diagnostic. The

white bar indicates the progress of nondimensional simulation time from 0 to 5. The experimental time origin has been

shifted to account for the initialisation differences between experiment and simulation.

from figure 2.2, the simulation does not explicitly capture the smallest scales of the flow that are visible even
in the filtered experimental time series. However, the mesh size (160x80x200) in the simulation is chosen such
that the energy dissipation by numerical error (the implicit sub-grid scale model) in some way approximates
the energy dissipation by ‘turbulent diffusion’ (nature’s sub-grid scale model). By matching the rate of energy
dissipation, one might expect the simulation flow statistics to converge on the experiment, and hence the mixing
statistics, which can be directly derived by image analysis, should match well. Figure 2.3 shows the evolution of

Fig. 2.3. Comparison of fractal dimension evolution in time.

the fractal dimension in time, calculated using the box-counting algorithm of [3] applied to the boundary of the
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mixed region as obtained directly from the experimental and simulation images. Qualitatively, the simulation
prediction provides a good approximation to the experiment. Discrepancies at very early time are due in part
to the differing initialisation, and also (in the simulation case) errors in computing the fractal dimension near
the limiting case of a one-dimensional line. As the Rayleigh-Taylor instability grows in time, the range of
scales in the turbulence grows and an inertial range begins to develop, with a corresponding increase in the
fractal dimension. After non-dimensional time τ = 4 (based on the Atwood number of the unstable interface,
the thickness of the middle layer and gravitational acceleration), the fractal dimension ceases to grow and
fully developed turbulence is established. [5] proved a simple algebraic relationship between the slope of the
power spectrum of a two-dimensional entity and its fractal dimension. The extrapolation to three dimensions
suggests that the fractal dimension of about 1.6, as seen in the present study, approximates a P (k) = k−

5

3

spectral slope surprisingly well. A more direct evaluation of the mixing process can be obtained by considering

Fig. 2.4. Evolution of mixing surface area in time. The length of the two-dimensional cross-section through the surface

is measured by pixel count. Close agreement between experiment and simulation is achieved.

the surface area over which mixing takes place, and the enclosed volume of mixed fluid which grows in time as
the mixing front advances. The planar analogue of the surface area (the length by pixel count of the enclosing
contour) is shown in figure 2.4 and is defined as the boundary of a region where pixel intensity is greater than
a threshold. The corresponsing volume is shown in figure 2.5 As before, the processing is performed on the
filtered experimental data, for valid comparison with the simulation. The threshold is chosen for convenience,
to avoid contaminating the image analysis with digital noise. However, signal intensity (in the absence of other
effects) is linear in the local dye concentration, so as further mixing takes place towards later times, the signal
intensity of this mixed fluid reduces, until it eventually falls below the noise threshold. Since this effect is not
included in the simulation diagnostic, the experimental and simulation curves diverge at late time.

3 CONCLUSIONS

An experimental technique has been presented for directly visualising regions of molecularly mixed flow in
miscible liquid flows. Particular attention has been paid to the early time evolution of the Rayleigh-Taylor
instability, obtaining quantitative measurements from a novel perspective on a widely studied problem. Previous
work by [10] on chemical indicators of molecular mixing has been developed in this study by gaining a first
insight into the detailed structure of the mixing region. ILES numerical simulations have been performed which
show comparable mixing behaviour to the experiments, when considering fractal dimension, mixing surface and
mixed volume.
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Fig. 2.5. Evolution of mixed volume in time. The independent variable is measured as a fraction of total area.

Agreement is good until the dilution of fluid in the experiment is such that recovered signal intensity is of the order of

the noise threshold.

4 ACKNOWLEDGEMENTS

The authors would like to thank the UK Natural Environment Research Council (NERC) as primary funding
source, and the Co-operative Awards in Science and Engineering (CASE) collaborator, AWE Ltd. Useful
discussions with John Bell, Ann Almgren, Nikos Nikiforakis and Jean-Luc Weitor are gratefully acknowledged.

REFERENCES

[1] Almgren, A. S., Bell, J.B., Colella, P., Howell, L. H., and Welcome, M. L., 1998. A conservative adaptive projection method
for the variable density incompressible Navier Stokes equations. J. Comp Phys., 142:1-46

[2] Dalziel, S. B., 1993. Rayleigh-Taylor instability: experiments with image analysis. Dyn. Atmos. Oceans, 20:127-153

[3] Dalziel, S. B., Linden, P. F., and Youngs, D. L., 1999. Self-similarity and internal structure of turbulence induced by Rayleigh-
Taylor instability. J. Fluid Mech., 399:1-48

[4] Hu, H. and Koochesfahani, M. M., 2002. A novel method for instantaneous, quantitative measurement of molecular mixing
in gaseous flows. Exp. Fluids, 31:202-209

[5] Hunt, J. C. R., and Vassilicos, J. C., 1991. Kolmogorov’s contributions to the physical and geometrical understanding of
small-scale turbulence and recent developments. Proc. R. Soc. Lond., 434:183-210

[6] Jacobs, J. W. and Dalziel, S. B., 2005. Rayleigh-Taylor instability in complex stratifications. J. Fluid Mech., 542:251-279

[7] Koochesfahani, M. M., and Dimotakis, P. E., 1985. Mixing and chemical reactions in a turbulent liquid mixing layer. J. Fluid

Mech., 170:83-112

[8] Lane-Serff, G. F., 1989. Heat flow and air movement in buildings. PhD thesis, DAMTP, University of Cambridge, UK.

[9] Leveque, R., editor, 1992. Numerical methods for conservation laws. Birkhauser

[10] Linden, P. F., Redondo, J. M., and Youngs, D. L., 1994. Molecular mixing in Rayleigh-Taylor instability. J. Fluid Mech.,
265:97-124

[11] Margolin, L. G., Rider, W. J., and Grinstein, F. F., 2006. Modeling turbulent flow with implicit LES. J. Turbulence, 7:1-27

[12] Ramaprabhu, P., Dimonte, G., and Andrews, M. J., 2005. A numerical study of the influence of initial perurbations on the
turbulent Rayleigh-Taylor instability. J. Fluid Mech. 536:285-319

[13] Rayleigh, L., 1883. Investigation of the character of the equilibrium of an incompressible heavy fluid of variable density. Proc.

Lond. Math. Soc., XIV:70-177

[14] Weast, R. C., editor, 1971. Handbook of Chemistry and Physics. CRC Press, 52nd edition.

175



e-mail: benjamin.le.creurer@gmail.com e-mail: serge.gauthier@cea.fr

10th IWPCTM – PARIS (FRANCE) July 2006

Pseudo-spectral simulation of the overturning process due to
Rayleigh-Taylor instability for compressible miscible fluids

Benjamin LE CREURER1 and Serge GAUTHIER2

1 Previous address: CNRS-LIMSI/Mechanical Department BP 133 91403 Orsay Cedex FRANCE
2 CEA/Bruyères-le-Châtel BP 12 91680 Bruyères-le-Châtel FRANCE

Abstract: A Fourier-Chebyshev pseudo-spectral numerical method is used to perform 2D simulations of the
Rayleigh-Taylor instability. Interface is disturbed by a single-mode perturbation. This long time-integrated
simulation is pursued until a return toward the mechanical equilibrium. Thanks to the physical model and
parameter set on the one hand, and to the highly accurate method on the other hand, an acoustic wave system
is exhibited. The beginning of a multimode simulation is also presented.

1 INTRODUCTION

Superposition of a heavy fluid above a lighter one in a constant acceleration field depicts a hydrodynamic
unstable configuration called the Rayleigh-Taylor (R-T) instability. The interest of R-T instability goes beyond
inertial-confinement fusion and Astrophysics, even if these concerns are dominant in today studies. This is a
basic problem in fluid dynamics. Although this instability is studied for decades it is still an open problem
in several aspects. In order to investigate the physics of the R-T-instability the Navier-Stokes (NS) equations
should be preferred since they take into account diffusion effects. These transport coefficients are associated
with cutoff wave numbers in the linear regime as well as in the fully developed turbulent regime. In this
way, when the NS equations are solved with an accurate numerical scheme, one obtains the physical damping
rates. Direct numerical simulations are needed in some situations: low Reynolds number flows such as single
mode instability or multimode transitional flows at large Reynolds numbers. Even though these simulations
are very demanding in terms of computational resources, they also bring reference solutions for turbulence
modeling and subgrid-scale models for LES. It appears that DNS of R-T-compressible mixing layers, based on
the complete NS equations, and solved with a high order numerical scheme, are still lacking. We do believe
that an effort has to be made in that direction. This is the reason why we have developed, over the last few
years, a Chebyshev-Fourier spectral numerical method for subsonic mixing compressible flows where stiff and
unsteady gradients are present (AMÉNOPHIS code) [1, 2]. In this paper we present two-dimensional direct
numerical simulations of compressible miscible fluids of a R-T-instability where viscosity, thermal conductivity
and species diffusion coefficients are taken into account. These simulations, started from rest, are initialized
with a single-mode density perturbation and they lead toward the hydrostatic equilibrium state. A system of
1D-acoustic waves is exhibited in the final stage. Moreover the physical damping rate of the acoustic waves
is also recovered. A multimode simulation is also carried out from rest to a nonlinear behavior. In that case,
the initial perturbation is a solenoidal velocity field. These simulations show that flows with strong unsteady
gradients can be handled by spectral methods.

2 PHYSICAL MODEL AND GOVERNING EQUATIONS

2.1 Physical model

Choose is made to describe the mixing of two perfect miscible gases within the single-fluid approximation. We
assume the additivity of extensive variables and the local thermal equilibrium hypothesis [3–5]. It follows that

p = p1 + p2, ρ = ρ1 + ρ2 and T = T1 = T2, (2.1)

Concentration c is defined as
ρ1 = ρ c so ρ2 = (1− c)ρ. (2.2)
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The partial pressure reads

pi = ρi
R
Mi

T = (γi − 1)ρiCvi
T, (i = 1, 2) (2.3)

with Cv is the specific heat at constant volume and γ the ratio of specific heats. The molar weights are M1

and M2. Moreover if one states equality of pressures on both sides of the pseudo-interface, it comes

At ≡
ρ1(0+)− ρ2(0−)
ρ1(0+) + ρ2(0−)

=
M1 −M2

M1 +M2
. (2.4)

2.2 Governing equations

The motion takes place in a 2D closed rectangular box of dimensions Ly × Lz with Lz ≡ zt − zb. The flow is
governed by the full NS equations closed with Eqs. (2.3) and (2.1). Boundary conditions are periodic in the
horizontal y-direction for all quantities, and of Neumann (Dirichlet, resp.) type in the vertical z-direction for
the velocity u1 = uy (u2 = uz, resp.), the concentration and the temperature. Once making NS equations
dimensionless, it comes

∂tρ = −∂jρuj , (2.5a)

∂tui −
1

Re ρ
∂jτij = −uj∂jui −

1
Sr ρ

∂ip− δi2, (2.5b)

∂tT −
γr

Re Pr ρCv
∂2

jjT = −uj∂jT −
1

ρCv

(
−(γr − 1)p∂juj + (γr − 1)

Sr
Re

τijDij − T
1

Re Sc
dcCv∂2

jjc

)
, (2.5c)

∂tc−
1

Re Sc ρ
∂2

jjc = −uj∂jc, (2.5d)

plus the equation of state for a mixing of perfect gases

p = (1 + At − 2At c) ρT, (2.6)

where dcCv is the Cv derivative versus the concentration, τijDij denote the dissipation function. The four
reference scales are Lr ≡ Ly for length; tr = (Ly/g)1/2 for time; ρrL

3
r = 1

2 (ρ1(0+) + ρ2(0−))L3
r for mass and

Tr = T for temperature (see Ref. [5] for details). The dimensionless numbers Reynolds Re, stratification Sr ,
Schmidt Sc, Prandtl Pr are defined as

Re =
ρr g1/2 L

3/2
r

µ
, Sr =

g Lr

RTr/Mr
, Sc =

µ

ρ D
and Pr =

µγ Cv,r

κ
, (2.7)

where the transport coefficients µ, κ and D denote the viscosity, thermal conductivity and mass diffusion,
respectively. τij is the stress tensor (defined within the Stokes relation).

3 NUMERICAL METHOD AND SELF-ADAPTIVE METHOD

The features of the numerical method are summarized here (more details can be found in Refs. [5, 8] and
references therein)

1. Physical quantities ϕ = ρ, ui (i = 1, 2), T and c are expanded on Fourier series along the homogeneous
y-direction and on Chebyshev polynomials along the z-inhomogeneous direction.

2. A non-overlapping domain decomposition is used in the z-direction and a coordinate transform is defined
in each subdomain. Both the location of the numerical interfaces and the mapping parameters are
dynamically adapted by minimizing some error of a linear combination of the calculated solution [2,7].

3. Temporal discretization is performed with a semi-implicit three-step second-order Runge-Kutta scheme
in a low storage formulation. Because of the domain decomposition, diffusive terms are handled implicitly
through a splitting [2]. The time step is evaluated with uncoupled and unidimensional stability criteria.
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4 SIMULATION RESULTS

4.1 A single mode simulation

We have carried out 2D numerical simulations started from rest toward mechanical equilibrium. The interface
between the two fluids is initially perturbed through the density field [1,4,5]. The physical parameters are the
following ones: At = 0.20, Sr = 0.04, Re = 400, Sc = 20, Pr = 2, γi = 5/3. The thickness of the interface is
initially δ = 0.031 [6]. The wavelength and the amplitude are λ = 1 and a0 = 0.052, respectively. The spatial
resolution is 5 subdomains with 64 collocation points and 128 points in the Fourier direction. Two simulations

1.2
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0.8

g

7.0

5.2

3.5

1.8

0.0

t = 0 t = 5 t = 9 t = 10 t = 11 t = 170

Fig. 4.1. Single mode simulation: vorticity (top) and density (bottom) fields at six different times.

have been carried out. The first one with an aspect ratio of 2.5 and the second one with an aspect ratio of 5.
Results of the simulation are presented in Fig. 4.1. The mushroom reaches the bottom of the box at t ≈ 9.5
and the flow overturn is observed at t = 15. The time step evolution is displayed in Fig. 4.2 (left). It varies
of two orders of magnitude during the simulation. When the mushroom reaches the bottom of the box, the
self-adaptive procedure brings a lot of collocation points in the vicinity of the boundary. As result, the time
step decreases. The evolution of the numerical interface locations are given in Fig. 4.2 (center). They follow
the main gradients of the fields. Notice the evolution of the interfaces that follow, at the very beginning, the
acoustic perturbations. When the structure spreads all over the box, interface locations reach approximately
constant values, close to a quasi-uniform distribution of the subdomains. The norm of the test-function is also
displayed in Fig. 4.2 (right). Recall that this norm is an indicator of the interpolation error. This norm reaches
very high levels at the beginning of the simulation and when the mushroom reaches the bottom of the box.
Afterward, the norm slightly decreases showing that the gradients have been smoothed and, consequently, that
the accuracy is better. The results of the linear regime are represented in Fig. 4.3. On the left, the growth
rate and on center and on the right, the Fourier modes of the isoline c = 0.5. Later in time, at the end of
the overturn process, the flow recovers a one-dimensional structure by time t1D ≈ 150. The kinetic energy,
Ek, reaches a maximum at time t ≈ 10.4 and then quickly decreases until t ≈ 120 and then oscillates at high
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Fig. 4.2. Single mode simulation: evolution of the time step (left), the interface locations (center) and the norm of the

test-function in each subdomain (right).
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frequency but the mean value still decreases so that the flow slowly tends toward the equilibrium state as
can be seen in Fig. 4.4 (left). A zoom is displayed in Fig. 4.4 (center) from which the period of these waves
can be determined. Each point in this curve corresponds to a record data time. The question is of course
the nature of these waves. Since dispersion relation for acoustic waves is ω = k cS while ω =

√
k for gravity

waves, we have carried out a second simulation in which the vertical size has been doubled. The period of the
resulting 1D waves is also doubled [see Fig. 4.4 (right)], proving the acoustic nature of these waves. We have
also represented, in this figure, the scaling law Ek(t) = exp

(
−2 k2/Re t

)
with 2 k2/Re = 7.89 10−3 obtained

from Eq. (2.5b) by retaining only the temporal derivative and the viscous term. We see clearly that the kinetic
energy follows closely this damping rate. It also shows that the one-dimensional wave-system is damped by the
physical viscosity, i.e., the numerical dissipation of the pseudo-spectral Chebyshev-Fourier method is negligible.
The space-time evolution of kinetic energy is displayed in Fig. 4.5 (right). Recall that, for this time interval,
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Fig. 4.5. Single mode simulation: Space-time variations of the kinetic energy Ek versus the altitude z and time for

168.2 ≤ t ≤ 169.5.

the contribution of the y-component of the velocity to the kinetic energy Ek, is negligible. Thus this figure
represents the kinetic energy associated with the one-dimensional wave system.

4.2 A multimode simulation
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Fig. 4.6. Multimode simulation: vorticity (top) and density (bottom) fields at five different times.
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We also present the beginning of a multimode simulation. Results of the simulation are presented in
Fig. 4.6. The initial perturbation is a solenoidal velocity field obtained from a potential vector [9]. The
physical parameters are the same as above except that the Reynolds number is now taken equal to 1000. The
spatial resolution is 5 subdomains with 64 collocation points and 512 points in the Fourier direction. The
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Fig. 4.7. Multimode simulation: profile of the potential vector (left); locations of the interfaces (center) and evolution

of the Fourier modes of the isoline c = 0.5 (right).

evolution of the numerical interfaces are displayed in Fig. 4.7 (center) with the Fourier modes of the isoline
c = 0.5 (right).

5 CONCLUSIONS

We have carried out two-dimensional numerical simulations of the Rayleigh-Taylor instability, for a compressible
binary mixture of viscous fluids starting from rest until the return toward mechanical equilibrium where a system
of acoustic waves takes place. The full Navier-Stokes equations with constant transport coefficients have been
used. From a numerical point of view, we have shown, through a multidomain self-adaptive method, that
spectral discretizations can handle strong moving gradients, such as those occurring in Rayleigh-Taylor flows.
A linear stability analysis has been performed with the code SPECLMD. This code also uses the multidomain
self-adaptive method, and gives the dispersion curve together with the eigenfunctions. Finally a numerical
simulation with a multimode initial perturbation has been carried out. Next steps will be 2D and 3D high
Reynolds number multimode simulations.
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Introduction. 
The study of instability  of an interface between two media in the field of constant 

(Rayleigh-Taylor instability-RTI (Taylor, 1950)) and pulsed (Richtmyer-Meshkov 
instability-RMI (Richtmyer, 1960, Meshkov, 1969)) acceleration is a fundamental 
problem of fluid and gas mechanics. The solution of this problem is high impertant  for 
Inertial Confinement Fusion (ICF). A shock tube was used in an invistigation of these 
instabilities in our early publications (Aleshin, 1987, 1990). In 2000 we have proposed 
the concept of laser-driven shock tube for the hydrodynamic instability investigations 
(Zvorykin, 2000). 

Paper presents the results of experimental and numerical investigations of the 
development of turbulent mixing zone at laser acceleration of thin films in air. The 
experiments have been made at KrF laser “GARPUN” (Lebedev Physical Institute, 
Moscow). We have compared the experimental data with the results of 2D numerical 
simulations. In order to describe the turbulent mixing we have used the model of 
turbulent diffusion (Belen’ki, 1965) and have got good agreement between experimental 
and numerical results.  

Concept of laser-driven shock tube. 
The design of such laser-driven shock tube (LST) is based on use of following 

basic components: 1) the powerful ultraviolet laser with pulse duration of 100 ns, 2) 
special focus system (multielement prism raster and lens, which obtain high uniformity 
of irradiation in focus plane (focal spot has a size ~ 2x2 cm), 3) shock tube cell, 4) 2D 
numerical codes for description of physical processes in LST.  

 

“GARPUN” laser installation and experimental procedure.  
A multistage KrF laser “GARPUN” was used  in experiments. The laser facility consists 
of discharge-pumped EMG 150 TMSC eximer master oscillator and two electron-beam-
pumped modules. In injection-controlled operation, the laser generates pulses of 100 J 
energy, 100 ns duration and radiation divergence 0.1 mrad. The targets are set inside an 
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evacuated chamber filled with air or noble gas, whose pressure is varied in the range 
P0=0.0002-1 bar. 

Focusing system combined a multi-element prism raster and a lens. By splitting an 
incident laser beam with a cross section of 10x10 cm2 into 25 individual 2x2 cm2 
beamlets and overlapping them at a focal plane this system provides non-uniformity less 
then a few per cent across the square spot. The hydrodynamics of laser plasma and 
shock waves were investigated by a streak camera or high-speed photo-chronograph 
with slit-scanning of images by means of rotating mirror. The shlieren and shadow 
techniques with a quasi-steady collimated probe beam produced by a capillary-
discharge light source where combined with the high-speeded slit-scanning recording of 
images of laser plasma in self-luminescence. 

 

2D Lagrange code “ATLANT-C” 
Numerical simulations were carried out with the 2D hydrodynamic code “ATLANT-C” 
in cylindrical Lagrangian coordinates (Iskakov, 2000). This code is destined for 
simulation of flows gas and laser plasma in a broad range of initial condition. The axial 
symmetry of the processes is suggested. Either a tree- or two-temperature model with 
consideration for the self-radiation losses of plasma is useful, depending on the specific 
problem. The energy transfer by the electrons, ions, and self-radiation of plasma is taken 
into account. The plasma quasi-neutrality is assumed. The model of the mean degree of 
ionization is considered. The variations of the degree of ionization are considered to be 
caused by the electron impact, three-body recombination, and radiative recombination 
in every Lagrange cell. 

 

Laser-acceleration of thin film. 
Laser acceleration of thin films is a classic case  where R-T and R-M instabilities 

would occur. We have irradiated thin CH film (with thickness d=3-10 µm) by means of 
KrF laser. Fig.1 shows the expansion of accelerated layer in vacuum (case a) and shock 
wave and layer in atmospheric air (case b). The initial thickness of CH film was 5 µm 
and incident laser intensity q=0.5 GW/cm2. 

    

Fig.1. Acceleration of 5 µm CH film by 
laser with intensity ~ 0.5 GW/cm2 in 
vacuum (a) and ambient air (b). 
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To investigate the evolution of the hydrodynamic flow and instability 
development during laser-film interaction we rotated the images by an angle of 90o, so 
that the slit of the photo-chronograph was set parallel to the film surface at various 
distances behind it. 

Fig.2 illustrates the comparison of numerical results (solid line) and experimental 
data. Initial velocity of forward SW measured in the experiments are somewhat less 
then the calculated values. The reason for this discrepancy might be a partial reflection 
of laser radiation, which was not accounted in numerical simulations. 

 

Fig.3 demonstrates the influence of initial in homogeneities of laser irradiation on 
the instability development. Fig. illustrates the images at slit distance 3.5 mm. In the 
second case we have used a wire grid with mesh sizes of 0.7x0.7 mm2 and irradiated the 
film through the grid. It was set at the distance of about 1 cm in front of irradiated film. 

 

The slit was placed at a distance of 3.5 mm. We have modelled the acceleration of 
film with help of “ATLANT-C” code. Fig.4 illustrates density profiles along 0Z axes (a) 

Fig.2. Initial velocity of forward 
SW in atmospheric air as 
function of laser intensity 
generated by CH-film of 
thickness 5 µm. Comparison of 
experimental and numerical 
results. 

Fig.3. Slit-scanning 
recorders of laser 
interaction with 5 µm 
film.in atmospheric air 
with uniform irradiation 
(upper) and with non-
uniformities (lower). 
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and distance (Z) and velocity (V) of maximum density of nonevaporated layer as 
function of time (b).  

   

At t~1100-1200 ns the “pick of density” flies near slit (see Fig.4b) for 0.5 µs (see 
Fig3a) with a velocity 2.5 km/s. As the result, the thickness of nonevaporated layer is ~ 
1.3 mm. The suitable data from numerical simulation is about 0.2 mm (see Fig.4a).We 
explain such “widening” of layer as consequence of turbulent mixing effect.  

Direct numerical simulation of the turbulent mixing in laser targets seems to be 
very laborious process even with up-to-date supercomputers.  To estimate this effect we 
have developed a numerical model, which is based on the ideas of turbulent diffusion 
(Belen’ki, 1965). The turbulent diffusion equation has the following 

form: ),
z

D(
zt m ∂

ρ∂
∂
∂=

∂
ρ∂

 

ρ- density, mD  – coefficient of turbulent mixing, ;)
z

P

z

ln
(lD 5.02

pm ∂ρ
∂⋅

∂
ρ∂−=  

 −pl a scale of turbulent pulsation, P- pressure. The term g
dz

P =
ρ
∂− , where g is the 

average means of no evaporated layer acceleration, −
∂

ρ∂=ρ z

ln
/1L  density gradient 

scale.  

From “ATLANT”-code simulations  g1 = +(3-4)·1012 cm/s2  at the first stage. The 
rear side of layer is unstable at the second stage, g2=-(1-2)·1011 cm/s2.  Following 

Fig.4. Density profiles along 0Z axes for two times moments, t=100 ns (solid line) 
and t=1100 ns (dashed line). The density maxima are superposed at one point. The 
vertical dashed line is the position of shock wave front at t=1100 ns. The arrow is the 
direction of the layer flight (a). The distance (Z) and density maximum velocity (V) 
as function of time (b).  
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Belen’ki&Fradkin mixp Ll α≈ , where α- is self-consistent parameter  and  should be 

defined a priori. We have used the comparisons of experimental data and the results of 
numerical simulations to define this parameter. We have solved numerically the 

equation (1) with take into account (2). The value of ∫=
2

1

Z

Z

mix dzL ,  Z1(t)- position of 

maximal density, Z2(t)- position, where ρ(z)=ρ0. In the first stage (0<t<100 ns), g1 = 
+3,4*1012 cm/s2 and Lmix(t) is on the right side from maximal density. In the second 
stage (t>100 ns), g2=-1011 cm/s2  and Lmix(t) is defined on the left side of  maximal 

density. Initial density profile is 







λ+λ−∉ρ

λ≤
λ
π++ρ=ρ

],[z,

z,)
z

cos(1(a5.0
)z(

0

00   

Parameters:  ρ0=1.3⋅10-3 g/cm3, λ= 20 µm, a0=1000, we have varied  parameter 
α in our simulations. 

Figure 5 illustrates the results of numerical simulations for the cases of 
α=0.16, 0.2 and 0.27. 

 

 

In order to describe the second experiment (with non-uniform irradiation 
of the film through the grid), we have supposed, that the scale of turbulent 
pulsation is Pl = 0.7 mm (the scale of grid cell in our experiment). We have 
solved numerically Equation (1) and have got suitable agreement with 
experimental data (see, Fig.6).       

 

Fig.5. Results of numerical 

simulations of Eq. of 

turbulent diffusion, 

ρ0=1.3⋅10-3 g/cm3, λ= 20 

µm, a0=1000, α=0,27. XL- is 

the width of layer at suitable 

t. 
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Conclusions.  
The problem of description of the turbulent mixing development is very important in 
Laser Thermonuclear Fusion. The different approximate models are developed to 
estimate the influence this phenomenon in laser targets. We have developed some 
simple model based on Belen’ki&Fradkin theory of turbulent diffusion. It has allowed 
us to get a good agreement between  computational and experimental data and verified 
self-consistent parameter α. 
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Fig.6. Results of numerical simulations: 

 variant 1 with α=0.2 and variant 2 

 with lp=0,7 mm. 
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Abstract: Experimental investigation of the Richtmyer-Meshkov instability in a multiple acceleration conditions have 
been conducted in a shock tube apparatus. The instability is generated by an incident shock wave which ruptures a thin 
nitrocellulose membrane that separates initially air from SF6 in the test section of a shock tube. The incident shock-
wave reflects from the end-wall of the test-section and strikes the turbulent mixing zone evolving on the contact surface 
between the gases. The passage of the reflected shock wave causes a dramatic increase in the growth rate of the instabil-
ity. The instability evolution was measured using a schlieren diagnostic technique. Two gas configurations were used – 
light/heavy (air/SF6) and heavy/light (SF6/air) – in order to study the influence of the reflected shock-wave arrival time 
at the turbulent mixing zone on the growth rate after the passage of the reflected shock-wave. The length of the test sec-
tion was changed (between 80mm to 172mm) in order to impose different arrival times, thus allowing the turbulent mix-
ing zone to evolve into different widths before the arrival of the reflected shock wave. The results indicated that the 
length of the test section had no effect on the growth rate.  
 
1 INTRODUCTION 
 
When the interface separating two fluids of different densities is accelerated impulsively by a shock wave (SW) for ex-
ample, a hydrodynamic instability, known as the Richtmyer-Meshkov Instability (RMI) [1,2], is developed. Small per-
turbations initially present on the interface separating the two fluids will grow first linearly, then at late time, nonlinear 
development of the perturbation will take place and subsequent transition to turbulence will occur. 
The RMI has been described theoretically through the linear [1], nonlinear [3,4] and late nonlinear stages [4-6] for a 
single SW passing through the contact surface separating the two fluids and initiating the instability. Experiments have 
been conducted for initial single mode perturbation [2,7-8] and for initial multimode perturbation [4,9]. Most of the ex-
perimental researches have focused on the evolution of the instability after the passage of a single shock-wave; while 
some experimental results have reported on the instability growth rates after re-shock [10-12]. After passing through the 
contact surface, the shock wave is reflected from the shock tube end-wall and hits the perturbed contact surface again, 
enhancing the mixing process. The passage of the reflected shock through the contact surface creates a secondary re-
flected wave, which can be either a refraction wave or a compression wave (a shock wave) depending on the gas com-
bination. This wave hits the unstable contact surface once again after reflecting from the end-wall. The end-wall dis-
tance from the initial contact surface position controls the duration of the above-described interaction with waves.  
A complementary numerical study was conducted and compared with the experimental results reported in the present 
study yielding good agreement [13]. 
 
2 EXPERIMENTAL APPARATUS 
 
The experiments were performed in a 5.5m-long horizontal double-diaphragm shock tube with an 8cm x 8cm cross sec-
tion, at Mach number of M~1.2. In order to generate a shock wave having a Mach number of about 1.2, the driver sec-
tion was filled with air to a pressure of approximately 3 atmospheres. Then an electrically controlled striking pin rup-
tured a 75µm Mylar diaphragm which divided the driver section from the driven section of the shock tube. The strength 
and velocity of the shock wave were measured with flush-mounted piezoelectric pressure transducers on the shock-tube 
wall. The arrival of the shock wave at the first transducer was also used to trigger the diagnostic timing sequence. The 
test section was located at the end of the driven section. Transparent windows were built into the side walls of the test 
section, allowing recording of the experiments using a schlieren technique. The height of the test-section windows 
spanned the entire 8cm height of the test section, their length was 40cm and the frame holding the membrane was lo-
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(a) (b) (c) (d) 

(e) (f) (g) (h) 

cated at the test-section center. The length of the test section could be changed by shifting the end-wall backwards or 
forward on a horizontal shaft.  
The membrane which divided the test section from the driven section was prepared by dropping a small amount of mix-
ture calibrates monomer and thinner onto a surface of water bath. After permitting the mixture to polymerize, a thin 
membrane layer was lifted from the water using an 8cm x 8cm aluminum frame. The membrane-carrying frame was 
placed in the proper position in the test-section of the shock tube. The gases on both sides of the membrane were at at-
mospheric pressure. The light gas in the experiments was air and the heavy gas was sulfur hexafluoride (SF6). Hence, 
the Atwood number was 0.67. 
The light source for the schlieren photographs was a Nd:Yag frequency doubled laser pulsed in the green region 
(532nm) at intervals of 56µs  with energy of approximately 2.4mJ per pulse. The 1mm diameter laser beam was ex-
panded by a telescope to a diameter of about 20cm in order to fill most of the test section window. The location of the 
laser beam along the 20cm window length could be selected at will. A shutter at the focus of the telescope blocks the 
beam except for a very short time during which the experiment was conducted. The parallel laser beam passed through 
the test section and is then focused by a concave mirror onto a knife-edge. A shutter-less rotating-prism camera re-
corded the schlieren photographs. Further information of the experimental apparatus and technique is available in [14]. 
 
3 EXPERIMENTAL RESULTS 
 
Two experimental gas configurations were used in order to study the effect of the re-shock arrival time at the TMZ on 
the growth rate of the TMZ. In the first gas configuration, the incident shock wave traveled from the light gas to the 
heavier gas (air/SF6 case), and in the second gas configuration, the incident shock wave traveled from the heavy gas to 
the lighter gas (SF6/air). The first experimental configuration was conducted with four different distances of the end-
wall of the test-section from the initial position of the membrane: 80mm, 98mm, 131mm and 172mm, while the second 
configuration was conducted with two different distances: 80mm and 169mm. The different test-section end-wall dis-
tances introduce different time delay for the turbulent mixing zone (TMZ) to evolve before the arrival of the re-shock 
from the end-wall of the test-section.  

 
3.1 LIGHT/HEAVY GAS CONFIGURATION 
 
A sequence of schlieren photographs from a single experiment in the light/heavy gas configuration (the incident shock 
wave travels from left to right) with a random-mode initial condition is presented in Fig. 3.1. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
 
Each frame in Fig. 3.1 captures the test-section of the shock-tube. The test-section was filled with SF6, which was sepa-
rated from air filling the driven-section of the shock-tube by a thin nitrocellulose membrane (not evident in the frame). 

Fig. 3.1. Schlieren images from a light to heavy gas configuration (air to SF6) experiment.  (a) t = 0.01ms;  (b) t = 
0.34ms;  (c) t = 0.56ms;  (d) t = 0.90ms;  (e) t = 1.07ms;  (f) t = 1.29ms;  (g) t = 1.74ms;  (h) t = 1.96ms. 

SW SW TMZ 

SF6 SF6 Air 

re-shock TMZ 
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The incident SW ruptured the membrane and traveled from left to right in the test section (Fig. 3.1a), a perturbed con-
tact surface followed it (Fig. 3.1b). The SW stroked the end-wall (not evident in the frame) and reflected towards the 
TMZ (Fig. 3.1c). The reflected shock wave stroked the TMZ, transmitted leftward and reflects back towards the end-
wall as a rarefaction wave (Fig. 3.1d). The dramatic increase in the growth rate of the TMZ is evident thereafter in the 
following images (Figs. 3.1e-h).  
A plot of the measured time dependent TMZ thickness at different interface positions for four end-wall distances is pre-
sented in Fig. 3.2. The time in Fig. 3.2 is shifted so that t=0 corresponds to the re-shock striking the TMZ time. The 
time shift is obtained by subtracting the minimum measured TMZ width after being re-shocked for the first time from 
the real experimental time. The left vertical solid lines in the figures correspond to the moment the reflected shock 
waves strike the TMZ, so it is the time just prior to minimum measured TMZ width.  
The re-shock strike deposits more energy in the TMZ, thus enhancing mixing. The second vertical solid lines in the fig-
ures represents the time at which the rarefaction wave hits the perturbed interface. The black solid lines in Figs. 3.2a-d 
correspond to a least square fit has been applied to the data – a power law fit for the evolution before the re-shock arri-
val at the TMZ, while post re-shock a linear fit has been applied to the data as it seemed the most appropriate to capture 
the phenomena.  
 

 

 
 
The growth rate of the TMZ after being stroked by the incident shock wave is independent of the location of the end-
wall and hence is the same for all four cases. However, the TMZ widths obtained in the four different end-wall dis-
tances at the time they were hit by the re-shock were different. The farther the end-wall was placed, the wider the TMZ 

Fig. 3.2. The measured TMZ widths as a function of shifted time for different end-wall positions (light/heavy 
gas configuration): (a) 80mm, (b) 98mm, (c) 131mm, (d) 172mm 
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width was by the time the re-shock stroked it. In spite of that, it is clearly seen in Fig. 3.2a-d that the growth rate of the 
TMZs after being stroked by the re-shock are the same.  
 
3.2 HEAVY/LIGHT GAS CONFIGURATION 
 
The plots of the measured TMZ thickness at different interface positions for two end-wall distances in the heavy/light 
gas configuration are presented in Figs. 3.4(a-b). 

 

 
The time shift in fig. 3.3(a-b) was obtained in a similar manner as the time shift in Fig. 3.2. The solid vertical lines ap-
pearing in the figures correspond, from left to right, to the incident SW, the first re-shock and the second re-shock re-
spectively. 
In the heavy/light gas configuration we can see that again the growth rate of the TMZ widths obtained for two different 
end-wall distances at the time they were hit by the re-shock were different. However the growth rate of the TMZs after 
being stroked by the re-shock is similar.  

 
4 DISCUSSION 
 
Two experimental configurations were used in order to study the effect of the TMZ width at the re-shock arrival time on 
the TMZ growth rate thereafter. The TMZ growth rates after the re-shock passage appears to be linear in time. The lin-
ear fits of the width measurements reveal a similar growth rates after the re-shock. 
The mean growth rates for the four end-wall distances in the light/heavy gas configuration (Air/SF6) and two end-wall 
distances in the heavy/light gas configuration (SF6/Air) set of experiments are summarized in table 4.1.  
 
 

Error Growth rate [m/s] End-wall distance [mm] Gas configuration 
± 2.04 22.91 80 
± 2.07 25.66 98 
± 2.12 24.90 131 
± 2.02 24.20 172 

Air/SF6 

± 3.59 25.73 80 
± 5.56 23.93 169 

SF6/Air 

 

 
 

Table 4.1. A summary of the mean growth rates measurements for four end-wall distances in the light/heavy gas 
configuration (Air/SF6) and two end-wall distances in the heavy/light gas configuration (SF6/Air). 

Fig. 3.3. The measured TMZ widths as a function of shifted time for different end-wall positions (heavy/light gas 
configuration): (a) 80mm, (b) 169mm. 
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It can be clearly seen from table 4.1 that the growth rates in all of the distances and in both gas configurations are alike 
within the error limits. The errors in the growth rates values were evaluated using a standard least-mean-squares proce-
dure. 
Figure 3.4a summarizes the results of the widths measured for the four different cases in the light/heavy configuration 
and figure 3.4b summarizes the results of the widths measured for the two different cases in the heavy/light configura-
tion. 

 

 

 
The Atwood number in both gas configurations was the same (0.67) but with opposite sign, thus the perturbed contact 
surface between the gases was overtaken by different wave combinations, i.e., in the light/heavy case the perturbed in-
terface experienced the passage of the incident SW, followed by the re-shock, followed by reflected rarefaction wave, 
while in the heavy/light case the perturbed interface experienced the passage of the incident SW, followed by the re-
shock, followed by another reflected shock wave. Though the perturbed interface experienced different wave combina-
tions, the TMZ growth rate was similar.  

 
5 SUMMARY 
 
An attempt was made to understand the effect of the length of the test section on the Richtmyer-Meshkov instability 
evolution in a shock tube facility. The length of the test section was changed by shifting the end-wall position. All the 
other conditions of the experiments were identical. 
Six sets of shock tube experiments with different lengths of the test section and different gas configurations were con-
ducted in order to define whether the length of the test section, i.e., the time of re-shock arrival to the TMZ has an effect 
on the Richtmyer-Meshkov instability evolution. Different arrival times of the re-shock at the TMZ dictated different 
widths of TMZ, i.e., different initial conditions. It was found that though the TMZ evolved into different widths, its 
growth rate post re-shock passing through it, was practically the same. Thus, the growth rate following the re-shock 
does not depend on the size of the mixing zone when it is re-shocked and grows linearly in time. 
Further work should be done in order to understand the relation between the re-shock strength and the TMZ growth 
rate. 
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Abstract: The magnetic Rayleigh-Taylor instability (RTI) is investigated in the case of compressible plasmas.
The goal of this work is highlighting the influence of both the magnetic field and the compressibility of the
material on the growth rate of the RTI, compared to the classical growth rate derived for incompressible fluids.
Our analytical and linear models are built up in the framework of the ideal magnetohydrodynamics theory.
Two general dispersion relations are obtained : 1)- One for stratified fluids, including compressible (denoted
CS) and incompressible (denoted IS) and 2)- One for incompressible uniform density fluids, including finite
mass (denoted Ifm) and infinite (denoted I). Comparisons of those various configurations are performed and
several differencies are pointed out. The main results, for magnetized fluids, are : the CS case produces growth
rates larger than for the IS and Ifm configurations (both incompressible) but weaker than the I situation; and
the stratification weakens the RTI.

1 INTRODUCTION

The Rayleigh-Taylor instability (RTI) occurs when a heavy fluid is decelerated by a light one in the laboratory
frame. It is a very common phenomenon, studied either in physics (inertial confinement fusion [1] for example)
or in astrophysics (supernova [2], supernova remnant [3, 4] (SNR), HII regions [5] for example).

Let us focus especially to the case of SNR’s [6,7]. A few hundreds of years after the explosion of a supernova
(both types I and II), the resulting ejecta (hot plasma ejected during the explosion) begin to be decelerated by
the low density compressible interstellar medium (ISM) which, in addition, experiences an ambiant magnetic
field (B). As a consequence, one has to deal with a SNR (expanding ejecta in the ISM) which is unstable
with respect to the buoyancy inter-exchange condition. It turns out, therefore, that the RTI takes place in a
magnetized compressible medium.

The ideal magnetohydrodynamics (IMHD) is a good theory for SNR’s. It is valid if a characteritic scale
length of the system is much more greater than the ion Larmor radius and the ion inertial length [8] (i.e.
derived from the ion plasma frequency). This is the case of SNR in the pre-Sedov phase when the RTI occurs.
As outlined by several authors [6, 7], in this phase, B is important because it provides an effective coupling
between the material of the SNR and the interstellar medium. The magnetic field makes that the mean free
path of the ions is small enough and, as a consequence, the hydrodynamic treatement is valid.

Chandrasekhar [9] established a detailed treatment of RTI in the context of IMHD, for different assumptions,
especially in the case of incompressible and magnetized fluids. The purpose of this paper is to consider the
compressibility in a magnetized medium. It introduces two difficulties: 1). ∇.V 6= 0 (compressibility); 2).
ρ0 ≡ ρ0(z) 6= constant (stratification), where V is the fluid velocity and ρ0(z) the equilibrium stratified,
compressible density profile in an acceleration field g. The z-axis is along, but opposite to, the direction of this
acceleration. In the case described by Chandrasekhar [9], where ∇.V = 0 (incompressibility) and ρ0 ≡ constant
(no dependence upon z), those two difficulties do not appear. It leads to solutions in exponential form for the
z-dependence. Nevertheless, for the stratified (compressible or incompressible) cases, this dependence is no
longer valid and the solution is quite different.

Hence, two analytical dispersion relations are studied:
1). one for stratified fluids, in which, via a parameter (denoted ic and explicited hereafter), the assumptions of
compressible or incompressible fluid can be used;
2). one for uniform density fluids, in which, via a typical scale (denoted h and also explicited hereafter), finite
mass or infinite mass effects can be included.
Those two approaches will allow to analyse physical effects on the RTI of the compressibility and the stratifi-
cation, in magnetized fluids.
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2 ANALYTICAL MODELS IN IDEAL MHD THEORY

The case of two superposed semi-infinite fluid slabs, imbedded in a magnetic field, separated by an interface
at z = 0 is considered (see figure 2.1.(b)). The fluids are subject to a constant gravitational acceleration (or
a gravity-like field -it can be, for example, the deceleration of a supernova remnant-) g = (0, 0,−g) = −gez,
perpendicular to the contact discontinuity (CD) surface separating the two superposed plasma fluids. The
cartesian system (ex, ey, ez) is used. The CD is, for the medium at rest, perpendicular to the ez direction.

Each medium is assumed to be an isothermal ideal gas. For each, the motion is described by the set of
equations of IMHD theory, i.e., the equations of mass and momentum conservation, the Faraday law, the B

flow conservation law and the equation of state, namely:

∂ρ

∂t
+ ∇.(ρV) = 0, (2.1)

ρ

[

∂V

∂t
+ (V.∇)V

]

= ρg −∇P +
1

µ0

(∇×B) ×B, (2.2)

∇× (V ×B) =
∂B

∂t
, (2.3)

∇.B = 0, (2.4)

P = ρC2

s , with C2

s ∝ T0, and ∇.V 6= 0 or P 6= ρC2

s and ∇.V = 0, (2.5)

where t is the time, and ρ, P , V, B are the density, the pressure, the velocity of the gas and the magnetic field
respectively; T0 is the constant gas temperature and Cs the isothermal sound velocity.

For an incompressible medium,∇.V = 0 and the state equation is not usefull. Conversely, in a compressible
medium ∇.V 6= 0 and the state equation is necessary. A unique parameter ic will be introduced in order to
solve the problem simultaneously in the IS (ic = 0) and the CS (ic = 1) cases.

The equilibrium state is sketched in the figure 2.1.(b). At z = 0 (CD) the density of the upper medium (+)
is greater than that of the lower medium (−): ρ+

0
(0) > ρ−

0
(0). This condition allows the apparition of the RTI.

In stratified media, ρ0 ≡ ρ0(z) 6= constant. In uniform density fluids ρ0(z) = constant for all z.
A perturbation method is used. The system of IMHD equations is linearly perturbed (all physical quantities

Q are separated into two part : Q = Q0 + Q1, where Q0 corresponds to the non-perturbed quantity and Q1 is
the linear perturbation) and reduced to a linear, homogeneous differential equation. When a perturbation is
applied everywhere, the deformed CD is Rayleigh-Taylor unstable. Using the boundary conditions (continuity
of P and vz = V.ez accross the CD surface), a dispersion relation is obtained in order to show the role of the
magnetic field, in a compressible medium, on the RTI. (For a detailed treatment see [10]).

Two general dispersion relations are obtained:
• one for stratified fluids, including CS (ic = 1) and IS (ic = 0) cases:
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where ζ+,−

1,2
are depending on ic (see below);

• one for incompressible uniform density fluids, including Ifm and I cases:

W =
1

αtanh−1(
√

K) + 1

[

(α − 1)
√

K − 2αK

(

m+tanh−1(
√

K) + m−

(

1 + m+

1 + m−

))]

. (2.7)

where K ∝ k2 and W ∝ ω2 > 0 are two dimensionless numbers, k is the wave vector module and ω the
growth rate so that Q1(x, z, t) = Q̃1(z) exp(ikx + ωt). For an unstable configuration ω > 0. Three parameters

α = ρ+

0
(0)/ρ−

0
(0) > 1 and m± = B±2

0
/(2µ0P

±

0
(0)) = P±

0mag
(0)/P±

0
(0) are called respectively the density and

the magnetic numbers. With above numbers, other expressions are also used : αT = α(1 + m+)/(1 + m−);
F+

2
, F+

22
, F−

22
, F−

2
which are specific Hypergeometric Functions; ζ+

1
= W/(K + icW ); ζ−

1
= W/(αT K + icW );
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2
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.
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For m −→ 0, the hydrodynamic dispersion relations are recovered: (2.6) and (2.7) give rise to the Ribeyre’s
relations [11]. Ribeyre et al. have introduced the finit mass effect (i.e. the mass of the upper fluid is finite)
in their incompressible non-stratified model. This effect is included in the relation (2.7) by means of h (the
scale height of ρ+

0
), knowing that K = h2k2. This mass is supposed to be the same as the compressible fluid.

Furthermore, more generality is obtained since from a problem with six physical parameters (B+

0
, B−

0
, C+

s ,
C−

s
, ρ+

0
(0), g, - ρ−

0
(0) is deduced from the hydrostatic equilibrium -) we have now just three dimensionless

parameters (m+, m− and α).
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Fig. 2.1. (a) Dimensionless growth rate W versus dimensionless wave number K in four cases: solid line corresponds

to the compressible case (CS); dotted line to the incompressible stratified case (IS); dashed line to the incompressible

non-stratified case (I); and dash-dotted line to the incompressible finite mass case (Ifm). (For those curves, α = 4 and

m
+ = m

− = 0.1). (b) Stratification and magnetic field sketch.

3 EFFECTS OF COMPRESSIBILITY AND STRATIFICATION ON MAGNETIC RTI: RESULTS

Figure 2.1.(a) shows some dimensionless growth rate profiles W versus the normalized wave number K calcu-
lated numerically (with Mathematica) from the implicit dispersion relation (2.6) for the stratified cases, and
directly with the explicit dispersion relation (2.7) for the non-stratified cases. Four configurations are plotted
with respect to the notations: the CS growth rate (solid line) denoted WCS ; the IS growth rate (dotted line)
denoted WIS ; the I growth rate (dashed line) denoted WI (similar to the Chandrasekhar’s relation [9]) and the
Ifm growth rate (dash-dotted line) denoted WIfm.

In a first approach, the I and CS cases are compared and three observations can directly be outlined: 1)
WI > WCS , whatever the wave number K is; 2) the cut off wave number KCI is equal to KCCS , this is
demonstred analytically in [10]; 3) the wave numbers Kmax of the maximum growth rates are close to each
other. At first sight, it seems that compressibility weakens the unstable wavelength.

In a second approach, IS and CS cases are compared in order to distinguish the stratification and the com-
pressibility effects. On one hand, Figure 2.1.(a) shows that WIS < WCS and KCIS < KCCS : the compressibility
increases at the same time the instability and the cut off wave number. On the other hand, since WIS < WI

and WIS < WIfm, the stratification weakens the instability. This detailed comparison is done with two peculiar
values of α and m (α = 4 and m = 0.1). However, we have checked over that the above conclusions are
recovered for a broad range of α and m.

The unstabilizing effect of the compressibility can be understood as follows: when the lighter (respectively
the heavier) fluid goes to a higher (resp. lower) level, because of the instability, it must expand (resp. compress)
in order to adjust the interface pressure to equal that of the other fluid. After this expansion (resp. compression)
the elevated (resp. descended) fluid is less dense (resp. denser) than in the IS case, the resulting buoyancy will
continue to drive up (resp. down) and, therefore, will drive the IRT more speedly.

Moreover, stratification weakens the instability but without stabilizing: in the purely hydrodynamic case,
there are neither a maximum nor a cut off wave number and so the system is Rayleigh-Taylor unstable for
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all wavelengths. Actually, the stabilizing effect is directly linked with the magnetic field B. Further, when
B is taken into account, as showed by the comparison of the IS with the I cases, the stratification changes
significantly KC and Kmax. As a consequence, B and the stratification are intrinsicly linked.

Finally, since the Ifm and CS cases have the same upper masses (medium +), the comparison WCS > WIfm

seems to be more relevant that WCS < WI but we must pay attention that contrary to above (where WIS is
always smaller than WCS , WI and WIfm) the result WIfm < WCS < WI depends on parameters α and m.
There are other values for which the curves intersect : for instance, for m = 0.04 and α = 4, WIfm < WCS for
K < 3 and WIfm > WCS for K > 3.

4 CONCLUSION

The magnetic field has a stabilizing role in RTI, whatever the compressibility is. The compressibility has to
be distinguished from the stratification: the stratification weakens the instability and, the compressibility has
a unstabilizing effect.
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Abstract: Buoyancy generated motions in an unstably stratified field composed of two incompressible miscible
fluids with different densities, as occurs in the Rayleigh-Taylor instability, are examined. No Boussinesq
approximation is made so that high Atwood numbers are allowed. The statistically homogeneous case (in
which all moment equations become ordinary differential equations) is considered as a unit problem for variable
density turbulence. It involves both the transition to turbulence and the decay of turbulence as the friction
forces overcome buoyancy generation. The flow starts with zero solenoidal velocity in a non-premixed state
and turbulence is generated due to the baroclinic production of vorticity and eventually dies as the two fluids
become molecularly mixed. Results from Direct Numerical Simulations are used to follow the turbulence
birth-life-death process and examine the influence of various parameters on the flow evolution and mixing.
Simulations with resolutions up to 10243 are presented. It is shown that the rate of conversion of potential
energy into kinetic energy, as well as between Favre mean and turbulent kinetic energies, is mediated by the
mass flux so that the mass flux is likely the most important quantity to predict in lower dimensional models.

1 INTRODUCTION

Mixing to molecular scale in the presence of turbulence induced stirring is an important process in many
practical applications. In general, the fluids participating in the mixing have different densities and we refer to
such flows as variable density (VD) flows. In these flows, the specific volume changes in both time and space
depending on the amount of each fluid in the mixture and the resulting velocity field is not divergence free
even for constant density fluids. VD mixing is encountered in atmospheric and ocean flows, combustion and
many flows of chemical engineering interest, astrophysical flows, etc. In many of these flows the turbulence is
driven by acceleration (e.g. gravity in geophysical and astrophysical flows) which leads to differential forces as
the density is not uniform.

Here we consider a simple form of multi-material mixing which involves two miscible fluids with different
microscopic densities [1,2], in the presence of a constant acceleration, as occurs in the Rayleigh-Taylor (RT)
instability. The properties of the turbulence and mixing in such flows, when they have been studied, are
typically obscured by the presence of inhomogeneities due to edge effects and walls. The current investigation
focuses on the nonlinear dynamics and statistics of buoyantly driven turbulence in the statistically homogeneous
configuration. As such the new nonlinearities due to very large density variations in the advective terms of the
Navier Stokes equations become important. The problem is an extension of the buoyantly generated turbulence
in a Boussinesq fluid studied in [3] and in a VD fluid examined in [4].

2 PROBLEM FORMULATION

The equations describing the mixing between two miscible fluids with different microscopic densities, ρ1 and
ρ2, are the Navier-Stokes and continuity equations. For binary mixing, the mass fraction of the two fluids can
be recovered uniquely from the density. After non-dimensionalizing with ρ0 = 0.5(ρ1 + ρ2), reference velocity,
U0, and length, L0, the equations can be written as (see [2]):

ρ∗
,t

+ (ρ∗u∗

j
),j = 0 (2.1)

(ρ∗u∗

i
),t + (ρ∗u∗

i
u∗

j
),j = −p∗

,i
+ τ∗

ij,j
+

1

Fr2
ρ∗gi (2.2)

u∗

j,j
= − 1

Re0Sc
ln ρ∗

,jj
(2.3)
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with τ∗

ij
= 1

Re0

(u∗

i,j
+ u∗

j,i
− 2

3
u∗

k,k
δij). The primary dependent variables are the density ρ∗, velocity in the xi

direction u∗

i
, and pressure p∗. The superscript ∗ is used to denote total instantaneous (mean plus fluctuation)

values. The nondimensional parameters in equations (2.1)-(2.3) are the computational Reynolds number,
Re0 = ρ0L0U0/µ0, Schmidt number, Sc = µ0/ρ0D0, and Froude number, Fr2 = U2

0
/gL0, with g the magnitude

of the gravitational acceleration taken to be constant. gi are the components of the unit vector in the direction
of gravity. The dynamic viscosity µ0 is assumed constant and is the same for both fluids. Capital roman letters,
angle brackets, or overbars are used to denote mean values and lower case letters (Roman or Greek) or primes
to denote fluctuations. Thus, the instantaneous velocity, density, pressure, and specific volume are decomposed
as u∗

i
= Ui + ui, ρ∗ = ρ + ρ, p∗ = P + p, and v∗ = V + v, respectively.

Equations (2.1)-(2.3) are those governing the flow generated by the variable density Rayleigh-Taylor (VD-
RT) instability [5]. In this study the equations are solved in a triply periodic domain, corresponding to a
statistically homogeneous flow, and the averages are calculated as volume averages. Such a configuration elimi-
nates the complications due to the presence of non-periodic boundaries while allowing fundamental turbulence
studies in the presence of buoyancy and VD effects in the context of mixing between initially segregated ma-
terials. From a physical viewpoint, the flow corresponds to the inner region of a fully developed RT mixing
layer. From the modeling viewpoint this is a benchmark problem which any turbulence model for VD-RT
should handily predict. In addition, moment closures (e.g. [1]) become ordinary differential equations, which
are much easier to assess and test than the partial differential equations encountered in a RT configuration.
From a flow physics point of view this benchmark problem allows us to study the peculiar nature of the mixing
between two different density fluids.

In VD turbulence with arbitrary boundary conditions, the two first order moments, the mean pressure
gradient, P,i, and the mean specific volume, V , are dynamical variables evolving as the mixing proceeds. For
periodic boundary conditions though, the mean pressure gradient can be determined up to a constant gradient
which is a free parameter. This is chosen such that the energy conversion of potential to kinetic energy is
maximized (see [2]) and leads to:

P,i =
1

V
(gi+ < uiuj,j > − < vp,i > + < vτij,j >) (2.4)

Ui,t = 0 (2.5)

whereas the mean specific volume can be related to the density specific volume correlation:

ρ̄V = 1− < ρv > (2.6)

which holds for any VD flow. In the Boussinesq case, P,i and V are constant in time, which is an important
difference compared to the VD case.

3 NUMERICAL APPROACH

Equations (2.1)-(2.2) are solved in a triply periodic domain using a pseudo-spectral algorithm. The derivatives
are calculated in Fourier space and the nonlinear terms evaluated in real space. The equations are time ad-
vanced using the pressure projection method. The numerical algorithm introduces several improvements over
the existing approaches, as detailed in [2]. Thus, the pressure step is treated exactly, without additional tem-
poral integration errors. In addition, condition (2.5) imposes a constrained between the mean and fluctuating
momentum which needs to be satisfied as the equations are numerically integrated (see [2] for details).

3.1 Initial conditions and simulation cases

The density field is initialized as random blobs of pure fluids, corresponding to a double-delta PDF. The velocity
field is initialized with a zero solenoidal part and dilatational part given by:

ui = − 1

Re0Sc
(ln ρ∗),i (3.1)

which satisfies (2.3). Table 3.1 provides relevant information for the cases studied.
In order to facilitate comparisons with RT experiments, table 3.1 also provides the initial buoyancy Reynolds

number, Reb = Re0

√

A/Fr2L3
ρ

based on the initial density integral scale, Lρ as length and
√

A/Fr2Lrho as
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case# A 1/Fr2 Sc Re0 Reb0

〈ρ
2
〉

ρ
2 |t=0 < ρv > |t=0 Resolution

1 0.05 1.0 1.0 250 11 0.0024 -0.0024 2563

2 0.25 1.0 1.0 250 26 0.057 -0.061 2563

3 0.5 1.0 1.0 250 37 0.22 -0.29 2563

4 0.05 10.0 1.0 250 35 0.0024 -0.0024 2563

5 0.05 1.0 1.0 833 37 0.0024 -0.0024 2563

6 0.25 1.0 1.0 833 87 0.06 -0.064 5123

7 0.05 1.0 1.0 1667 73 0.0024 -0.0024 5123

8 0.25 1.0 1.0 1667 174 0.061 -0.0066 10243

Table 3.1. Parameters for the DNS cases.

velocity scales. In terms of dimensional quantities, these scales are L0ρ
and

√

AgL0ρ
, respectively, so that the

buoyancy Reynolds number Reb0
=

ρ0

√

AgL
0
3
ρ

µ0

.
To reduce statistical variability, each simulation is repeated several times with initial conditions generated

using a different random number seed. All data presented represent averages over 5 to 10 realizations. The high
Reynolds number cases 7 and 8 were only performed up to the time when the kinetic energy peaks, t/tr ≈ 2.5
(see below).

4 FLOW EVOLUTION

The initial velocity field is very low magnitude as it is set only by the dilatational field which is small for the
simulations considered. Due to the body force the two fluids move in opposite directions. Small and large scale
fluctuations in the velocity and density fields are generated by nonlinear interactions, increasing the turbulent
kinetic energy, EK = 〈ρ∗uiui〉/2 (figure 4.1 a). Simultaneously, the fluids in contact molecularly mix. The
amplification of the fluctuating strain field by baroclinic generation increases the interfacial area between the
two fluids and the molecular mixing is accelerated. As the fluids become molecularly mixed the viscous forces
overcome the buoyancy forces reduced by mixing and the turbulence begins to decay. At some late time only the
relatively large scale regions survive; the small scale density fluctuations have been smoothed out by molecular
diffusion. Buoyancy forces still feed the slowly decaying large scale components of the motions but not enough
to overcome the viscous forces and the turbulence goes through a slow death.
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Fig. 4.1. Time evolution of a) turbulent kinetic energy and b) mean pressure gradient normalized by the pressure head

To compare different cases, the results are plotted in terms of the nondimensional velocity, Ur =
√

A/Fr2 =√
AgL0/U0, and time scales, tr =

√

Fr2/A =
√

L0/(Ag)/(L0/U0), that characterize the balance between
buoyancy and nonlinear forces. This scaling collapses the data better than the scaling based on the linear
stability problem used by [6]. The scales used here are similar to those used in [3] with A replacing the initial
magnitude of the density fluctuations. Note that the present simulations have similar initial density lengthscales
with only small differences due to the smoothing of the initial density field performed by diffusion. The scalings

200



10th IWPCTM – PARIS (FRANCE) July 2006

proposed above may change for different initial length scales or Schmidt numbers.
In the Boussinesq case, the mean pressure gradient is constant in time and equal to the hydrostatic head

1

Fr2 ρgi. In the VD case the mean pressure is a dynamical quantity and evolves as the mixing progresses (see
figure 4.1 b)). As the mixing evolves and ρ/ρ̄ → 0, V → 1/ρ̄, the mean pressure becomes hydrostatic. For
the flow considered here, the specific volume pressure gradient correlation, 〈vp,i〉, is primarily responsible for
the non-Boussinesq behavior of the mean pressure gradient. After the initial moment most of energy resides in
the solenoidal component and the pressure plays a role similar to that in incompressible flows: it reduces the
velocity magnitude in the direction driven by gravity by transferring energy in the other two directions. The
pressure gradient is positive in the rising low density regions and negative in the falling high density regions.
Since the specific volume is negatively correlated to the density, it yields that 〈vp,i〉 > 0, acting as a production
term for the mean pressure gradient in the VD case. At early times, the specific volume is larger than 1 and the
mean pressure gradient is lower than the hydrostatic value. Later, as V decreases, the mean pressure gradient
becomes larger than the hydrostatic head. Interestingly, P,3 crosses the hydrostatic pressure value for all cases
at about the same time, before the kinetic energy peaks.

Inspection of figure 4.1 b) indicates that non-Boussinesq effects are strongly dependent on Atwood number.
Further increase in the non-Boussinesq effects can be obtained by increasing Re0 or Sc. The current simulations
are only modestly non-Boussinesq. Even so it is possible to conclude that non-Boussinesq effects, only modestly
important at the current Atwood numbers and initial conditions, will be especially important at higher A and
Sc.

5 ENERGY TRANSFER RATES

The rate of conversion of potential energy to kinetic energy is an important feature of buoyancy driven flows.
In this section it is shown that the sole mechanism by which the potential energy is converted to kinetic energy
is the mass flux. In more conventional turbulent flows the Reynolds stresses contracted on the mean velocity
gradient extract energy from the mean velocity field at large scales and then the energy cascaded down to small
scales where it is viscously dissipated. Here the potential energy of the unstable stratification is converted into
kinetic energy by buoyancy forces. As a consequence, the kinetic energy is fed at a range of scales.

The available potential energy per unit volume in a volume V is given by:

E∗

p
(t) = − gi

V Fr2

∫

V

(ρ∗ − ρ)xi dV. (5.1)

Here E∗

p
(t) is the potential energy nondimensionalized by ρ0U

2

0
. In the fully mixed state, which corresponds

to the stable configuration, E∗

p
= 0. The rate of change of the potential energy is the sum of the time rate of

change of potential energy inside the control volume and the flux of potential energy through the boundaries:

E,t = E∗

p,t
+ FE∗

p
(5.2)

Using the definition of the potential energy (5.1) and after averaging, E,t can written as [2]:

〈E〉,t = − gi

Fr2
〈ρ∗ui〉 (5.3)

The rate change of kinetic energy per unit volume is obtained by multiplying the momentum equation (2.2) by
ui and averaging:

EK,t =
gi

Fr2
〈ρ∗ui〉 + 〈puj,j〉 − 〈ui,jτij〉 (5.4)

The first term, proportional to the mass flux, is precisely the rate of change of potential energy with opposite
sign. Thus, the mass flux term represents the reversible transfer of energy between potential and kinetic forms.
The mass flux is the sole mechanism by which the potential energy is converted into kinetic energy. The last
two terms are the pressure dilatation and viscous dissipation. For the simulations considered 〈puj,j〉 is small
except at the initial instant when it is the only non-zero term in the equation. After this initial instant the
two important terms in the equation above are buoyancy production (proportional to the mass flux) and the
viscous dissipation.

In contradistinction, for a Boussinesq fluid the rate of change of potential energy can be shown to be:
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Fig. 5.2. a) Time evolution of the terms in the kinetic energy equation (5.4) scaled by ρU
2

r
/tr. Production buoyancy

term gi
Fr

2 〈ρ
∗

ui〉 upper curves, viscous term −〈ui,jτij〉 lower curves. b) Terms in the mass flux transport equation (5.8)

normalized by Ur/tr. The positive terms correspond to ρ

1−〈ρv〉
〈vp,3〉 and the negative terms to − ρ

1−〈ρv〉
〈ρv〉 g3

Fr
2

E,t = − gi

V Fr2

∫

V

[ρ∗ui −
1

Re0Sc
ρ∗

,j
]dV +

gi

V Fr2

∫

S

[ρuj −
1

Re0Sc
ρ∗

,j
]xidSj (5.5)

while the rate of change of the kinetic energy is given by (5.4) with 〈puj,j〉 = 0. There is an additional irreversible
loss of potential energy by molecular diffusion and additional diffusive transfer through the boundaries not
present in the VD case. Unlike VD, the Boussinesq approximation allows molecular diffusion in the absence
of fluid motion. While the point is generally important, it is not relevant to the current triply homogeneous
configuration, in which the extra diffusive terms in (5.5) vanish after ensemble averaging.
Figure 5.2 a) shows the evolution of the terms in the kinetic energy equation (5.4). Similar to the evolution of
the kinetic energy, the buoyancy production term increases initially as the two fluids are accelerated, reaches
a maximum and decreases as the fluids molecularly mix. As expected, the magnitude of the peak is larger as
Reb0 is increased. A similar behavior is obtained for the evolution of the viscous dissipation. At late times
the results are similar suggesting that in the buoyancy force scaling they are only weakly influenced by the
parameters considered. Interestingly, since the results for cases 3 and 4 with the same A/Fr2 are close, figure
5.2 indicates that the mass flux itself has a weaker dependence on the gravitational acceleration than on the
Atwood number.

The VD problem is more conveniently treated using Favre averages: ρŨi = 〈ρ∗u∗

i
〉. Here Ui = 0 and

Ũi = ai, where ai = 〈ρui〉/ρ. The Favre turbulent kinetic energy is ρk̃ = 1/2 Rjj where the Reynolds stresses

are defined as Rij = 〈ρ∗u′′

i
u′′

i
〉 with u′′

i
= u∗

i
− Ũi. The relation between the Favre turbulent kinetic energy and

the kinetic energy per unit volume, EK , is ρk̃ = EK − K̃ where K̃ = ρŨiŨi/2 is the Favre mean kinetic energy.

K̃,t = ai[ρ
gi

Fr2
− P,i] (5.6)

ρk̃,t = aiP,i + 〈puj,j〉 − 〈ui,jτij〉 (5.7)

In a Favre average setting, the energy conversion is from potential to the Favre mean kinetic energy, K̃, by
gi

Fr2 aiρ and then to the Favre turbulent kinetic energy, k̃, by the production term aiP,i. Thus the mass flux
mediates both the transfer of energy from potential to Favre mean kinetic energy and from here to Favre
turbulent kinetic energy. Even for cases with small mass flux, ai multiplies P,i, a large term, to give the
transfer between Favre mean and turbulent kinetic energies. The mass flux is likely the single most important
item to predict in low dimensional models if one needs to capture accurately the conversion of potential to
kinetic energy. The rate of energy conversion dictates the growth rate of the RT mixing layer, so that there
is a direct connection between the mass flux and the growth rate which further emphasizes the importance of
the mass flux.

The time evolution of the mass flux can be inferred from the kinetic energy production term, gi

Fr2 aiρ, shown
in figure 5.2 a), since the only non-zero component is a3 for the cases considered. Substituting for the mean
pressure gradient, the mass flux equation can be written as:
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ρai,t = − ρ

1 − 〈ρv〉
(〈ρv〉 gi

Fr2
+ 〈uiuj,j〉 − 〈vp,i〉 + 〈vτij,j〉) . (5.8)

The terms on the right hand side of (5.8) are buoyancy production, velocity dilatation and specific volume
pressure gradient and stress covariances. The density specific volume correlation, while important since it
mediates the mass flux production, also follows the mixing progress. Figure 5.2 b) shows the two important
terms in the equation, buoyancy production and specific volume pressure gradient correlation. Neither term is
zero initially and the mass flux is both generated and destroyed from the initial instant. Consistent with the
results above, the terms in the mass flux equation increase their magnitude with the static initial Reynolds
number Reb0. Also, similar to the mass flux, the terms in Figure 5.2 b) are less sensitive to changes in Froude
number than in the Atwood number (compare cases 1, 3, and 4). The buoyancy production directly depends on
the density volume correlation, 〈ρv〉, which changes during the evolution of the flow. In the Boussinesq case the
energy conversion is also accomplished by the mass flux but the production of the mass flux is moderated by a
mixing mechanism that is fundamentally different. In that case, the density variance mediates the production
of the mass flux. The mass flux equation highlights the interdependence between the buoyancy force on the
mixing progress. Different measures for the evolution of mixing are presented and discussed in [7].

6 SUMMARY AND CONCLUSIONS

Simulations of the benchmark problem of homogeneous buoyantly driven variable density turbulence have
allowed a study of the coupling between scalar mixing and its influence on the hydrodynamics. The current
flow has been designed to have the largest mass flux possible and is, as a consequence, the maximally non-
equilibrium flow possible for this configuration. It is useful to view this benchmark flow as characteristic of
the interior of a fully developed RT layer: a RT layer at a time at which there is little pure fluid crossing the
centerline because the layer is wide and mixing takes place before the fluid crosses the centerline.

The results of our study of buoyantly driven VD transition and turbulence permit several observations
and generalizations: a) The mass flux is its own dynamical variable and is likely the single most important
dynamical quantity to predict in low dimensional models in order to simulate the conversion of potential to
kinetic energy. b) The mean pressure gradient in VD is not hydrostatic (as in a Boussinesq fluid) and is a
dynamically evolving quantity. The mean pressure gradient is intimately coupled to material mixing through
the specific volume pressure correlation. c) The short time evolution and transition of the flow is crucially
dependent on a static or quiescent initial Reynolds number that sets the maximum kinetic energy attained.
This is also seen in RT flows and for a Boussinesq fluid [3]. Interestingly, in scaled time, the kinetic energy
maxima occur at approximately the same time, (≈ 2.5), for all simulations, regardless of Reb0. The buoyancy
force scaling also collapses the long time evolution of the flow.

Computational resources were provided through the Institutional Computing Project, Los Alamos National Laboratory. This work
was performed under the auspices of US Department of Energy.
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Abstract: The analysis is motivated by the fact that the Boussinesq eddy viscosity model (BEVM) is a
poor and, for variable density flows with body forces or large pressure gradients, a demonstratably wrong
approximation. An eddy viscosity, as simple as the well known Boussinesq approximation, yet suitable for
nonequilibrium variable and constant density flows, is derived. The result highlights the mass flux mean
pressure gradient dyad plays in generating the Favre Reynolds stresses. The model is derived using a leading
order isotropic truncation of the Favre averaged Reynolds stress equations. Constant density closures for the
pressure strain covariance are used to close the algebraic expression for the anisotropy tensor. The resulting
non linear equation is quadratic and the final expression is bounded for arbitrary mean velocity gradient, mass
flux, and mean pressure gradient as might be seen in flows with shocks. The variable density eddy viscosity is
tested in a non-equilibrium bouyantly driven flow.

1 INTRODUCTION

The derivation of an eddy viscosity type model for the Favre Reynolds stress in a variable density turbulence is
given. The work is motivated by the fact that the Boussinesq eddy viscosity model (BEVM) is a demonstratably
wrong approximation for variable density flows with body forces or large pressure gradients. In this modestly
more rigorous variable density eddy viscosity model the direct dependence of the Reynolds stresses on the mass
flux and the mean pressure gradient is shown. In the context variable density moment closures flows it shown
that, as long as there are large density fluctuations, a mass flux equation is required to predict the Reynolds
stresses.

2 PROBLEM FORMULATION AND BOUSSINESQ DISCUSSION

Several definitions are first given. The Favre Reynolds stress Rij

Rij = 〈ρ∗u′′

i
u′′

j
〉 = ρ̄〈uiuj〉 − ρ̄aiaj + 〈ρujuj〉, Rkk = 2ρ̄k̃ . (2.1)

are given. The instantaneous velocity and density fields are written u∗

i
= Ui + ui = Ũi + u′′

i
and ρ∗ = ρ̄ + ρ.

Note that u′′

i
= ui − ai where 〈ui〉 = 0 and ai is the normalized mass flux. The mass flux is

ai =
〈uiρ〉

ρ̄
= −〈u′′

i
〉 ⇒ Ũi = Ui + ai (2.2)

The operation 〈...〉 is an ensemble average or, in the case of canonical RT, an area average. The anisotropy
tensor based on Rij , Lumley (1978), is written

bij =
Rij

Rkk

− 1

3
δij (2.3)

where Rkk = 2ρ̄k̃ is twice the Favre kinetic energy of the turbulence. For readers not familiar with the use of
the anisotropy tensor the following facts are noted: The anisotropy tensor bij is bounded: − 1

3
≤ bij ≤ 2

3
. The

limit bαα − 1

3
corresponds to no energy in the (α, α) component of bij . The limit bαα = 2

3
corresponds to all

the energy in α component, ie. a one-dimensional flow. The limit bαα = 0 corresponds, of course, to isotropic
turbulence. It is the bounded nature of this quantity that leads to useful computationally bounded properties
of the model to be derived.
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Replacing the Reynolds stress by its magnitude, 2ρ̄k̃ and its orientation, bij , serves to discriminate between
two classes of physics and simplifies the modelling procedure allowing more rigourous results and highlighting
the assumptions.

An evolution equation for Rij is, from Besnard, Harlow, Rauenzahn and Zemach (1992), or from Adu-
mitroaie, Ristorcelli and Taulbee (1996)

∂

∂t
Rij + (ŨkRij),k +Rijk,k = Pij + Πij − εij − Tijk,k (2.4)

Pij = −RikŨj,k − RjkŨi,k + aiPj + ajPi (2.5)

The production term, Pij represents a transfer of turbulence to and from the mean Favre energy. The other
terms on the right hand side of the Rij equation, relevant to our goal, are

εij = 2µ〈ui,n uj ,n 〉 +
2

3
〈sijd〉 Pj = P,j −τ̄kj ,k Πij = 〈p(ui,j +uj ,i )〉 (2.6)

and εjj = 2ε + 2

3
µ〈d2〉. From the equation for Rij an equation for bij is easily derived. This is underatken

shortly.

2.1 Some Boussinesq shortcomings

The usual Boussinesq eddy viscosity model (BEVM) for the Reynolds stresses can be written in terms of bij as

Rij −
2

3
kδij = −Cµ

k2

ε
SD

ij
⇒ bij = −Cµ

k

ε
SD

ij
= − G1 Sij (2.7)

identifying G1 = Cµ as the linear eddy viscosity coefficient and Sij is the nondimensional strain rate tensor.
The BEVM model shortcomings can be summarized as follows:

1. If a mean shear is not the major production mechanism the BEVM is not an accurate model. If the mean
flow is primarily a strain flow the BEVM is not useful.

2. If a prediction of the normal stresses is required the BEVM is not useful whether or not the mean shear
is the primary production mechanism.

3. If the flow has important non-equilibrium effects the BEVM is problematic as it can be computationally
unbounded.

4. If one needs to predict a variable density buoyancy or pressure gradient driven turbulence the BEVM is
not a poor model – it is a wrong model; there is no dependence on the mean pressure gradient as can
easily be shown to be required. In RT flows, where there is no mean velocity gradient, it predicts an
isotropic turbulence which is contrary to what is observed.

These points and additional shortcomings are enumerated in more detail in Ristorcelli, Livescu, Hjelm (2005).
The weaknesses of the BEVM, which are not pertinent in many unidirectional aerodynamic simple shears for
which the BEVM predicts the production adequately, are important in RT and RM turbulence. In such flows
the Bousssinesq model does not contain even the leading order physics.

For canonical the RT and RM problems the off-diagonal terms of anisotropy tensor are zero indicating that
there are no turbulent shear stresses. An eddy diffusivity such as those used in standard k − ε models cannot
predict such a flow. It is in fact the mean pressure gradient that drives RT turbulence. See Ristorcelli and
Clark (2003) for bij values found in RT flows.

3 AN ALGEBRAIC TENSOR EQUATION FOR THE STRESS ANISOTROPY

The simplest of algebraic stress modeling ansatzen is D

Dt
bij = 0. This can be understood as assuming that bij

has no inertia and adjusts instantaneously to the local forces appearing in the bij evolution equation. Such an
ansatz produces a model for bij directly from its evolution equations:

D

Dt
Rij = [ bij +

1

3
δij ]

D

Dt
Rkk ⇒ bij +

1

3
δij =

D

Dt
Rij

D

Dt
Rkk

. (3.1)
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One sees that the deviation from isotropy is proportional to ratio of the rates of change of the Reynolds stresses
to its trace. The Favre Reynolds stress anisotropy is then written as

bij =
Pij + Πij − Tijk,k −Rijk,k −εij

Pqq + Πqq − Tqqk,k −Rjjk,k −2ε
− 1

3
δij . (3.2)

Taking the homogeneous limit (...),k = 0 produces the ASM (algebraic strees model) ansatz:

bij = aP [
Pij + Πij − εij

Pkk + Πkk − εkk

− 1

3
δij ] . (3.3)

Where aP ≤ 1 is number reflecting what we don’t know, what we have neglected or what we will neglect. By
construction bij is realizable. As a consequence the Reynolds stresses will be realizable, in the sense Schuman
(1977), if Rnn > 0. Setting εij = 2ε(dij + 1

3
δij) and re-arranging produces

bij [Pkk + Πkk − 2ε] = aP [Pij −
1

3
Pkkδij + Πij −

1

3
Πkkδij + 2εdij ] . (3.4)

The above equation (3.4) is the ASM equation. It is, due to the appearance of bij in Pij , a nonlinear equation
for bij .

In nondimensional units

Ũi,j =
ε

ρ̄k̃
[Sij + Wij +

1

3
Dδij ] =

2ε

Rnn

[Sij + Wij +
1

3
Dδij ] (3.5)

Rnn = 2ρ̄k̃ εij = 2ε(dij +
1

3
δij) 2ε = εkk (3.6)

2εAij = aiPj + ajPi − 2

3
akPkδij (3.7)

Re =
Pkk

2ε
+

Πkk

2ε
− 1 =

aqPq

ε
− 2bpkSpk − 2

3
D +

Πkk

2ε
− 1 (3.8)

and the ASM (3.4) equation becomes the nonlinear matrix equation:

bijRe = − aP [
2

3
Sij + bikSjk + bjkSik − 2

3
bpqSpqδij − Aij −

1

2ε
(Πij −

1

3
Πkkδij)

+ bikWjk + bjkWik + dij +
2

3
bijD] (3.9)

Here Re is the departure from equilibrium ratio. The nonlinear equation (3.9) is the starting point for an
explicit expression for bij . Closures for dij and Πij are required. We shall take Πkk = 0 corresponding to
solenoidal velocity fluctuations. For aP = 1 the dependence of the equation on D falls out; D is rigorously
neglected. In the interset of simplicity the high Reynolds number limit is taken, dij = 0.

An ASM tensor basis at most bilinear in A,S,W is the simplest solution to the above equation:

bij = G1Sij + G2[SikWkj − WikSkj ] + G3[S
2

ij
− 1

3
S2δij ] + G4Aij

+ G5[AikWkj − WikAkj ] + G6[SikAkj + AikSkj −
2

3
ASδij ] (3.10)

Solutions for the Gi as a function of the invariants were given by Ristorcelli (2004). It can be shown, see
Ristorcelli (2004), the G1 and G4 terms are the largest in the above ASM solution expression. An EVM,
corresponding to the retention of the G1 and G4 terms, is derived shortly.

4 AN EDDY VISCOSITY MODEL FOR VDT

To obtain an eddy viscosity type expression for variable density turbulence one truncates the ASM equation
(3.9) by neglecting terms on the right hand side in the anisotropy tensor with respect to terms retained:

bijRe = − aP [
2

3
Sij − Aij −

1

2ε
Πij ] , Re =

Pkk

2ε
− 1 =

aqPq

ε
− 2bpkSpk − 1 . (4.1)
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The truncation is called the weakly anisotropic limit and it has repercussions: the model coming from an
equation so drastically truncated cannot predict highy anisotropic states. RT at early time is not weakly
anisotropic; such a tactic is required to obtain an EVM – a simplistic model for a complex problem. This
means that VD EVM will not be able to predict the almost 1D turbulence seen at the inception of the RT
flows as the heavy fluid punches through the light fluid.

Using the standard constant density models for Πij , Ristorcelli et al. (2005), and simple shear data the
variable density turbulence eddy viscosity approximation is

bij = − 1

R
[CSSij − CAAij ] (4.2)

R =
aqPq

ε
− 2bpkSpk − 1 +

1

2
aP CS1 = A − 1 +

1

2
aP Cs1 − 2bpkSpk (4.3)

CS = aP (
2

3
− 1

2
C2) CA = aP (1 − CIPM ) (4.4)

CS1 = 3.4, aP = 0.85 C2 = 0.82 CIPM = 0.6 . (4.5)

For canonical RT and RM the largest term in (4.2) is the Aij term. In as much as it involves the mass flux it
becomes clear that any “first principles” moment closure will require an equation for the mass flux. The term
R is (approximately) the production dissipation ratio and is a measure of non-equilibrium. In the flow against
which this model will be tested R varies by two orders of magnitude: in RT, depending on ICs the term may
be as large as 100 at early time indicating the very important nonequilibrium nature of the evolving RT layer.
The point is that by working with a naturally bounded quantity we assure realizability of bij when Sij and Aij

are large. This also assures a more computationally robust model.
A closed expression for R is required. Contracting both sides on Sij and noting that bijSij = A+ 1

2
aP CS1−

1 − R produces the quadratic and the solution is

R2 − R(A − 1 +
1

2
aP Cs1) − 2(CAS2 − CAAS) = 0 (4.6)

R =
A − 1 + 1

2
aP Cs1

2
[1 +

√

1 + 8
(CSS2 − CAAS)

(A − 1 + 1

2
aP Cs1)2

] . (4.7)

where S2 = SijSij and AS = AijSij . The plus sign has been chosen in the root to make the limit (CSS2 −
CAAS) → 0 meaningful (non singular for individual components of the anisotropy tensor). As is clear from
the quadractic equation R 6= 0 given this choice and (4.2) is not singular.

Note that the numerator and denominator scale the same way leaving the eigenvalue finite and bounded.
It is of concern that the model does not violate realizability. Taking consecutively the three limits, A → ∞,
S → ∞, S = A → ∞, one obtains, respectively, b∞

11
= 0.226, b∞

11
= 0.270, and b∞

11
= 0.25 ± 0.15. These are

within realizability bounds. In fact they indicate that a realizability limit cannot be attained let alone violated.
It is noted that the predicted b∞

11
are rather small; one might expect to peg b11 → 2

3
in these asymptotic limits.

Simulations at early time show b11 ≈ 0.6. This is to be expected for such a simplified procedure for several
reasons: 1) terms in the anisotropy and the anisotropy of the production are neglected, 2) only the lowest order
isotropic terms in the most rudimentary form of a pressure strain model is kept.

The model is compared in the Figure against simulations for bouyantly driven homogeneous variable density
turbulence, Livescu and Ristorcelli (2006). The comparison is good. In fact when compared to the Boussinesq
model, which predicts an isotropic state with b11 = 0 which is never observed [Ristorcelli and Clark (2004)], the
results are a substantial improvement. At least the model is consistent with observations and the dynamical
balance of the second order moment equations. The model has also been compared to RT in Ristorcelli et al.
(2006). In both these flows bij is not dynamically significant: bij is not necessary to predict the flows evolution.
When a buoyantly driven flow is sheared or strained bij will then be dynamically significant.

Computational resources were provided through the Institutional Computing Project, Los Alamos National Laboratory. This work
was performed under the auspices of US Department of Energy.
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Fig. 4.1. Vertical anisotropy, b11, of the turbulence as function of time for A = 0.25; model and DNS comparison.
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Kovásznay modes in stability of self-similar ablation flows
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Abstract: Exact self-similar solutions of gas dynamics equations with nonlinear heat conduction for semi-
infinite slabs of perfect gases are used for studying the stability of ablative flows in inertial confinement fusion.
Both the similarity solutions and their linear perturbations are numerically computed with a dynamical multido-
main Chebyshev pseudo-spectral method. Laser-imprint results, showing that maximum amplification occurs
for a laser-intensity modulation of zero transverse wavenumber have thus been obtained [1]. Here we pursue
this approach by proceeding to an analysis of the perturbations in terms of Kovásznay modes [2]. Focusing on
the acoustic mode we have derived its exact propagation equation and, through an analysis of its source terms,
obtained approximate equations for the different flow regions.

1 INTRODUCTION

The stability of ablative flows is of importance in inertial confinement fusion (ICF). Implosions of spherical
capsules are highly non uniform and unsteady complex flows, hence rendering their stability analysis arduous.
Most of the theories devoted to ICF target hydrodynamic stability has dealt with the “ablative Rayleigh Taylor”
(RT) instability which occurs during the shell acceleration phase. Numerous analytical models have thus been
established for steady ablative flows of unbounded fluid domains in a uniform and constant inertial force field,
under incompressible or isobaric approximations. Such models have permitted a better understanding of this
rather complex instability in the case of steady ablation front. Here we consider the stability of exact one-
dimensional (1D) self-similar ablation flows, relevant to the so-called “shock transit time”. Our approach
is to describe accurately linear perturbations of exact solutions of the 1D Euler equations with nonlinear
thermal conduction, and for this, to use adaptive multidomain Chebyshev spectral methods for computing
both the mean flow and its 3D perturbations [1], hence avoiding the flaws of overly dissipative and dispersive
numerical schemes found in ICF hydrocodes. Linear perturbation responses for ablation flows relevant to ICF
are produced while taking into account—without any restriction, yet within a simplified setting—unsteadiness,
compressibility and small-scale nonlinear heat-conduction effects. In this paper, we report on results regarding
self-similar ablative flows due to radiative heat conduction and an analysis in terms of Kovásznay modes of
laser-imprint results in the case of unsteady mean flow. As a first step, we focus on the acoustic mode, derive
the exact acoustic wave equation, study acoustic source terms and exhibit approximate acoustic wave equations.

2 MEAN FLOW

2.1 EQUATIONS AND BOUNDARY CONDITIONS

Consider the 1D motion in the x direction of a compressible, inviscid, heat conducting fluid with a polytropic
equation of state p = ρ R T , E = Cv T , Cv = R / (γ − 1). The equations of motion, written in terms of the
Lagrangian coordinate m such that dm = ρ̄ dx, read

∂

∂t

(

1

ρ̄

)

−
∂v̄x

∂m
= 0,

∂v̄x

∂t
+

∂p̄

∂m
= 0,

∂

∂t

(

1

2
v̄2

x
+ Ē

)

+
∂

∂m
(p̄v̄x + ϕ̄x) = 0, with ϕ̄x = −χ̄ ρ̄1−µ T̄ ν

∂T̄

∂m
, µ ≥ 0, ν ≥ 1.

(2.1)

In these equations, ρ̄ denotes the density, v̄x the longitudinal velocity, p̄ the pressure, T̄ the temperature, ϕ̄x

the nonlinear heat-flux, R the perfect gas constant and Ē the specific internal energy. At t = 0, the fluid of
uniform density is assumed to occupy the half-space m ≥ 0, while a nonlinear heat-flux starts being applied
along the plane m = 0. Initial conditions are of the form 209
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ρ̄(m, 0) = ρ̄i, v̄x(m, 0) = 0, T̄(m, 0) = 0, for m ≥ 0, (2.2)

while boundary conditions are written as

p̄(0, t) = p̄∗ (t/t∗)
2(α−1)

, ϕ̄x(0, t) = ϕ̄∗ (t/t∗)
3(α−1)

, with α = (2 ν − 1) / (2 ν − 2), (2.3)

where p̄∗, ϕ̄∗ and t∗ are some characteristic pressure, heat flux and time. With these initial and boundary
conditions, system (2.1) admits a self-similar formulation. Introducing the self-similar variable ξ = m t−α,
similarity solutions come as

ρ̄(m, t) = Ḡ(ξ), v̄x(m, t) = tα−1V̄(ξ), T̄(m, t) = t2(α−1)Θ̄(ξ), ϕ̄x(m, t) = t3(α−1)Φ̄(ξ). (2.4)

where the vector of unknowns Y = (Ḡ V̄ Θ̄ Φ̄)T satisfies a system of ordinary differential equations,

dY

dξ
= F(Y, ξ), (2.5)

with boundary conditions
Ḡ = 1, V̄ = 0, Θ̄ = 0, as ξ → ∞, (2.6)

P̄ = ḠΘ̄ = Bp, Φ̄ = Bϕ, for ξ = 0, (2.7)

Bp and Bϕ being dimensionless numbers based on p̄∗ and ϕ̄∗ respectively. The components Fi of F are given
by

F1 = Ḡ2 N/D, F2 = α ξ N/D, F3 = − Ḡµ−1 Θ̄−ν ,

F4 = [αξF3 − 2(α − 1)Θ̄] / (γ − 1) − αξḠΘ̄N/D,
(2.8)

with
N = (α − 1)V̄ + Ḡ F3, D = α2ξ2 − Ḡ2Θ̄.

The singularity D = 0 of (2.5) corresponds to an isothermal characteristic curve, say m/tα = ξs, of the (m, t)-
plane, which is circumvented by introducing an isothermal shock wave at ξ = ξs. Such a shock wave may be
held to be a non-isothermal shock bounding the disturbed region. Henceforth the boundary conditions (2.6) are
replaced by the non-isothermal Rankine-Hugoniot conditions, at ξ = ξs, thus defining, along with Eq. (2.7), a
nonlinear eigenvalue problem for system (2.5). The method of solution consists of a finite-difference shooting
procedure followed by a relaxation process coupled to an adaptive multidomain Chebychev spectral method [3].

2.2 RESULTS

Previous studies [1, 4, 5] have dealt with electron heat conduction solutions. We have chosen here to consider
the case of radiative heat conduction for which the two exponents of the heat conductivity coefficient (2.1), are :
µ > 1 and ν > 3, instead of µ = 0 and ν = 2.5 for electron heat conduction. The density, velocity, heat-flux and
pressure reduced function profiles are given in Fig. 2.1. One can distinguish the four regions of the flow (from
left to right): (1) a low density region (with a high temperature) between the origin and the ablation front, (2)
a thin layer corresponding to the continuous thermal front, (3) the shocked region (cold and quasi-isothermal)
where the density decreases slightly and the velocity is almost constant and (4) a region upstream of the shock
wave where the fluid is at rest and the temperature zero as it is required by the self-similarity analysis. Notice
that the front is very steep, hence difficult to capture numerically. This steepness at the ablation front, due to
the temperature and density exponents, is noticeable on Mach and Péclet number profiles (Fig. 2.2).
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Fig. 2.2. Isentropic Mach and Péclet number profiles.

3 PERTURBED FLOW

3.1 EQUATIONS AND BOUNDARY CONDITIONS

The equations for the linear perturbations are written using an Eulerian description, in the (m, y, z)-coordinate
system, as

∂ρ

∂t

+ ρ̄

„

∂ρ̄

∂m

vx + ρ̄

∂vx

∂m

+
∂v̄x

∂m

ρ + ∇⊥ · ~v
⊥

«

= 0, (3.1a)

∂vx

∂t

+ ρ̄

∂v̄x

∂m

vx +
∂p

∂m

−
∂p̄

∂m

ρ

ρ̄

= 0, (3.1b)

∂~v
⊥

∂t

+
1

ρ̄

∇⊥p = ~0, (3.1c)

Cv

„

∂T

∂t

+ ρ̄

∂T̄

∂m

vx

«

+ ρ̄

∂v̄x

∂m

T + p̄

∂vx

∂m

+
∂ϕx

∂m

−
∂ϕ̄x

∂m

ρ

ρ̄

+
(p̄∇⊥ · ~v

⊥
+ ∇⊥ · ϕ

⊥
)

ρ̄

= 0, (3.1d)

where ∇
⊥
· = (∂y., ∂z.)

T. The above system of partial differential equations in physical space is replaced by a
1D system in the yz-Fourier space, consisting of (3.1a), (3.1b), (3.1d) along with

∂t (∇
⊥
· ~v⊥) − k2

⊥
p/ρ̄ = 0, with k

⊥
=

√

k2
y + k2

z , (3.2)

where the same notation has been used for a quantity and its Fourier transform. Boundary conditions are
provided at ξ = 0 by imposing arbitrary time-dependent density and incident heat-flux perturbations, and at
the shock front (ξ = ξs) by the non-isothermal Rankine-Hugoniot conditions for linear perturbations. Sys-
tem (3.1a), (3.1b), (3.1d) and (3.2) is solved in the coordinate system (ξ = m t−α, k

⊥
). Numerical approxima-

tion in the ξ variable is carried out with the same multidomain collocation spectral method as that used for
the mean flow, while time integration is performed using an operator-splitting approach. In effect, the system
of PDEs is decomposed into a first-order hyperbolic system and a second-order parabolic equation, boundary
conditions being then spread over these two subsystems. This splitting is implemented at each step of a three
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step second-order semi-implicit Runge-Kutta scheme. The hyperbolic system is integrated using the explicit
part of this scheme [3, 6], while the complete scheme is used for the parabolic system [7].

3.2 RESULTS

Laser nonuniformities and target surface roughness are the two major sources of perturbation growth in ICF
pellet implosions. Here, we only consider nonuniform laser ablation by laser irradiation nonuniformities of
otherwise perfectly smooth target. The flux perturbation, imposed at the boundary ξ = 0—here taken to be
the energy deposition surface—, is chosen to be the following

ϕx(ξ = 0, t) = ϕ̄x(m = 0, t) Πϕ(t; θ) ≡ tBϕ Πϕ(t; θ) with Πϕ(t; θ) =
[

1 − 2 (1 + exp θ(t − ti))
−1

]

, (3.3)

where ti is the simulation starting time and θ is a free parameter controlling the rise of the heat-flux perturbation.
Computations have been performed for a configuration with ti = 0.1 and θ = 100 for transverse wavenumber
values in the range: 0 ≤ k

⊥
≤ 100.

3.2.1 LASER IMPRINT RESULTS

Computations for different values of the heat-flux perturbation rise-time parameter θ lead to the same conclu-
sions [1, 4, 5]. Time evolutions of ̂G = maxξ |ρ|(t, k

⊥
), i.e overall flow density perturbation extrema, are shown

for all the wavenumbers considered here in Fig. 3.3. A noticeable feature of this amplification sheet is that its
maximum level is reached for k

⊥
= 0. For small values of the transverse wavenumber k

⊥
, after a period of pure

growth, the quantity ̂G stays nearly constant. For increasing values of k
⊥
, the duration of the growth period

shortens as a transient attenuation regime sets in, itself followed by a persisting oscillatory regime of smaller
amplitudes. The transition between these two regimes defines wavenumbers which evolve like t− 4/3 ≡ t−α,
indicating that damping mechanisms are essentially governed by thermal conduction (α only depends on ν).
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Fig. 3.3. Maximum of the density perturbation versus time and wavenumber.

Ablation-front distortion results (Fig. 3.4) illustrate the disparity, up to seven decades, in ablation-front dis-
tortion responses. Moreover we notice a highly oscillatory regime at very low level for large wavenumbers k

⊥

(Fig. 3.4a). Depending on the relative heat conduction zone thickness k
⊥
lcon, three regimes of the ablation-

front distortion amplitude are identified: a regime of algebraic growth (∝ t
4

3 ) for k
⊥
lcon � 1, a regime of

modulated amplitude oscillations for 1 / k
⊥
lcon / 103, and a damped oscillatory regime. The fact that the

oscillation frequencies become proportional to k
⊥

as k
⊥
↗ indicates that, in this regime, perturbations tend to

be of acoustic type, hence justifying taking into account the compressibility of the flow and focusing at first on
acoustic mode.
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Fig. 3.4. Dimensionless plots of the ablation-front distortions vs (a) time and (b) the relative conduction zone thick-

ness k⊥lcon, for from (top to bottom) wavenumbers k⊥ = 0 (plot (a) only), 0.01, 0.1, 1, 10, 50, and 100.

3.2.2 KOVÁSZNAY ACOUSTIC MODE

An exact propagation equation for the acoustic perturbation has been derived for the present (unsteady and
nonuniform) self-similar flows with, on the left-hand side, d’Alembert’s operator, and on the right-hand side,
51 source terms, written in a compact form. This equation reads

� p ≡
[

∂2

∂t2
− γp̄ρ̄

(

∂2

∂m2
−

k2

⊥

p̄2

)]

p = f (ρ) + g (vx) + k
⊥

h (∇
⊥
. ~v⊥) + q (p, T ; k

⊥
) . (3.4)

Restricting ourselves to the case k
⊥

= 0, the remaining 32 source terms are gathered in three groups: f (ρ),
g (vx) and q (p, T ; 0). Space-time evolutions of these source terms (Fig. 3.5) and analysis of their relative
weight lead to approximate acoustic propagation equations for the different regions of the flow. Three regions
in space—the shocked region, the ablation layer and the conduction zone (from the origin to the ablation
front)—and two regions in time—short and long times—stand out (Fig. 3.5). In particular, it turns out that
the acoustic excitation phenomenon takes principally place in the conduction zone and at the ablation front.
In effect, for the shocked region, the sum of source terms is almost equal to zero, so that, we are dealing with
an almost free propagation with associated approximate equation

�(k⊥=0) p = 0. (3.5)

In the conduction zone, source terms exhibit complex patterns for short times while, for long times, become
smooth and follow lines of constant ξ. A similar behaviour is observed for the ablation layer. For these two
regions, the contributions of the different terms in each group have been evaluated and compared, leading to
retaining only the dominant terms, and consequently approximate acoustic propagation equations. So in the
conduction zone, the dominant terms of f (ρ) and q (p, T ; 0) are the most influential, so that we obtain the
equation

�(k⊥=0) p = f̃ (ρ) + q̃c (p, T ; 0) , (3.6)

where f̃ indicates that we only retain the dominant term contribution.
For the ablation zone, many source terms are involved but sources stemming from nonlinear advection terms
and nonlinear heat conduction dominate, leading to the approximate equation

�(k⊥= 0) p = g̃ (vx) , + q̃a (p, T ; 0) . (3.7)

4 SUMMARY

In this paper, we have presented a self-similar ablation flow due to radiative heat conduction, and some new
results concerning the first analysis of laser imprinting based on a dynamic solution, revealing that maximum
perturbation amplitudes in the thin ablation layer are reached for transverse wavenumber k⊥ = 0, and that
perturbations are of acoustic type. Preliminary analysis of the Kovásznay acoustic mode has lead to identify
the dominant acoustic source terms for the different flow regions for which approximate acoustic propagation
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Fig. 3.5. Space-time evolutions of source terms of the acoustic propagation equation, respectively (from left to right

and top to bottom), sum of source terms, q-group, g-group and f -group.

equations have been proposed. This analysis shall be completed for k⊥ 6= 0 and for the vorticity and entropic
mode.
The authors are grateful to Miss V. Gognet for carrying out the Kovásznay acoustic mode computations.
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Paris 6, 2004.

214



 
10th IWPCTM – PARIS (France) July 2006 

 

e-mail: guymala@bgu.ac.il 

Two- and Three-Dimensional Numerical Simulations of the Interaction 
of a Richtmier-Meshkov Instability Induced Turbulent Mixing Zone with 
Several Re-shocks. 
  
G. Malamud1,2, Y. Elabz2, E. Leinov1, A. Formoza1, O. Sadot1,2, D. Shvartz1,2 and G. Ben-Dor1 

 
1Department of Mechanical Engineering, Ben-Gurion University of the Negev, Beer-Sheva, Israel 
2Physics Department, Nuclear Research Center, Negev, Israel 

 
Abstract: Two- and three-dimensional direct numerical simulations (DNS) were preformed in order to study the de-
pendence of the turbulent mixing zone growth rate on the perturbation initial spectrum when it is accelerated by several 
waves. Good agreement was achieved for initial spectrums containing large enough wave-lengths (i.e., a few mm). The 
DNS results were compared to the experimental results presented in Ref. [2], and good agreement is evident. A clear 
dimensionality (e.g., 2D or 3D) effect was found, expressed in the initial perturbation spectrum required for achieving 
good agreement with the experimental results. 
 
1 INTRODUCTION 
 
The shock wave interaction with a turbulent mixing zone (TMZ) has gained much attention over the past decades, due 
to its importance in physical systems such as inertial confinement fusion (ICF) and astrophysical phenomena (e.g., su-
pernova). Although good understanding of the TMZ evolution due to a single shock wave interaction is now at hand, 
not much information is available about the development characteristics of the TMZ when it is accelerated by multiple 
shock waves, with random initial perturbations. There are several experimental studies addressing this problem [1, 2, 3, 
4], which show that the TMZ growth rate following a re-shock impact increase sharply. A detailed comparison between 
the experimental results shows that the TMZ growth rate after the re-shock impact does not depend on the shock tube 
end-wall distance. It should be mentioned, that similar quantitative growth rates following the re-shock impact were 
achieved in different experimental facilities [1, 2, 3]. However, these experimental results were restricted mainly to the 
TMZ width development in time. Hence, very little is known about the initial conditions on the membrane separating 
the light and heavy gases and about the internal physical behavior of the TMZ. On the other hand, numerical simula-
tions presented in literature do not reproduce in general the TMZ growth rate after the re-shock impact [5]. Therefore, it 
is needed to find the TMZ growth rate dependence on the initial condition (i.e., initial spectrum and amplitude) and ge-
ometry (i.e., 2D and 3D). 
In the present study this problem is investigated by direct 2D and 3D numerical simulations of a shock tube system, 
where the TMZ is initially created by an incident shock wave and then interacts with a reflected re-shock from the 
shock tube end-wall. The Numerical simulations are compared with the experimental results of Ref. [2]. The shock tube 
apparatus used in the experiments is described in Ref. [2]. A shock wave passes an air/SF6 (light/heavy configuration, 
initial shock wave Mach number Mi=1.2) or an SF6/air (heavy/light configuration, initial shock wave Mach number 
Mi=1.5) interface (Atwood number A=0.67) where the fluids were separated by a thin membrane, on which the initial 
perturbation was randomly created. The shock tube end-wall was placed 80 mm downstream of the thin membrane. 
 
2 Numerical Codes 
 
All the presented simulations were preformed with LEEOR2D (Ref. [6]) and LEEOR3D, which are finite volume ALE 
(Arbitrary Lagrangian Eulerian) hydrodynamic codes with interface tracking capability; solving the Euler equations 
(viscosity effects are assumed to be negligible). The simulations were preformed using a minimum of 8 numerical 
nodes per wave-length at t=0. Hence, a satisfactory numerical description of the growing instability was achieved. 
 
3 Two-dimensional Numerical Simulations 
In the first stage, we conducted two-dimensional DNS, using several initial conditions which differed from each other 

by 
0

λ  (average wave-length at t=0), using initial amplitude to wave-length ratio ( )0
a λ of roughly 0.05. The ini-

tial amplitude for the calculations was derived from:  
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Where ka  is the wave number 2k π λ=  random amplitude, x is the space coordinate, d is the domain width and 

k
akξ ε ∑=  is a normalization parameter. 

The two-dimensional numerical simulations were preformed for the heavy/light and light/heavy configurations pre-
sented in [2]. The domain width was 4 cm, and two initial spectra were simulated: 0.5 6.5λ< <  mm and 

0.5 2.5λ< < mm ( 3.5λ = and 1.5 mm, respectively).  

The results revealed a clear dependence of the growth rate following the re-shock impact on the initial perturbation 
spectrum. A comparison between the two-dimensional numerical and experimental results is presented in Fig. 3.1, for 
the SF6/air (heavy/light) (a) and air/SF6 (light/heavy) configurations where the shock tube end-wall is 80 mm down-
stream of the initial location of the membrane. It can be seen that the growth rate following the re-shock impact in-

creases with the initial average wave-length and that the 3.5λ =  spectrum is in very good agreement with the experi-

ments, both for the heavy/light and light/heavy configurations. It should be noted, that same quantitative agreement was 
achieved (with the same initial perturbation spectrum) with the experimental results presented in Ref [1]. 
 
 
 
 
 
 
 
  
 
 
 
 
 
 
 
 
 
 
Fig. 3.1: TMZ width vs. time, for the light/heavy (a) and heavy/light (b) configuration (Mi=1.2 and 1.5, respectively, 
end wall at 80 mm) as was obtained experimentally [2] (smooth lines) and by two-dimensional numerical simulation 

with
0

1.5λ =  and 
0

3.5λ =  mm (dashed and dotted lines, respectively). t=0 denotes the re-shock arrival to the inter-

face. 
 
The SF6/air interface at different times is presented in Fig. 3.2 (t=0 marks the arrival time of the re-shock to the TMZ). 
Until the re-shock impact, no dominant bubble merging mechanism is evident (Fig. 3.2a-3.2b). It can be seen clearly, 
that shortly after the re-shock impact, large-scale structures evolve rapidly and dominant the TMZ structure, without 
any significant change in the average wave-length. 

A comparison between the numerical simulation results for both spectra (e.g., 
0

3.5λ =  and
0

1.5λ = ) is presented in 

Fig. 3.3. It can be seen that the 
0

3.5λ =  TMZ contains structures with wave-lengths of the order ~ 5λ< >  mm, while 

the 
0

1.5λ =  contains wave-lengths of the order ~ 2λ< >  mm. since no dominant bubble merging occurs, this differ-
ence in the perturbation spectra sets the difference in the TMZ growth rate. 

a b 
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Fig. 3.2: SF6/air interface at different times (t=0 represents the re-shock impact) for the SF6/air (heavy/light configura-

tion, Mi=1.5, end wall at 80 mm) with initial perturbation spectrum of 
0

3.5λ = . 
 

 
Fig. 3.3: SF6/air interface extracted from the numerical simulations for the SF6/air (heavy/light configuration, Mi=1.5, 

end wall at 80 mm) with initial perturbation spectrum of 
0

3.5λ =  (a) and 
0

1.5λ =  (b) 0.5 ms after re-shock in-
teraction with the TMZ.  
 
4 Three-dimensional numerical simulations 
 
After achieving good agreement for the two-dimensional numerical simulations, some three-dimensional simulations 
were performed, for the heavy/light (SF6/air) case, in which the initial perturbation amplitude was: 
 

(2)                                     
( )0 k x y k x y

kx,ky

k x y k x y

a x,y = a cos( )cos( )+b cos( )sin( )+

                    c sin( )cos( )+d sin( )sin( )

φ φ φ φ

φ φ φ φ

∑
  

b 
t= -0.2 

f 
t= 0.2 

e 
t= 0.1 

a 
t= -0.3 

c 
t= -0.1 

d 
t=0 
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Where 
x

2
x

xk
L

πφ = , 
y

2  
y

yk
L

πφ =  and ,  ,  ,  k k k ka b c d  are random factors. 

The simulations were preformed by means of LEEOR3D, with a 5x5 mm2 domain cross section and a resolution of 
60x60 computational nodes. In order to find the TMZ growth rate dependence on the initial perturbation spectrum, 

three-dimensional simulations, with 
min

0.3λ =  mm and maxλ = 5, 2.5 and 1.25 mm, resulting with 
0

2.6,  1.5,  0.8=λ  

mm, respectively, were performed. Note that the wave-lengths for the three-dimensional case are were calculated from: 

S N , where S and N denote the total domain area and the number of bubbles. 

In Fig. 4.1, the SF6/air interface from the 
0

2.6λ =  mm numerical simulation is presented at different times. It can be 

seen, that while the initial perturbation contains a large number of bubbles, ~120, (Fig. 4.1a), a rapid inverse cascade 
(e.g., bubble competition) reduces the number by a factor of 1/3 to ~40 (Fig. 4.1b-d) when the re-shock arrives at the in-
terface. This number continues to reduce slowly (Fig. 4.1e to 4.1f), and the growth rate following the re-shock remains 
constant, with dominant wave-lengths of approximately 2 mm. 
   
 
 
  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Fig. 4.1: SF6/air interface at different times (t=0 marks the re-shock impact) for the SF6/air (heavy/light configuration, 

Mi=1.5, end wall at 80 mm) with initial perturbation spectrum of 
0

2.6λ =  mm.  

b 
t= -0.2 

f 
t= 0.2 

e 
t= 0.1 

a 
t= -0.3 

c 
t= -0.1 

d 
t=0 
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The TMZ width as a function of time as obtained in the three-dimensional numerical simulations and in the experiment 
is presented in Fig. 4.2. All the numerical calculations agree well with the experimental data before the arrival of the re-
shock to the TMZ. It is also evident that when the initial perturbation spectrum contains large enough wave-lengths 

(
0

λ = 1.5 and 2.6 mm, dashed and dotted lines, respectively), very good agreement is obtained after the re-shock arri-

val at the interface. When the initial perturbation spectrum is built from shorter wave-lengths (
0

λ = 0.8 mm), the cal-

culated TMZ fails to match the experimental results after the re-shock. 
 
 
 
 
 
 
 
 
 
 
 
  
 
 

 
 
 
 
 
Fig. 4.2: TMZ width vs. time, for the heavy/light configuration (SF6/air, Mi=1.5, end wall at 80 mm) as was obtained 

experimentally [2] (smooth line) and by three-dimensional numerical simulations with and 
0

2.6,1.5λ =  and 0.8 mm 
(dotted, dashed and dot-dashed lines, respectively). t=0 marks the re-shock arrival at the interface.  
 
In order to enhance the difference between the two-dimensional and the three-dimensional simulations, the TMZ width 

as a function of time for 
0

λ = 1.5 mm, in both 2D and 3D, is presented in Fig. 4.3. It can be seen that while the three-

dimensional simulation is in good agreement with the experiment, the two-dimensional simulation does not predict the 
correct growth rate after the recheck arrival at the interface. 
 

 
Fig. 4.3: TMZ width vs. time, for the heavy/light configuration (SF6/air, Mi=1.5, end wall at 80 mm) as was obtained 

experimentally [2] (smooth line) and by the two- and three-dimensional numerical simulations with and 
0

1.5λ =  mm 
(dotted and dashed lines, respectively). t=0 marks the re-shock arrival at the interface. 
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8 SUMMARY 
Two- and three-dimensional numerical simulations were preformed in order to investigate the effect of the initial per-
turbation spectrum and geometry (2D or 3D) on the turbulent mixing zone growth rate in the case of multiple accelera-
tions (e.g., shock tube with re-shock). 
• It was found that both the 2D and the 3D simulations reproduce the experimental results of Ref. [2] for initial pertur-

bation spectra containing large enough wave-lengths (
0

λ = 1.5 and 3.5 mm for 3D and 2D, respectively). 

• The reason for the difference in the initial spectrum required for good agreement with the experiments for the two- 
and three-dimensional simulations is that in the three-dimensional case, an efficient inverse cascade (e.g. bubble compe-
tition) process takes place in the TMZ, resulting a rapid increase in the average wave-length prior to the re-shock.  
• Since the velocity of the bubbles and spikes depends on the wave length and on the geometry (e.g. 2D or 3D), the 
three dimensional TMZ tends to grow faster from the two dimensional (for a given wave length). 
• Following the re-shock, no bubble competition is evident and the dominant medium wavelengths (~5 mm for 2D and 
~2 mm for 3D) control the TMZ growth. 
 
REFERENCES 
 
 
[1] V.A. Andronov, S.M. Bakhrakh, E.E. Meshkov, V. V. Nikiforov, A.V. Pevnitskii & A.I. Tolshmyakov, Sov. Phys. Dokl., 

35: 159 (1976).  
[2] E. Leinov, A. Formoza, O. Sadot, A. Yosef-Hai, G. Malamud, Y. Elabz, A. Levin, D. Shvarts & G. Ben-Dor, 10th 

IWPCTM, Paris, France.  
[3] F. Poggi, M.H. Thormbey & G. Rodriguez, Phys. Fluids 10, 2698 (1998). 
[4]  D. Shvarts, O. Sadot, L. Erez, D. Oron, U. Alon., G. Hanoch, G. Erez, G. Ben-Dor & L. A. Levin, 6th IWPCTM,  Eds. G. 

Jourdan & L. Houas, pp. 464, Marseille, France, (1997). 
[5] D.L. Youngs, Physica D 12, 32 (1984). 
[6]       G. Malamud, A. Levy & D. Levi-Hevroni, AIAA J. 41: 4, 663 (2003). 
 
 
 

220



e-mail: Christian.Mariani@polytech.univ-mrs.fr

10th IWPCTM – PARIS (FRANCE) July 2006

Experimental investigation of the interaction of a plane shock wave with
spherical and sinusoidal gaseous interfaces

Christian MARIANI1, Guillaume LAYES1, Georges JOURDAN1, Lazhar HOUAS1 and
Marc VANDENBOOMGAERDE2
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Abstract: We present the first results of two new studies concerning the Richtmyer-Meshkov instability. The
first one consists in the observation with a laser sheet device of the deformation of a seeded gas bubble by a
shock wave. The second one deals with the impulsive acceleration of a sinusoidal gaseous interface materialized
by a nitrocellulose microfilm put on a computer designed grid. For each case, two gas couples, both heavy/light
and light/heavy configurations, were tested with a weak shock wave (M=1.16±0.01).

1 INTRODUCTION

The mixing process between two gases, the interface of which is accelerated by a plane shock wave, has been
the subject of a lot of studies for the last century, especially since it is known that the Richtmyer-Meshkov
instability development is partly responsible for the loss of energy which prevent the Inertial Confinement
Fusion. Several campaigns of experiments have been performed in our laboratory with different shapes and
configurations of gaseous interfaces and with different visualization devices.
Concerning the acceleration of a gas bubble by a plane shock wave and in the continuity of a comprehensive
study made with shadowgraph visualization [1,2], a campaign of runs is now carried out with pure two dimen-
sional laser sheet visualization.
As regards the interaction of a plane shock wave with a sinusoidal gaseous interface, the present experiments
concern two test gases initially separated by a thin nitrocellulose membrane put on a grid. This sinusoidal
grid which was build with one’s hand in a previous campaign [3], is now designed with computer and build by
stereolithography. The present work gives the first results of these two studies.

2 EXPERIMENTAL SETUP

The experiments are performed in our horizontal 20 cm×20 cm square cross section shock tube.

Fig. 2.1. Schema of the laser sheet visualisation.
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The high pressure, low pressure and experimental chambers are respectively 1.65 m, 5 m and 0.48 m long.
T200 shock tube allows to generate shock wave which Mach number range from 1.1 to 3. It is coupled with
a laser sheet visualization device (figure 2.1) with a pulsed copper vapor laser (frequency ranges from 2 to 50
kHz), an optical system to transform the laser beam in a laser sheet and a high speed rotating drum camera
(which turns up to 300 m/s). All this allow to obtain about 50 frames spaced by 500 µs to 20 µs. Dynamic
PCB pressure gauges give temporal evolution of the pressure and set off the measurements.

3 SPHERICAL GASEOUS INTERFACE EXPERIMENTS

In the previous work of Layes et al. [1, 2], using a shadowgraph visualization device, the superposition on a
frame of the phenomena along the test chamber section width induced a difficult distinction of bubble structures
especially for low Atwood number and for a long time after the incident acceleration. To prevent this problem,
experiments are now performed with laser sheet visualization. The use of this diagnostic needs to seed one of
the two test gases. We decide to seed the bubble gas using a solution of titanium chlorid which reacts with
water giving in particular a white smoke of titanium dioxide (cf. figure 3.2). The bubble test gas passes in
titanium chlorid solution and takes a few fumes with it. As the bubble is blowing, these fumes react with the
soap water and gives the seeding particles of titanium dioxide. The initial bubble diameter is about 40 mm
and the soap solution is a mix in equal division of soap, glycerin and water. Concerning the other experimental
parameters, the incident shock wave Mach number is about 1.15, the laser frequency is 10 kHz and the camera
speed is 180 m/s (1 frame per 100 µs).

TiCl4

test gas

test gas + TiCl4(colourless) fumes

test gas + TiO2

(white smoke)

bubble injector

TiCl4

test gas

test gas + TiCl4(colourless) fumes

test gas + TiO2

(white smoke)

bubble injector

Fig. 3.2. Schema of the device to blow a seeded bubble and picture of a seeded bubble.

Figure 3.3 shows a comparison of shadowgraph and laser sheet diagnostics. For same deformation stages
of a krypton bubble, frontiers of post shock structures (vortex rings, soap filaments and soap jet) are clearer
with the laser sheet observation. This could be explained by the decrease of density gradient as the gases mix,
insofar as smaller the density gradient is, worse is the contrast of the shadowgraph frames. However, we have
to notice that the soap much diffracts the laser light and this harms the pictures contrast.
In a more quantitative way, we measure the bubble length (between the extremal bubble gas abscissa) and
plot its dimensionless evolution (dividing the length by the initial diameter D0 and time by the ratio D0

Uf
where

Uf is the flow velocity). If we compare the evolution of this characteristic size of the bubble measured both
laser sheet or shadowgraph techniques (figure 3.4), a divergence of results appears with time. Here again, the
difference of contrast should be responsible of this and the fact that the disagreement is earlier in the case of
the krypton bubble than in that of the helium one is a further proof of it.
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Laser sheet

Run T200#108:   M=1.13
Shadowgraph

Run T80#222:   M=1.07

Fig. 3.3. Shadowgraph and laser sheet frames for same stages of bubble deformation.
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Fig. 3.4. Dimensionless temporal evolution of krypton and helium bubble lengths: comparison of shadowgraph and

laser sheet results (D0 is the initial bubble diameter and t0=
D0
Uf

where Uf is the flow velocity)

4 SINUSOIDAL GAS INTERFACE EXPERIMENTS

Unlike the previous experiments of Jourdan and Houas [3], we here used a double layer nitrocellulose membrane
supported by a computer-aided designed grid which is also a perfect sinusoidal one. This grid which has
been obtained by the stereolithography technique allows to have a better knowledge of the initial conditions.
Therefore, the comparison between experiments should be easier.
As regards the experimental parameters, we have studied a light/heavy case with air/SF6 interfaces accelerated
by a shock wave of Mach number of about 1.15. Two kinds of perturbations have been used to completely
follow the linear and the earlier non linear stages of the instability. The first is characterized by an initial
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amplitude of 3 mm and a wave length of 80 mm. The second is characterized by an initial amplitude of 6 mm
and a wave length of 120 mm. The runs were made with a laser frequency of 10kHz, a camera speed of 180
m/s and after an air seeding time of 15 minutes with incense smoke.

Fig. 4.5. Grid designs using the software CATIA (grid 1: λ0=80mm - η0 = 3mm , grid 2: λ0=120mm - η0 = 6mm).

Fig. 4.6. Polyacrilamid grids (grid 1: λ0=80mm - η0 = 3mm , grid 2: λ0=120mm - η0 = 6mm).

Laser sheet pictures in figure 4.7 show the interface evolution for the two initial sinusoidal configurations.
This evolution consists in an increase of the initial perturbations. We can see the presence of membrane
particles which more diffract the laser light along the interface contours.
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Fig. 4.7. Laser sheet frames of interactions between a 1.15 Mach number shock wave and two different seeded air/SF6

sinusoidal interfaces

In figure 4.8 are plotted the dimensionless peak to peak amplitudes of the perturbations compared with the
linear theory. For grid 1, this dimensionless peak to peak amplitude can be measured twice from the abscissa
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difference between the minimum in the middle of the tube and the two maxima. The two other minima near
the walls are not used to prevent the effects of the interfacial mode change (from sinusoidal to plane meshes).
For grid 2, we measure the peak to peak amplitude between the maximum in the center and each minimum
near the walls, calculate the average of the two values and divide it by two. The graphics in figure 4.8 have been
obtained from two different experiments for each sinusoidal case. They show the good reproducibility of the
experiments. Clearly, the measured growth rate is lower than that of the linear theory quickly after the passage
of the incident shock wave. This is doubtless the effects of the nitrocellulose particles. But this disagreement
with the linear theory is greater in the experiments with grid 2. The only one centered perturbation geometry
maybe generates less vorticity in the hollow, near the wall, which could explain this lower growth rate.
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Fig. 4.8. Dimensionless temporal evolution of the growth rate of the perturbation for two different initial sinusoidal

interfaces

5 SUMMARY

The first experiments of the shock wave/gas bubble interaction let predict that future measurements of some of
the characteristic sizes of the bubble will be more accurate with the laser sheet diagnostic. The perspectives are
to made a comprehensive study changing the gas configuration and the incident shock wave velocity. Moreover,
in the future work, we will have to reduce the soap deposit because of the great diffraction of the laser light by
water and we would like increase the bubble size.
Concerning the shock wave/sinusoidal gas interface interaction, the use of a grid obtained by stereolithography
allows more accurate dimensions of the initial perturbations and also a better knowledge of the initial condi-
tions. However, the first measurements show that the presence of membrane particles seems to reduce to growth
rate of the perturbations in comparison with the linear and non linear theories. In this way, the perspectives
to give to this investigation could be to reduce the membrane effects using a simple layer of nitrocellulose
membrane and a higher shock wave Mach number.

Acknowledgment: The authors would like to thank J.W. Jacobs giving the idea of the bubble seeding device.
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Abstract: We have conducted two similar RMI induced air/SF6 mixing experiments on two shock tubes
using two different diagnostics : the constant temperature hotwire anemometer (CTHWA) at IUSTI and
the laser doppler velocimeter (LDV) at CEA/DIF. First comparisons of the CTHWA and LDV raw signals,
before reflected shock, on shocks and mixing zone passage times, indicate a good agreement between the two
experiments undertaken on different shock tube apparatus.

1 INTRODUCTION

This paper presents the works carried out at Université de Provence [1] and the Commissariat l’Energie
Atomique [2] on the Richtmyer-Meshkov instability (RMI) of gaseous interfaces in shock tubes and on the
turbulent mixing zones arising from it. The RMI occurs when a shock wave refracts on an interface of gases of
different densities materialized by a very thin membrane. On average, the shock and the interface are coplanar
but any geometrical perturbations on, say, the gaseous interface, either set initially or created at shock passage,
will lead to locally non parallel pressure and density gradients. This generates a sheet of vorticity on the interface
which deforms it and leads to a turbulent mixing layer. This mixing layer can then be excited by subsequent
waves, first and most strongly by the refracted shock after its reflection on the shock tube end wall. This
planar shock-interface interaction followed by re-shock excitation is analogous to the dynamics of the interface
between thermonuclear fuel and shell material occuring in inertial confinement fusion targets with spherical
imploding incident shock and exploding reflected shock. Since mixing may impede the fusion process, it is
important to predict it with modelling. Shock tube mixing experiments are carried out in order to help the
modelling effort. We have been investigating, during the two last decades, the mixing zone in shock tube by
various techniques, schlieren and shadowgraph visualizations, x-ray average density measurements, differential
interferometry, laser-doppler velocimetry at CEA, schlieren and shadowgraph visualisations, average density
measurements by infrared laser emission and absorption and hot wires at IUSTI.

2 PRESENT EXPERIMENTS

In the present experiments, the air/SF6 interface is initially materialized by a thin nitrocellulose microfilm
maintained next to a metallic wire mesh with a wire spacing of 1.8 mm. Thus the forcing wavelength of the
RMI is 1.8 mm in both transverse directions with an unmeasured initial amplitude estimated at 1-3 mm. The
length of the SF6 chamber was 250 mm for the two experimental apparatus described below. For this fast to
slow case, the Mach 1.2 incident shock wave in air refracts as a Mach 1.3 shock in SF6 accelerating the flow
to about 70 m/s. The refraction of the reflected shock of Mach 1.3 reverses the flow to about -25 m/s. The
subsequent rarefaction wave brings the gases to a velocity of 10 m/s.

2.1 Experimental set-up installed at IUSTI

At IUSTI, the horizontal 85 mm by 85 mm shock tube is equiped with three hot wire probes supported close
to the test section center by prongs inserted from the end plate as shown in Fig. 2.1. Each wire can be set
at a different abscissa, thus each shock tube run provides three heat transfer measurements. The CTHWA
output voltage is a fonction of local gas characteristics: velocity, density, temperature, viscosity and heat
conductivity [1]. Using Wilke and Vassilievski laws for the transport coefficients in the mix and a simplifying
hypothesis on temperature variation, this voltage depends on velocity and concentration. For sampled instants
we calculate all possible values of hot wire signal for a logical range of velocity and concentration in the mix
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then match it to the experimental signal to obtain a probable pair of velocity and concentration. We found
that the evolution of the concentration profile is much less sensitive to the range of velocity then the velocity
profile. The CTHWA is a good mixing zone dectector. However, the intrusive nature of the CTHWA makes it
less useful for the reshocked mixing zone because the reflected shock waves propagates along the prongs and
the wire is located in the wake of its support. The frequency response of the hot wire is also limited to 80 kHz.

Trigger

Experimental

   chamber
Sliding probe

     support

3 independent

      channels

Fig. 2.1. Observation section and hot wire anemometer setup on IUSTI shock tube.

2.2 Experimental set-up installed at CEA

At CEA/DIF, as we can see in Fig. 2.2, we use a two component LDV in a vertical 130 mm by 130 mm shock
tube to obtain axial and transversal velocity components at various abcissa along the shock tube. Prior to the
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Fig. 2.2. Observation section and laser doppler anemometer setup on CEA shock tube.

run, air and SF6 are seeded with incense smoke and olive oil droplets respectively. The LDV provides a velocity
data point whenever a particle crosses the measuring volume (intersection of two pairs of laser beams) and
the Doppler shifted light diffused from it reaches the receiving optics. We found that the membrane fragments
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reduce the data rate in the mixing zone. Many identical runs are needed at each location to obtain velocity
profiles in the mix [2].

2.3 First comparisons

Figure 2.3 presents a superposition of CTHWA and LDV raw signals obtained, respectively, on IUSTI and
CEA shock tubes, for similar conditions, i.e., an air/SF6 interface, materialized by a 0.5 µm nitrocellulose
microfilm, accelerated by a 1.2 shock wave Mach number. Note that, the SF6 chamber is 250 mm in both
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Fig. 2.3. Comparison of CTHWA and LDV raw signals obtained for similar conditions (air/SF6, Mis=1.2).

cases and the shock tube cross sections is 85×85 mm2 at IUSTI and 130×130 mm2 at CEA. This comparison
has been obtained for three different locations (44 mm, 88 mm and 147 mm) from the initial position of the
interface, the last one corresponding, approximatively, to the abscissa of reshock-interface interaction. The
mixing zone passes at the two first measurement locations at 70 m/s shortly before the reshock and returns
some time after reshock at low velocity. Before reflected shock (at 44 mm, 88 mm), the CTHWA detects the
mixing zone as a clear drop of signal, while the LDV indicates its passage by a relative rarity of velocity points.
Although the correspondence of passage times of the different singularities of the flow is relatively in good
agreement, the mixing zone passage occurs later at IUSTI than CEA, probably reflecting small differences in gas
composition and shock wave strength. However, if the CTHWA allows a clear detection of the mix boundaries
(before the reshock), with LDV in the first mixing zone passage, a dramatic reduction of the acquisition rate is
observed, presumably because of the interception of the laser beams by the membrane fragments, and cannot be
reasonably exploited. As we said above, many identical runs are needed at each location to obtain informations
on the mixing velocity. In order to still confront two experiments undertaken on different apparatus we have
compared the experimental x-t diagrams and mixing zone thickness obtained from schlieren visualization at
CEA and from CTHWA signals at IUSTI in Figure 2.4. These two graphs confirms the good agreement of
experiments of CEA and IUSTI and allows us to think that the two techniques, although presenting each one
advantages and disadvantages, are complementary. We conceptually combine the two diagnostics by using the
range of velocities measured with the LDV in one experiment for determining with the inverse method for
CTHWA, the evolution of the concentration in the other.
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Fig. 2.4. Comparison of x-t diagrams and mixing zone thickness obtained from schlieren visualizations (CEA) and

CTHWA signals (IUSTI) for similar conditions (air/SF6, Mis=1.2).

3 SUMMARY

This work presents two methods for point measurements in mixing zones induced by Richtmyer-Meshkov
instability in shock tubes. The constant temperature hot-wire anemometer exploited at IUSTI is an intrusive
technique, but allows a clear detection of the mixing zone boundaries. Concentration profiles can be obtained
by the inverse method in which concentration is allowed to vary between 0 and 1 and the velocity between
set values. For these reasons only qualitative results for velocity can be obtained. However, as pointed out
above, the CTHWA method is more useful before reflected shock for volume fraction estimates than the LDV
technique in which only few data points could be obtained in the first mixing zone passage, presumably because
membrane fragments intercept the laser beams. The Laser Doppler velocimeter developped at CEA can give
precise information on velocity providing turbulent kinetic evaluation but remain a very tedious work : several
tens identical shock tube shots at each locations are needed for statistical convergence. However, contrary to
the CTHWA, LDV is more useful for the measurement of velocity after reshock. Here, preliminary LDV results
are compared to hot wire results and show a good agreement with the two techniques. So, we wish to really
combine the diagnostics on the same shock tube run by positioning next to each other the hot wire (2.5 mm long
and 5 µm in diameter) and the LDV measuring volume (0.2 mm wide and 1-5 mm long). Thus each velocity
data point from the LDV will remove this unknown from the CTHWA equation to yield the concentration.
This would probably be difficult as the hot wire might be coated by the droplets and often destroyed by the
membrane fragments.
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Abstract: It is shown that it is possible to study the generation and growth of gravitational and shear instabilities in 2D 
geometry in experiments with different-volume gas bubbles floating in water. 
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1 INTRODUCTION  
It is important to understand the influence of the scale factor on the character of Rayleigh - Taylor (RT) turbulent 
mixing development at a gas - liquid interface. Therefore, it is interesting to study interactions between small-scale and 
large-scale initial perturbations and, in particular, interactions of turbulent mixing with large-scale initial perturbation in 
experiments. 

This problem was studied theoretically in Inogamov et al. works [1]. Theoretical analysis was based on numerical 
simulations and it confronted significant difficulties, part of which are not related to physical problems, but are 
attributed to rather limited capabilities of numerical algorithms and computing resources. So, it is necessary to have 
experimental data on the development of the many-mode perturbations. Unfortunately, for the time being there is lack 
of such data. Some attempts to study the effect have been made earlier. In particular, in the 1990s, VNIIEF carried out 
some experimental and theoretical investigations on interactions between large-scale perturbations at gas interfaces and 
the turbulent mixing zone under  ISTC project #29 [2, 3]. 

Experimental investigations have been further developed by the Hydrodynamic Educational Research Laboratory at 
the Sarov Physics & Technical Institute (SarFTI) in conjugation with a team of senior students from Sarov lyceum №15 
over the last three years [4-7]. In order to study many-mode perturbation harmonics interaction, it was proposed to look 
at the perturbation development on the cupola of air bubbles floating in water. In this case, the bubble movement has an 
essentially 2D character, which allows studying the Rayleigh–Taylor instability in two dimensions.  

In the first series of experiments, a technique was developed to produce air bubbles of several cubic centimeters in 
volume in a square-section (10х10-сm) vessel filled with water and to record their floating using an amateur video 
camera [4]. This technique was used later to study the process of bubble passing through an interface between two 
immiscible liquids [5].  

Further upgrades to the technique in 2004-2005 made it possible to produce as large bubbles as 1 liter in volume and 
to learn how vortex rings form from large bubbles and how their rise velocity changes at their transformation and 
collapse [6].  

The use of the VS-FAST high-speed video camera with a frequency of 500 frames per second made the experiments 
more informative and provided better insight into the mechanisms, by which vortex rings form from large bubbles and 
the process of instability development on the bubble surface at the initial stage of flow. The results of these experiments 
were used as a test for 2D computations [7].  

A characteristic property of the flow emerging around a rising bubble is the unusual behavior of the Rayleigh–
Taylor instability on the bubble cupola. Due to stabilization factors attributed to surface tension and shear flow on the 
bubble surface, the initial perturbations on the upper side of the bubble develop in an unusual manner - they grow and 
seem to slide down from the bubble, thus forming a stable smooth cupola [6, 7].  

Today almost all Rayleigh–Taylor instability experiments are carried out in different geometries: flat, cylindrical or 
spherical; but flows in these experiments are on average one-dimensional (see, for example, flat case [8], cylindrical – 
[9], spherical – [10]). Certainly, RT instability and turbulent mixing have a 3D nature, but in all these cases the way the 
unstable interface moves on average depends on one coordinate.   

At the same time the flow around the floating bubble is on average two-dimensional, and so there is a possibility to 
study the Rayleigh–Taylor instability in 2D.  

The mentioned features of instability development with stabilizing factors illustrate the experimental results given 
below. In addition, the experimental setup developed can be used to look at more complex 2D and 3D instable flows.   
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Fig. 2.1. а) General view of the experimental setup, b) diagram of the bubble making unit. RS- rubber shell; S- syringe 
case; Ne - needle; T - rubber tube;  P- vessel bottom (textolite); N - nut ;R – sealing rubber; B – rubber; FP – plexiglas 

plug; U - connection 
 

The experimental setup is a square-section channel with window glass walls (Fig. 2.1a). It rests upon a textolite 
support. There is a bubble making unit at the bottom (Fig. 2.1b). Its central part is a syringe case, which is fastened in a 
plate. There is a small piece of the rubber shell attached to the upper part of the syringe by means of an adhesive tape. A 
plexiglass plug with a rubber gasket from an eraser is inserted into the bottom part of the syringe. There is a connecting 
pipe communicating with an automobile pump by means of a hose on the side of the syringe. A needle of necessary 
length is put into the rubber gasket. The experimental technique is in detail described in Ref. [4]. 

In the experiment, a rubber balloon of desired size was inflated. Then, the rubber shell was broken with the needle 
at its pole; shell fragments slid down along the water-air interface and produced an air bubble. 

The rising bubble and the flow thus produced were recorded using the VS-FAST high speed camera a frequency of 
about 500 frames per second.  

This method is the development of the technique developed at VNIIEF in the 1970s [12].  
 

3 EXPERIMENTAL RESULTS  
Fig. 3.1 shows typical frames obtained in the surface perturbation development experiments with the floating air 
bubble.  

The frames clearly show how short wave-length perturbations emerge on the outer bubble surface as the bubble 
starts rising. These perturbations result from the surface deformation of the bubble, when the rubber shell slides down 
its surface. These perturbations keep on growing without changing their mode up to t≈30 ms. But then, beginning with 
t≈40 ms, one can see the perturbation spectrum to change – instead of many initial perturbations only a few fairly large 
bubbles begin to predominate. The perturbation mode continues to change, and as a result at t≈100..200 ms we have 
only the perturbations, the scales of whose wavelengths are comparable to the size of the bubble itself.  

In accordance with the classical Rayleigh–Taylor instability theory, the increment of short wavelength perturbations 
is greater than that of large wavelength ones. At the same time, due to the uncommon flow geometry, one can observe 
the prevailing growth of those particular low-frequency harmonics. In this case, this is a manifestation of non linear 
effect of sub-harmonic instability [1]. This kind of instability was studied earlier only in theory using numerical 
simulations. The experimental layout developed enables gaining experimental data on the perturbation development.  

The experimental setup produces a flow, which is somewhat different from 2D, because the channel, in which the 
bubble floats, has a square section. Replacing this channel is replaced with a cylindrical one will offer a tool for 
studying perturbations in purely 2D flows. 

a) b) 
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Fig.3.1. Perturbation development on the of the bubble floating in the square channel surface 
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Continuation of Fig. 3.1.  Perturbations development on the surface of bubble floating in square channel  

 
4 CONCLUSION 
An experimental technique to study the Rayleigh - Taylor instability in a 2D flow produced by a large (~1 l) rising air 
bubble was developed. 

A number of experiments were conducted. Data on local 2D perturbation development was obtained. The 
experiments also provided data on the mechanism of stabilization of the Rayleigh - Taylor instability on the cupola of 
the rising bubble. 

Thus, the technique developed makes it possible to study the features of Rayleigh - Taylor instability development 
in a 2D flow. 

The work was partly supported by the Russian Foundation of Fundamental Researches (Project 05-01-00083). 
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Abstract: The phenomenon of self-organizing of a fibre-like structures in a gas and dust turbulent mixing zone in 
experiments on a shock tube was observed. The zone of mixing is formed on the surface of a layer of the dust media, 
accelerated by pressure of products of a detonation of a mix of acetylene with oxygen in the closed channel of a shock 
tube of square cross section. 

 

1 INTRODUCTION 
1 Since the end 1990-s in VNIIEF and from the beginning of XXI century in educational-research hydrodynamic 

laboratory in SarFTI the works connected to application of hydrodynamic instabilities and turbulent mixing researches 
results for the decision of some practical problems in which instability play a positive role are carried out [1]. One of 
directions of these works are researches of opportunities of restriction of action of explosion by means of layers of the 
friable media. During these researches in experiments on a shock tube the phenomenon of self-organizing of fibre-like 
structures in turbulent gas and dust cloud was observed.  

Results of these experiments are submitted below. 
2. Experiments were carried out on the shock tube 

that similar shock tube described in [2]. The shock tube 
has been executed from plexiglas and had square cross 
section 4x4 sm2. In the beginning and in the end the shock 
tube has been limited by rigid walls. The tube placed 
vertically. The dust layer on thin (~1 microns) mylar film 
separated a shock tube on two compartments: lower - the 
chamber (2 cm), and top - the channel (10 cm). On fig.1 
the microphoto of particles of a dust is presented. In the 
channel there was air at atmospheric pressure. 
The chamber was filled by a stoichiometric mixture of 
acetylene with oxygen by gating through it of mix volume 
in ~ 10 times exceeding volume of the chamber. The 
detonation of a mixture was initiated synchronously in 
5x5 = 25 points equally spaced for the wall area, limiting 
the chamber from below. In each point the mix was 
initiated by electric explosion of the wire bridge. Duration 
of a high-voltage electric pulse made a few microseconds. 

The flow in a shock tube was registered in passing 
through light by means of high-speed camera SFR and 

digital videocamera SENSYCAM in a mode of one high resolution frame. 
3. Fig. 2 and 3 a sequences of camera SFR images showing the development of fibre-like structures in two 

experiments on a shock tube are presented.  
Development of flow in a shock tube can be divide conditionally into three stages:  
а)Acceleration of a dust layer by pressure of detonation products of a mix (by estimation [3] initial equilibrium 

pressure ~ 1,7 МПа, temperature 4000°С, products of a detonation shine brightly enough for high speed photography of 
flow without additional light sources [4]); 

Fig. 1. A microphoto of particles of a dust. For scale in 
a photo two hair ~60 microns in diameter are presented. 
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t = 0,1 ms  0,3 ms  0,51 ms       0,71 ms           0,91 ms            1,12 ms 

Fig. 2. Formation of fibre-like structures in gas and dust cloud (experiment № 04-03-04/4). The DL-layer of a 
dust (dark area), on its top edge Raileigh--Taylor instability develops; GDC-transparent gas and dust cloud; FS- 
fibre-like structures.  

      
 0,16 ms  0,49 ms     0,82 ms               1,15 ms         1,48 ms  1.81 ms 

Fig. 3. Formation fibre-like structures in gas and dust cloud (experiment 28-10-04/1). 
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Fig. 4. X-t the diagram of flow in experiment of 04-03-04/4. 1-top boundary of a layer of a dust 
(average position); 2-bottom boundary of a layer of a dust (dark area); 3-bottom boundary gas 
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b)Deceleration a layer under action of increasing pressure of compressed air; 
c)Formation of gas and dust cloud with formation of fibre-like structures. Thus the second and third stages in time 

are imposed one on another. 
The stage of acceleration is rather short-term. The layer is accelerated till the velocity about 100 m/s and then its 

velocity constantly falls (fig. 4). During layer deceleration a Raileigh--Taylor instability develops on the top edge of a 
layer. During flight of a layer pressure of detonation products falls, and air pressure in the channel increases and at the 
certain stage air pressure becomes higher than pressure of detonation products. Thus intensive leakage of air through a 
flying layer begins, carrying of particles of a dust by a stream of air should begin and as a result formation and growing 
gas and dust cloud. In this cloud fibre-like structures are formed. 

Whereas the gasdynamic the nature of mechanisms of formation gas and dust cloud does not cause doubts (air 
filters through a layer of a dust and carries away behind itself of a particle of a dust) the nature of formation fibre-like 
structures is represented mysterious and can be hardly explained only by gasdynamic mechanisms 

In experiment № 04-03-04/4 (fig. 2, 4) in the beginning two jet-like formations are formed in a field gas and dust 
cloud. It is not jets (in the true sense of the word) for two reason: а) the gas jet in another gas inevitably spreads, 
forming a torch (the running jet) and b) the gas jet is hardly capable to be bent. Fiber structures are formed on the basis 
of the specified pseudo-jets. In time these structures are shown more clear, getting more precise outlines and then are 
gradually washed away, and on their background there is a number of the new, finer fibres oriented in a cross-section 
direction.  

In experiment № 28-10-04/1 (fig. 3) is observed a little bit other picture - here fibre-like structures are formed more 
likely in a horizontal direction.  

 

     
 

 
Fig. 5. Instant photos of flow in the channel of a shock tube in passing light. GDC - gas and dust 
cloud; DP- detonation products of a acetylene with oxygen mix; C - wall of the channel of a shock 
tube; M-mark lines; FS- fibre-like structures. 
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Clear images of the fibre-like structures gives instant photos (fig. 5) of flow at the moment of time t = 1000 µs after 
initiation of a gas mixture detonation in the chamber of the shock tube. These  photos was made by camera 
SENSYCAM. Here fibre-like structures are presented oriented both along the channel and in cross-section and other 
directions. It is possible to estimate characteristic diameter of "fibres" on this photo (0,5÷0,2 mm), basing on known 
distance between mark lines (20 mm).  

Similar structures (filament turbulence) are formed from fine bubbles in vortical flows in water [5].  
It is possible, that dielectric dust particles can be electrified during acceleration and decceleration of dust layer in a 

shock tube, to be grouped in vortical strings turbulent gas and dust cloud and then to be united under action of 
electrostatic forces just as there are “ Lichtenberg figures” form on the charged surface of dielectric when depositing 
powder on it [6].  

On the other hand, similar fibre-like structures structures are observed at a birth of stars from diffused media of gas 
and dust clouds [7], though this similarity can be only external.  S.Boldyrev (the Chicago University branches of 
astronomy and astrophysics member) in the message by an e-mail also are marked with external similarity observable 
on fig. 5 fibre-like structures with the similar structures formed in turbulent interstellar molecular clouds.  

The “observable” fibres formed in turbulent gas and dust cloud have fractal structure, it is possible to note also 
formation of the clusters having fractal structure, from particles of free carbon behind front of a detonation of the 
condensed explosives [8].  

 
Many respondents as in Russia, and abroad have been acquainted (orally and by e-mail) with a photo presented on 

fig.5.  All of them authors express the gratitude for useful discussions.  
 

This work was supported partially by fund of the Russian Federal Property Fund (the project 02-01-00796) 
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Abstract: The technique is developed and research of change of character of flow was carried out at rising an air bubble 
in the vertical pipe of square section filled with water, depending on volume of a bubble.  

Possible connection of change of observable in experiments bubble rise speed during its transformation in a vortical 
ring with growth rate of single perturbation a gas - liquid interface at RT-mixing  is discussed. 
 

1 INTRODUCTION 
1. In 2003 year a group of students of Sarov lyceum №15 on the basis of educational-research hydrodynamic laboratory 

in Sarov Physics & Technical Institute (SarFTI) had started development of a technique to perform large-scale underwater 
experiment [1] with the purpose of checking the hypothesis about the influence of scale factor on character of development 
of a Rayleigh - Taylor (RT) mixing at a gas - liquid interface [2]. At the first stage on the basis of laboratory model the 
technique of getting small air bubbles of specified volume rising in a pipe of square section with transparent walls has been 
developed.  

After completion of this technique the opportunity of getting of air bubbles with volume up to 1 litres and more was 
realized. In experiments [1] bubbles with volume up to 2.5 cm3 turned out, during rise bubbles got jellyfish form. It is 
known, that with increase in volume of a bubble, from some volume the bubble gets the shape of a vortical ring [3]. The 
experiments resulted below show, that at rise of such bubbles in a pipe of square section, there are essential changes in 
character of flow. Similar features can influence the character of flow in pipelines with liquids and gas inclusions in it.  

2. In fig.1,a the photo of experimental setup is presented. It is square section pipe made by window glass installed on a 
textolite plate. 

In fig. 1,b the scheme of the experimental device for producing air bubbles of the volume more than 1 litres is 
presented. The case of syringe S is fixed in textolite plate P, which is the bottom of a vessel. Between the plate and the 
syringe is the rubber R which at twisting a nut N fixes the syringe and seals a backlash. On the top part of the syringe there 
is a small piece of rubber RS fixed by an adhesive tape. The plug made by plexiglas FP is inserted into the bottom part of 
the syringe in which elastic band B made from eraser which seals hole is inserted. A connection U which joins the rubber 
tube Т connected to the automobile pump is attached to the case of the syringe. The needle Ne of necessary length is 
inserted into elastic band B. 

During the experiment (fig. 2) a balloon of rubber of the necessary volume was inflated. Further a rubber shell was 
broken by a needle at its pole; thus the remains of the shell are reduced in length and slide off along water-air interface, 
forming a bubble. 

Registration of the process of bubble rising in water was carried out by a video camera SONY DCR-TRV25E. 
Experimental registration of flow was conducted not only in horizontal direction through a wall of a vessel, but also 
simultaneously in vertical direction through a mirror, attached above vessel (fig. 1, а).  

3. In the first series of experiments the vessel with the channel section 10х10 сm2 was used. A series of experiments 
was carried out in which the volume of bubbles varied from 0.05 to 1.2 litres.  
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Fig. 1. а) General view 
of the experimental 
setup, b) the scheme of 
the device for making 
bubbles. RS- the rubber 
shell; S- case of a 
syringe; Ne - the needle; 
T - rubber tube;  P-the 
bottom of a vessel 
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– sealing rubber; B – the 
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Fig. 2. Conduct of experiment 
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Fig.3. Change of character of flow depending on volume of a bubble. At small volumes ~0.05 litres (a) the bubble rises with 
the subsequent formation of  it the vortical ring. The ring gradually extends and then collapses. At the same volume of a 
bubble we can observe a completely different picture (b). Here at formation of a ring in the top part of a bubble separates a 
little bubble looks like a mushroom hat which then again incorporates to a ring from which it separated. At volume ~1.2 
litres (c)) the top part of a bubble is gradually leveled, forming a smooth dome. Formation of a ring in this case does not 
occur. 

a) 

JW 

b) 

c) 
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t=0ms         0.04ms        0,08 ms      0,12ms        0,16ms         0,2ms        0,24ms       0,28ms         0,32ms       0,36ms        

Fig.4. Frames of rise and transformation of a bubble (V ≈ 0.03 litres) (exp.205). In the initial stage of rise the bubble is 
transformed into a vortical ring. This process is observed both in horizontal projection, and in a projection along the vertical 
axis (through a mirror). 

     
Fig.5. Process of destruction of a vortical ring (exp.205) (at registration on vertical axis through a 
mirror) for the moments of time t=0.24; 0.28 and 0.32 s, accordingly.  
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Fig.6. The X-t diagram of rise and transformation of a bubble (V = 0.03 litres) (exp.205). 
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Remember that in paper [1] research of the character of rise in water of a bubble up to 2.5 cm3 volume have been 
carried out. In process of rise, the bubbles of such volumes got into jellyfish shape, without collapsing. Also it rose at 
constant speed.  

With volume increase of a bubble the picture of rise sharply changes. It can be observed in fig. 3 where typical 
experiments from the first series are presented. The rising bubble with volume ~0.05 litres is very quickly transformed into 
a vortical ring (fig. 3, a). The vortical ring is formed after the jet of water (JW) - the jet of water penetrating a bubble from 
below upwards, breaks through the top surface of the bubble. Apparently, the jet of water is a cumulative jet which is 
formed owing to cylindrical stream of the water which are flowing round a rising bubble converging under a bubble.  

 
An unusual picture is observed in the second experiment (fig. 3, b). Here at formation of a ring in the top part of a 

bubble a smaller bubble separates that looks like a mushroom hat which then again incorporates in to the ring from which it 
separated. 

In experiment with a bubble with volume ~ 1.2 litres which besides has the ellipse shape, extended along a vertical, 
there is completely different flow pattern (fig. 3, c). Here the jet of water though starts to be formed, but does not catch up 
with the top border of a bubble. And the vortical ring in this case is not formed. An obstacle for development of the jet of 
water in this case most likely are two reasons: а) disturbance of cylindrical symmetry of converging flow under a bubble; 
during the initial moments of time water flows downwards only in four angular passes formed by walls of the vessel and the 
surface of a bubble, and b) the form of a bubble extended on a vertical. Initial perturbation of the surface of the bubble, 
caused by movement of the fragments of a rubber balloon, are smoothed out and, as a result, ideally smooth bubble with 
practically flat form of the bottom is formed. It is necessary to note especially the effect of suppression of RT-instability on 
the dome of a bubble during the initial moments of rise of a bubble. Initial perturbation of the surface at top of a bubble start 
to develop, but with rise of a bubble they "are gradually rolled" downwards, forming a smooth dome. The effect of 
stabilization of RT-instability in this case, apparently, is determined by action of a surface tension and shift flow of water on 
the surface of a bubble.   

In the second series of experiments the experimental setup was modified and the cross-section of the vessel was 
increased to 11х11сm2. Besides, registration of flow was conducted not only in horizontal direction through a wall of a 
vessel, but also simultaneously in vertical direction through a mirror, attached above the vessel (fig. 1, а) 

In fig. 4 the visual record of rise and transformation of a bubble (V≈0.03 litres) is shown. In the initial stage of rise the 
bubble is transformed into a vortical ring. This process is observed both in horizontal projection, and in a projection along 
vertical axis (through a mirror). 

During rise the ring extends and, finally, rests against the walls of the vessel. Thus the ring tends to take the square 
shape of the channel of the vessel and therefore collapses into separate bubbles of different volumes. This process can be 
well observed in fig. 5 where results of registration of a ring in vertical projection through a mirror are presented larger 
scale. It is interesting to note, that from the area of a ring in the top right corner of the image, on a having the square shape 
of walls of a vessel, the air flows over to the areas of the ring, still keeping the circular shape, the largest bubbles are here 
again formed.  

In the X-t diagram (fig. 6) the dependences of height of top border H, the bottom border h and the cross-section volume 
d of bubble (and then the rings) on time t are presented. 

Speed of the rising bubble constantly varies. In the initial stage the speed of the rising ring is ~0,68 m/s, after formation 
of the ring it gradually falls down to ~0.25 m/s, and then, after it’s destruction, speed of rise again sharply grows up to ~1,06 
m/s. 

Results of the experiments described above represent first of all interest from the point of view of understanding of 
processes of flow of a liquid with gas inclusions on pipelines; and, in particular, influences of the shape of pipe cross-
section on these processes.  
 

At the same time the observable transformations of the rising bubbles, change of speed of rise of a bubble and then a 
vortical ring and influence on these processes of walls of a vessel can relate to development of a turbulent mixing zone on a 
gas-liquid interface. Earlier change of the form of a bubble of single perturbation on RT-unstable a gas-jelly interface and 
the tendency of its transformation into a vortical ring both in experiments [4], and in calculations [5] was already observed. 
In calculations [6] and experiments [7] the problem of joint development and interaction of single perturbation and a 
turbulent mixing zone on RT-unstable interface with Atwood number ~1 is investigated. In these calculations and 
experiments essential excess of growth rate of single perturbation is received in comparison with a turbulent mixing zone. 
On the basis of these results it is supposed, that single perturbation under some conditions can not be absorbed by a 
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turbulent mixing zone at unlimited space and time scales of flow. At the same time it is necessary to note, that in 
calculations [6] and experiments [7] the process of formation of a vortical ring in process of a bubble of single perturbation 
has not been completed. 

We could see from above mentioned experiments that with formation of a vortical ring the speed of its rise decreases by 
~2.7 times. Therefore there is a question: whether growth rate of single perturbation after formation of a vortical ring will 
decrease accordingly. In this case the assumption of possible unlimited growth of single perturbation [6] will need more 
proofs.  

 
In summary authors express gratitude to V.A.Zhmajlo and V.S.Statsenko's for useful discussions.  
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Abstract: The technique of research of development of a turbulent mixing on gas - gas interface in cylindrical 
geometry by means of the cylindrical acetylene shock tube is developed. This shock tube was constructed in accordance 
with the outline: an exploded wire on a symmetry axis - a cylindrical volume of a mixture of acetylene with oxygen 
(confined by thin  film (~1µ)) - a cylindrical layer of air - a cylindrical rigid wall. A preliminary series of experiments 
which results confirms operability of this technique was carried out. The first results of measurements of a turbulent 
mixing zone on interface: mixture detonation products - air in cylindrical geometry are presented. 
 

1 INTRODUCTION 
1. Experiments on research of the instability induced by a shock wave and of the accompanying turbulent mixing 

carried out in VNIIEF on an air driver shock tube [1,2], have initiated a lot of similar researches. A steady and universal 
interest in similar experiments is due to the fact that their results are widely used for verification of theoretical models 
of turbulent mixing development, and, on the other hand, to their self-descriptiveness, simplicity and availability. Later 
a technique has been developed for research of a turbulent mixing on a cylindrical interface between gases of different 
density, accelerated by a converging shock wave [3-6]; in these experiments the converging shock wave was created by 
electric explosion of a row wires. The development of modifications of shock tubes and similar devices for research of 
the instability developing in cylindrical and spherical geometries is also described in papers [7-12]. 

In VNIIEF, since the middle of the 1990s of the last century, they have been developing a technique of a shock 
tube with a driver of a shock wave as a mix of acetylene and oxygen [13-16]. In these works, experiments were carried 
out in a shock tube with a channel of a constant section in geometry: rigid wall 1 - (thin) layer of a gas mix - air - rigid 
wall 2. Detonation is initiated synchronously in many points regularly located on rigid wall 1. The initial density of air 
(ρ0=1,2g/l) is approximately equal to the initial density of the mix (ρ0=1,35g/l), and during the expansion the density of 
the detonation products falls ~10 times, while the interface of the detonation products moves with deceleration. As a 
result, at the initial stage of the flow, the interface between these gases is stable by Rayleigh-Taylor (the acceleration is 
directed from the heavier gas to the lighter one) and the development of a turbulent mixing zone on the interface begins 
only after is impacted by the shock wave reflected from rigid wall 2. By then, the film that separated gases, has been 
completely destructed by the high temperature of the detonation products.  

At the same time it is necessary to note, that [13] the possibility has already mentioned to use the given scheme not 
only in flat, but also in cylindrical and spherical geometry. In this case, the role of rigid wall 1 in a cylindrical 
configuration is played by an axis of symmetry and, in a spherical configuration, the center of symmetry. 

Work [16] describes results of the experiments which demonstrated the opportunity to initiate a divergent 
cylindrical detonation wave in a gas mix by electric explosion of a long thin wire. This circumstance has been used for 
development of a cylindrical shock tube which is based on the following simple scheme: electrically exploded wire 
along the tube axis - a cylindrical volume of a mix of acetylene and oxygen (limited by a thin (~1µ) film) - a cylindrical 
layer of air – a cylindrical case (a rigid wall). 

  2. The scheme of a cylindrical shock tube with a driver of a shock wave as detonation products of acetylene 
and oxygen mixture is shown on fig. 1. A general view of the experimental installation and data-acquisition equipment 
is shown on a photo on fig. 2. 
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Fig. 1. The scheme of a cylindrical shock tube  

  
A shock tube case is a piece of a cylindrical steel tube with an internal diameter of 307 mm, thickness of the 

wall of 8 mm and length of 90 mm. On both ends, the tube case is limited by to plexiglas plates with a thickness of 20 
mm. Plates are tightened with six М8 steel studs. In assembly the lateral plates (windows) and the cylindrical case form 
the channel of the cylindrical shock tube. 

Along the axis of the assembly, there is a hole housing a  cylindrical chamber desined as two end walls inter- 
connected by 12 steel strings (with a 1 mm diameter). The end walls and the strings form a skeleton which was covered 
by a thin (~1 microns) film forming closed volume of the chamber. The chamber has a diameter of 61.5 mm. In the 
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Fig. 2. Photo of a cylindrical shock tube. S1 - 

six studs fastening the case of the channel; S2 - 

three studs fastening the chamber; GT - gas 

tube.  
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development of the experimental technique it transpired, that the steel strings are not a reliable enough device for 
fastening the chamber, and additional three end – wall fastening steel studs with a diameter of 5 mm had to be installed. 

 

        
     t = 0 ms                  0,04 ms                                          0,09 ms   

        
       0,13 ms      0,18 ms                    0,22 ms   

        
                    0,27 ms                    0,31 ms                                           0,36 ms 

        
         0,38 ms         0,40 ms       0,45 ms 

 
Fig. 3.  Photo of the experiment with the cylindrical shock tube 
Legend: M - mark lines; GI - gas inlets; C - high-voltage pulse cable to a exploding wire; ShL - shadows 

of out-of-focus lattices [17]; I - interface between detonation products and air; ShW - shock wave. Time is 
counted from the moment of the mix detonation initiation in the chamber. 
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Fig. 4. R-t diagram of the flow in the cylindrical shock tube 
Before the carrying out of the experiment, the internal volume of the chamber is filled, through gas inlets in 

end walls, by acetylene - oxygen mixture (С2Н2+2,5О2). The filling is carried out by pumping some 1.5 liter of the 
mixture through the volume of the chamber. In the channel, there is air at atmospheric pressure. 
 Detonation of the mixture is initiated by electric explosion of a wire stretched along the chamber axis. 
 Visualization of the flow is carried out by IAB-451 shadow installation by a method of out-of-focus lattices 
[17]. Registration of the flow is carried out by high-speed camera (SFR). 
 Negatives of experimental frames are scanned by ScanWit 2740s scanner. At that files are produced with an 
image of separate frames in PCX format, which are processed on a personal computer by an AUTOVIEW, 
PHOTOSHOP and EXCEL software packages. 

 
 3. Fig. 3 shows the results of one of the experiments carried out by the described technique and the measuring 
results presented as R-t diagrams (fig. 4).  
 As in the case of the experiments on a usual shock tube [13-16] at the initial stage of the flow, before shock 
wave reflected from a rigid wall (t <0.3 ms) reaches the interface, the mixing zone on the interface practically does not 
develop. The turbulent mixing zone starts developing intensively after it is reached by the reflected shock wave (t> 0.3 
ms). 
 The experimental results quite unequivocally confirm an opportunity the possibility to use the given technique 
for research of processes of a turbulent mixing zone developing on a gas - gas interface in a cylindrical geometry. At 
that, it is necessary to note that, in comparison with the experiments the cylindrical shock tube [3-6] conducted in the 
1970s years of the last century, the given technique has a member of essential differences and, in some respects, 
advantages: 
1. In the described technique, the film is destructed and turns to smoke at the initial stage of flow and therefore does not 
influence the development of a turbulent mixing zone at the initial stage of flow. 
2. The distance between the side walls of the cylindrical shock tube channel in experiments [3-6] was 2 cm; in this case, 
it makes 9 cm and can be additionally increased without much work and, in that way, the role of wall effects is 
significantly reduced. The wide – range variation of the distance between the end walls makes it possible to investigate 
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the role of wall effects. In addition to the aforesaid, it is possible to state, that in this case, the problem of increasing the 
cross-section section scale is solved easier than in the case of a usual shock tube. 
3. It is possible to conduct a research of the development of a large-scale perturbation (for example, by displacing the 
chamber in relation to the case or by initiating disturbances  on a cylindrical rigid wall.) 

Thus, the technique is developed for research of the development of a turbulent mixing zone on a gas - gas 
interface in a cylindrical geometry by means of a cylindrical shock tube constructed according to  the scheme: an 
exploded wire along the axes  of symmetry - a layer of a mix of acetylene and oxygen (limited by a thin (~1µ) film) - a 
layer of air - a cylindrical case (a rigid wall). 

The developed technique has essential differences and certain advantages in comparison with the technique of 
research by means of a cylindrical shock tube with a shock wave driver in the form of exploded wires [3].  
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Abstract: We describe the use of image analysis to count bubbles in 3-D, large-scale, LES [1] and DNS [2] of the 
Rayleigh-Taylor instability. We analyze these massive datasets by first converting the 3-D data to 2-D, then counting 
the bubbles in the 2-D data. Our plots for the bubble count indicate there are four distinct regimes in the process of the 
mixing of the two fluids. We also show that our results are relatively insensitive to the choice of parameters in our 
analysis algorithms.  
 
1 BUBBLE-IDENTIFICATION ALGORITHM 
The three-dimensional data from the simulations are converted through a series of steps to two-dimensional data for 
analysis.  A region-growing approach is first used to define the mixing region from the density field.  The data volume 
is then processed to produce a “top-down” image of the height of the top surface of the three-dimensional mixing region 
defined by the region-growing method.  To locate bubble structures in the surface depicted in the height map, the mag-
nitude of the X-Y velocity is computed, and localized nodes of zero X-Y velocity magnitude are used to identify the tips 
of bubbles.  See Figs. 1.1 and 1.2. 
 
 
 
 
 
 
 
 
 
 
 
 
   (a)    (b)    (c) 
 
Fig. 1.1.  DNS at t / τ = 6.25.  Only 1/36 of the area of the data is displayed. (a) 2-D slice of density, where the gray re-
gions are identified by the 3-D region-growing method.  (b) The height of the bubbles as seen in the top view obtained 

from 3-D region growing.  (c) Magnitude of the X-Y velocity at the bubble boundary. 
 
 
 
 
 
 
 
 
 
 
 
 
   (a)    (b)    (c) 
 

Fig. 1.2.  Sub-images from the DNS, with the bubble tips identified, for t / τ of (a) 2.25, (b) 5.625, and  
(c) 14.  A bubble tip is the centroid of a region where both the magnitude of the X-Y velocity and the height variation 

are small.  Only 1/36 of the area of the data is displayed. 
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2 SENSITIVITY TO THRESHOLD 
 
The method we employ to determine the location of bubble structures is necessarily subjective.  We used visualization 
to verify the results from the algorithms as they were developed and refined, and took the approach that a bubble is a 
structure that manifests itself near the top region of the mixing layer, has a characteristic domed feature, and is some-
thing that a person viewing an image can recognize intuitively.  These assumptions work well at the early times in the 
flow development, but are strained at late time when the flow morphology becomes quite complicated.   
 
We explored the dependence of the final bubble counts on the threshold used in the region-growing step.  For a subset 
of simulation times, the threshold was varied and the resulting bubble tips on the top-down images were judged by eye 
for whether the result was consistent with what our eye discerned in the structure.  Upper and lower bounds were de-
termined, and the dependence of the upper and lower bounds on the final bubble counts was determined (Figs. 2.1 and 
2.2).  The differences resulting from the extremes of the thresholds are observed to be relatively small when considering 
the slopes of the bubble count curves.  For the primary analysis, a logarithmic function was constructed that represented 
a reasonable range of threshold values.  The increase in the threshold with time is reflective of the varying impact of 
diffusion on the bubble front. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Fig. 2.1.  Empirical range of thresholds observed to result in similar bubble identification (DNS). 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Fig. 2.2.  The number of bubbles identified using the extreme thresholds in Fig. 2.1, as well as the result using the in-
termediate function-defined threshold values. 
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3 BUBBLE COUNTS 
 
The bubble-identification algorithm was used to analyze data from two large-scale numerical simulations of the 
Rayleigh-Taylor instability, a Large-Eddy Simulation (LES) [1] and a Direct Numerical Simulation (DNS) [2].  The re-
sults are displayed in Figs. 3.1 and 3.2.  Using log-log scales accentuates possible power-law scaling of the bubble 
count vs. nondimensional time (defined in [1]).  Note that the log scales over-emphasize very early times.  Also, the ab-
solute value of the bubble count scale is arbitrary, simply reflecting the size of the analyzed domain. 
 
Four regions emerge exhibiting different power-law behaviors, as indicated by the included line fits.  The fit parameters 
are listed as measures of the curve slopes.  The four regions are reminiscent of behavior observed previously [1] in other 
statistics of the mixing layer, such as the mixedness parameter and the growth rate.  Roughly speaking, the four regions 
correspond to, from left to right, (1) early independent bubble growth, (2) nonlinear interactions between the growing 
structures, (3) a transition, and (4) fully turbulent regime.  The more accentuated bump in the LES results (shallower re-
gion 3 slope) is not entirely understood, but may be related to a difference in effective Schmidt numbers between the 
two cases.  Note the slopes do not drop below -2.28.   
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Fig. 3.1.  Bubble counts for the LES, 11523 grid, 759 time steps,  
30 terabytes of data.  

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Fig. 3.2.  Bubble counts for the DNS, 30723 grid,  
248 time steps, 80 terabytes of data.  
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4 SUMMARY 
 
In conclusion, we have developed a method for the identification of bubble structures in simulations of Rayleigh-Taylor 
instability, and applied the method to count bubbles in two large-scale data sets.  We investigated the sensitivity of the 
results to the use of a subjective threshold, and found it has little influence on the power-law behavior of the bubble 
counts.  Likewise, there are some differences in details, but the general conclusions hold for both the LES and the DNS 
datasets.   
 
The log-log plots of bubble counts vs. nondimensional time exhibit four distinct regions.  These regions correspond to 
qualitatively different bubble behavior.  At the earliest times, the bubbles are very distinct and grow in a quasi-
independent manner.  Subsequently, the bubbles begin to interact, develop mushroom-cap rollups, and their stems begin 
to tilt and then intertwine with neighboring bubbles.  The pattern soon becomes much more complex, and then under-
goes a transition to a fully turbulent state.  At the latest times, the mixing layer boundary has a wide spectrum of length 
scales represented in its structure, with bumps upon bumps, and a simplified concept of an idealized bubble becomes 
increasingly questionable. 
 
The power-law scaling of these bubble counts has implications for bubble-based models of Rayleigh-Taylor instability.  
In particular, if  the bubbles “tile” the area, then the number of bubbles should scale like the inverse of the square of the 
bubble radius.  If it is further assumed that the characteristic bubble radius scales proportional to the layer width, and 
the mixing layer width scales like t2, then the number of bubbles should be proportional to t-4, i.e., a slope of -4 on the 
log-log plots of bubble count vs. time.  Likewise, alternative scalings of the bubble radius will produce other power 
laws. 
 
Our results do not exhibit slopes nearly as negative as -4, so we conclude that the destruction of bubbles (by whatever 
means, such as merging or competition) is slower than suggested by a bubble radius proportional to the layer width.   
 
We have employed another analysis approach to the bubble-counting problem, with similar findings, that appears else-
where in this Proceedings [3]. 
 
This work was performed under the auspices of the U.S. Department of Energy by the University of California Law-
rence Livermore National laboratory under contract No. W-7405-Eng-48.   
 
REFERENCES 
 
[1] Cook et al., The mixing transition in Rayleigh-Taylor instability, JFM 511 (2004), 333 - 362. 
[2]  Cabot and Cook, Reynolds number effects on Rayleigh-Taylor instability with possible implications for type-1a supernovae, 

Nature Physics 2 (2006), 562 - 568. 
[3] Miller, et al., Application of Morse Theory to Analysis of Rayleigh-Taylor Topology, elsewhere in this Proceedings. 
 
 
 
 
 

252



 
10th IWPCTM – PARIS (France) July 2006 

 

e-mail:  pmiller@llnl.gov 

Application of Morse Theory to Analysis of Rayleigh-Taylor Topology 
  
Paul L. MILLER1, Peer-Timo BREMER1, William CABOT1, Andrew COOK1, Daniel LANEY1, 
Ajith MASCARENHAS1, and Valerio PASCUCCI1 

 
1Lawrence Livermore National Laboratory 
 

Abstract: We present a novel Morse Theory approach for the analysis of the complex topology of the Rayleigh-Taylor 
mixing layer.  We automatically extract bubble structures at multiple scales and identify the resolution of interest.  
Quantitative analysis of bubble counts over time highlights distinct mixing trends for a high-resolution Direct Numeri-
cal Simulation (DNS) [1].    
 
1 THE MORSE COMPLEX 
 
We partition the mixing layer from a DNS of Rayleigh-Taylor instability [1] using a fundamental topological construct 
called a Morse complex. Given a function F(x) on a surface S (see Fig. 1.1), the Morse complex partitions S into re-
gions in which all steepest ascending lines end at a single maximum. The domain S for this application is the levelset  
density = 2.98.  The density in the problem ranges from 1.0 to 3.0. The function F(x) is the axis opposite to gravity.  
 
The resulting Morse complex is a patchwork depiction of the isosurface in which each patch is assigned a color (Fig. 
1.1, center), and the feature in the middle of the patch may be considered a bubble.  For more complicated surface struc-
ture, as occurs later in the development of the flow, the structures are less distinct.  The surface exhibits bumps upon 
bumps, and the concept of a simple bubble is not applicable. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Fig. 1.1. F(x), indicated by the color bar, shown on a surface S (left); Morse complex cells indicated by distinct colors 

(center); in each Morse complex cell, all steepest ascending lines converge to one maximum (right). 
 
 
 
2 TOPOLOGICAL PERSISTENCE 
 
To handle the additional late-time (multi-scale) structure within a bubble framework, we incorporate the concept of 
topological persistence.  The topological features are ranked by persistence, the difference in F(x) between a maximum 
and an adjacent saddle.  Persistences  p1 and p2 of two features are shown below (Fig. 2.1).  We remove lower persis-
tence features by contracting pairs of adjacent maxima into one.  The corresponding Morse cells are merged to form a 
coarser partitioning of the domain.   
 
 
 
 

S 

Maximum  

F(x) 
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Fig. 2.1. Contracting low-persistence critical points reduces the Morse complex into a tiling that  
segments S into bubbles. 

 
 
 
 
3 TEMPORAL REALIZATIONS 
 
The Morse-complex approach was applied to the DNS data over a range of simulation times.  Examples of the color-
coded surface at a variety of times are shown in Figs. 3.1 and 3.2.  A reduced version of the entire surface is at the upper 
left in Fig. 3.1, along with close-ups and a three-dimensional rendition.  These visualizations were used for validation of 
the bubble-identification algorithm, which also produced bubble counts as a function of time.   
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Fig. 3.1. Images of the bubble surface at four select times, enlarged to show just 4% of the total area (top left).  The 
third time realization is also displayed in a three-dimensional rendition. 

p1 p2 Saddle  

t / τ = 11.00 t / τ = 6.50 t / τ = 2.50t / τ = 1.25 
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Fig. 3.2. Images of the bubble surface at two additional select times, showing 60% of the total area. 
 
 
4 QUANTITATIVE TIME ANALYSIS 
 
We analyze trends in a DNS Rayleigh-Taylor simulation (Cabot and Cook, 2006) by counting bubble structures. Shown 
are the number of Morse maxima vs. nondimensional time (green plot), and the local slope of that curve (red plot).  The 
slope curve highlights several stages in the development of the interface topology, suggestive of earlier findings [2]. 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Fig. 4.1.  Bubble count vs. time and the corresponding derivative curve. 

t / τ =19.0 t / τ = 30.75 
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5 SUMMARY 
 
We have applied the Morse-complex approach to the analysis of simulation data of a Rayleigh-Taylor flow.  Bubble 
counts derived from the analysis display a series of stages, or regimes, for the flow, much as regimes of the flow have 
been identified previously [2].  At the earliest times, the bubbles grow in an essentially independent manner, followed 
by a period of interaction during which they begin to feel the presence of their neighbors, develop roll-ups, and become 
much more convoluted.  That is followed by a stage of weak turbulence that transitions to fully  turbulent, late-time be-
havior.  It is interesting to observe the regimes manifest themselves in the bubble-count statistics, which was unex-
pected.   
 
One of our primary interests in pursuing this work was to explore the scaling of the number of bubbles with time.  We 
find that the power-law behavior of the bubble count is much less steep power laws than may have been anticipated.  
The power-law scaling of these bubble counts has implications for bubble-based models of Rayleigh-Taylor instability.  
In particular, if  the bubbles “tile” the area, then the number of bubbles should scale like the inverse of the square of the 
bubble radius.  If it is further assumed that the characteristic bubble radius scales proportional to the layer width, and 
the mixing layer width scales like t2, then the number of bubbles should be proportional to t-4, i.e., a slope of -4 on the 
log-log plots of bubble count vs. time.  Likewise, alternative scalings of the bubble radius will produce other power 
laws. 
 
Our results do not exhibit slopes nearly as negative as -4, so we conclude that the destruction of bubbles (by whatever 
means, such as merging or competition) is slower than suggested by a bubble radius proportional to the layer width.  
We have employed another analysis approach to the bubble-counting problem, with similar findings, that appears else-
where in this Proceedings [3]. 
 
This work was performed under the auspices of the U.S. Department of Energy by the University of California Law-
rence Livermore National laboratory under contract No. W-7405-Eng-48.   
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Abstract: Richtmyer-Meshkov (RM) experiments for a two-dimensional membraneless, sinusoidal gas interface
are carried out in a vertical shock tube [1] for an Atwood number (A = (ρ1-ρ2)/(ρ2+ρ1)) of approximately
A=0.68 and shock strengths of M=1.26 and M=2.05. The interface is created by continuously flowing gases
from opposite ends of the shock tube, light from the top and heavy from the bottom. The two flows form a planar
stagnation surface and exit the shock tube through slots in the test section walls. The interface is then given
a near sinusoidal perturbation by oscillating rectangular pistons embedded within the shock tube walls. The
light gas is N2 seeded with either acetone (imaged utilizing planar laser-induced fluorescence) or smoke (imaged
with Mie scattering) and the heavier gas is SF6. Growth rates and density field measurements are compared
to numerical simulations using the Raptor code (LLNL). Raptor uses the Piecewise Linear Method (PLM)
with Adaptive Mesh Refinement (AMR) to solve the Navier-Stokes equations. Good agreement between the
experimental and Raptor simulations is achieved. The Mikaelian model predicts the experimentally observed
and numerically simulated amplitude growth rate data well, for both the M=1.26 and M=2.05 cases.

1 INTRODUCTION

Shock-driven hydrodynamic instabilities are present in multi-component flows subjected to acceleration by
shock waves. Vorticity is baroclinically deposited on a material interface during shock passage due to the mis-
alignment of pressure and density gradients, causing the interface to become unstable and deform. The geomet-
ric features of the deformed interface and mixing zone are studied for a planar interface with a small-amplitude
sinusoidal perturbation. This class of problems is called the Richtmyer-Meshkov (RM) [2] [3] instability. The
evolution of the RM instability starts with the deposition of vorticity on the interface which causes the initial
amplitude of the perturbation to grow linearly. The linear amplitude growth is followed by a nonlinear growth
regime. This is followed by a regime that is influenced by the Kelvin-Helmholtz instability, which causes roll-up
structures on each side of the heavy fluid spike and results in the formation of mushroom-shaped structures.
The complex nature of these vortices ultimately leads to the development of a turbulent mixing zone. The RM
instability plays an important role in the field of inertial confinement fusion (ICF) because it is responsible for
lowering the ICF energy yield by creating unwanted mixing of the pellet shell with the nuclear fuel [4]. The
RM instability also plays a role in supernova expansion [5], where shock waves traverse interstellar density
non-uniformities.

2 EXPERIMENTAL SETUP

The experimental study is carried out at the Wisconsin Shock Tube Laboratory. The shock tube is oriented
vertically, fires downward, and has a total length of 9.13 m. The driver section has a circular cross section
with a radius of 0.41 m, while the driven section has a square inner cross section with 0.25 m sides [1]. A
high-pressure boost tank is connected to the driver section by a pneumatically-driven fast-opening valve to
control the diaphragm rupture time. Piezoelectric pressure transducers mounted along the shock tube side
walls are used to trigger the controlling electronics and to measure the shock speed. The method of interface
preparation is similar to the one used by Jones and Jacobs [6]. The interface section of the shock tube, shown
in Fig. 2.1, accommodates two rectangular 5.08×25 cm aluminum pistons which have slots that are connected
to a vacuum pump that is set to an outflow rate of 6.67×10−4 m3/s. Sulfur hexafluoride is introduced into
the bottom of the shock tube at a flow rate of 1.55×10−4 m3/s, and nitrogen seeded with acetone or smoke is
introduced into the shock tube just below the diaphragm at a rate of 5.13×10−4 m3/s. The differences in flow
rates account for different shock tube volumes above and below the interface.
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Fig. 2.1. Schematic of the interface section with piston system, and imaging windows.

Acetone seeding is performed by running nitrogen through two consecutive acetone baths that are kept at
a constant temperature. On average, the mole fraction of acetone in the nitrogen/acetone mixture is 0.11. The
pre-shock Atwood number for this interface is 0.64. Smoke seeding is performed by introducing smoke from a
port approximately 2 m above the interface. The pre-shock Atwood number for the smoke-seeded N2 over SF6

is 0.68. The gases are continuously flowed for 45 minutes at which point a flat interface with an approximately
1 cm-thick diffusion layer is achieved. To generate a 2-D perturbation on the interface, the pistons are driven
by a stepper motor at a frequency that creates a standing wave. In a nitrogen-acetone mixture, the pistons
are oscillated at a frequency of 1.9 Hz for three revolutions (λ=90 mm wave) or 2.6 Hz for four revolutions
(λ=180 mm wave). For the smoke seeded case, the pistons are oscillated at 2.1 Hz for three revolutions
(λ=170 mm wave). The total piston travel is 2.86 cm. For the case of acetone seeding, planar laser-induced
fluorescence (PLIF) is used to produce one pre-shock initial condition image and two post-shock images. For
the case of smoke seeding, Mie scattering is utilized to generate one pre-shock and one post-shock image. All
pre-shock and post-shock images are corrected for laser beam divergence and attenuation. A region of interest
is extracted from a raw image, including either the entire width of the shock tube, or a single wavelength
of the perturbation. The image is first corrected for divergence with a conformal mapping algorithm that
conservatively maps diverging light rays to parallel columns, and then corrects for laser attenuation (due to
absorption) by integrating Beer’s Law along these columns. The image is then remapped to physical space,
and convolved with a five-pixel Gaussian distribution, to reduce the levels of fine-scale noise in the image due
to artifacts of the imaging technique.

3 NUMERICAL SIMULATION

The experimental configuration described in the previous section is simulated numerically in 2-D using an
adaptive Eulerian hydrodynamics code called Raptor. Numerical integration of the 2-D compressible Euler
equations is accomplished using an operator-split, second-order Godunov method. The basic kernel is the
piecewise linear method (PLM) of Colella (1985) [8], which is a higher-order extension of the well-known
MUSCL algorithm of van Leer (1979) [9]. Multifluid capturing capability is added to the scheme by adopting
a volume-of-fluid technique similar to that described by Miller and Puckett (1996) [10], which allows two fluids
with distinct adiabatic exponents to be included in the calculation.

The integration kernel is embedded within the block-structured adaptive mesh refinement (AMR) framework
of Berger and Oliger (1984) [11], to maximize spatial resolution and accuracy for regions of interest that
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move across the Eulerian mesh. The AMR technique has been used extensively in shock hydrodynamics
computations, and its implementation has been discussed in detail by Berger and Colella (1989) [12] and Bell
et al. (1994) [13]. The region of interest in the flow considered here includes the interface and regions containing
shocks or rarefactions near the interface. This is enforced by applying a dual refinement criterion, based on
both proximity to the interface and the local magnitude of the density gradient.

Calculations for the 2-D Richtmyer-Meshkov instability using Raptor are set up on a Cartesian mesh rep-
resenting the midplane of the shock-tube flow field. A coordinate system is defined whose x-axis is coincident
with the shock tube long axis, and whose y-axis is transverse. The physical dimensions of the domain are
25.4×330.2 cm, and the base grid size is 416×32. Two levels of AMR are applied, with a refinement ratio of
4 each, yielding an effective resolution of ∆=0.05 cm, which implies that approximately 310 highest-level grid
cells are subtended by a distance equal to the dominant-mode wavelength, λ=15.45 cm. Symmetry boundary
conditions are applied on the y=0 and y=25.4 cm boundaries to allow wave reflections at the shock tube side
walls, and inflow/outflow conditions are applied on the axial boundaries to maintain constant driving pressure
and allow waves to exit the domain smoothly (no endwall is included).

In the initial condition, regions of pure nitrogen (γ=1.399, ρ=1.130 kg/m3) and pure SF6 (γ=1.094, ρ=5.892
kg/m3) are initially separated by a diffuse interface oriented normal to the x-direction. The 10%-90% thickness
of the diffusion-layer region (tanh profile) at the interface in the initial condition is approximately 0.2 cm for
the M=2.05 smoke seeded case. A perturbation is imposed on the interface by superposing a series of Fourier
modes extracted from averaged measurements of experimental initial conditions. The Fourier spectrum is
dominated by a single mode of wavelength λ, though 20 modes are present in the spectrum.

A planar shock wave approaches the interface along the x-direction. The shock wave is given a strength of
M=2.05 by specifying the appropriate pressure, density, and velocity in the shocked-gas region. The develop-
ment of the flowfield is tracked at closely-spaced time intervals during and after the impact of the shock on the
interface. Visualizations of the accelerated interface and characterizations of the Richtmyer-Meshkov growth
obtained from the resulting datasets are shown below and compared in detail with experimental results.

4 RESULTS

In order to analyze the experimental data with Raptor and several analytical models, this study utilizes the
non-dimensional parameters proposed by Jacobs and Krivets [7]. The non-dimensional amplitude is given as:

a = k(η − η1
0) (4.1)

where k is the wavenumber (2π/λ), η is the perturbation amplitude (measured as half the peak to peak
amplitude), and η1

0 is the post-shock initial amplitude. The non-dimensional time is given as:

τ = kη̇0t (4.2)

where η̇0 is the initial growth rate, and is approximated [7] by:

η̇0 ≈ kη1
0A1V0 (4.3)

where A1 is the post-shock Atwood number and V0 is the velocity jump of the interface due to the impulsive
acceleration of the shock.

One pre-shock and two post-shock images are obtained per experiment for the M=1.26 case where the N2

is seeded with acetone. Figure 4.2 is a non-dimensional time sequence of experimental images from a single
experiment. The images only represent a small region of the imaging plane (10 cm in width).

Figure 4.2 shows that by τ=4.66, the growth of the instability has proceeded far into the nonlinear growth
regime and by τ=8.79, fully developed mushroom structures are present. Raptor accurately predicts the overall
shape and size of the perturbation, however, Raptor is not able to resolve the small-scale secondary instabilities
that appear on the “mushroom” structure at τ=8.79. These secondary instabilities suggest that the transition
to a turbulent mixing zone is starting to occur.

One pre-shock and one post-shock image is obtained per experiment for the M=2.05 case where the N2

is seeded with smoke. Figure 4.3 is a non-dimensional time sequence of experimental images from multiple
experiments. The field of view spans 22.5 cm.

Figure 4.3 shows that once again Raptor accurately predicts the overall shape and size of the perturbation
for the M = 2.05 case. Figure 4.3 also indicates that, for increased shock strength, geometric features similar
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τ=0.00 τ=4.66 τ=8.79

Fig. 4.2. Non-dimensional time sequence of M = 1.26 experimental images (top row) and computational images (bottom

row).

τ=0.00 τ=1.54 τ=3.29 τ=3.98

Fig. 4.3. Non-dimensional time sequence of M = 2.05 experimental images (top row) and computational images (bottom

row).

to those observed in the M=1.26 case appear at earlier non-dimensional times. In particular, roll-up features
appear as early as τ=3.98 in the M=2.05 experiments, but are not distinctly seen until much later in the
M=1.26 case. Figure 4.3 shows that at late times, the downward-growing N2 bubble flattens near the base of the
“mushroom” structure for τ=3.29 and 3.98. This feature is further demonstrated by the τ=3.98 computational
image.

The experimental data is compared to three nonlinear, analytical perturbation amplitude growth models.
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The empirical model of Sadot et al. [14] utilizes experimental parameters and requires knowledge of the initial
perturbation spectrum. In the present study, the model of Sadot et al. is implemented for the case of an initially
single-mode perturbation. The Mikaelian [15] model is an explicit, analytic expression for the evolution of a
two-dimensional, single mode interface. Lastly, the Dimonte and Schneider [16] model is a power law model
that is designed for a broadband multi-mode initial condition.

The experimental amplitude is non-dimensionalized using Eq. 4.1 and plotted versus the non-dimensional
time given in Eq. 4.2. Figure 4.4 compares the experimental data to the analytical models described above as
well as the Raptor data for the M=1.26 case, while Fig. 4.5 compares the M=2.05 data.
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Sadot et al.
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Fig. 4.4. A plot of non-dimensional experimental amplitude versus time compared to results obtained from various

analytical models and Raptor for the M=1.26 case.
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Fig. 4.5. A plot of non-dimensional experimental amplitude versus time compared to results obtained from various

analytical models and Raptor for the M=2.05 case.

The Sadot et al. model consistently over-predicts the experimental and computational growth for both
cases, whereas both the Mikaelian and Dimonte and Schneider models more accurately represent the M=1.26
experimental data as shown in Fig. 4.4. However, at late non-dimensional times, both of these models seem to
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under-predict the experimental data, though it is difficult to make any firm conclusion due to the small number
of data points at τ > 6.0. For the case of M=2.05, the experimental data shown in Fig. 4.5 falls between the
Mikaelian model (which tends to over-predict the growth) and the Dimonte and Schneider model (which tends
to under-predict the growth). The M=2.05 Raptor data is best fit by the Mikaelian model, although it slightly
over-predicts the growth for τ < 5.0.

5 SUMMARY

The Richtmyer-Meshkov instability is experimentally investigated for a nitrogen (seeded with either acetone
or cigarette smoke) over sulfur hexafluoride gas pair at M=1.26 and 2.05. Experimental images are compared
to density field plots generated by the hydrodynamic code Raptor while non-dimensional growth rate plots
are compared to Raptor and several models. Raptor accurately predicts the overall shape and size of the
perturbation, however, for late non-dimensional times at M=1.26, the grid used for the calculations is not
adequate to completely resolve small-scale secondary instabilities that appear in the experimental image. The
experimental and computational non-dimensional growth rate data are modeled well by the Mikealian model.
Future work will extend the experimental Mach number parameter space to approximately M=3.0, as well as
the investigation of additional gas pairs.
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Two fluids of different density are in gravity field and move one relative to another with 
different speed. The interface is unstable; it is destroyed, and turbulent mixing appears. 

The theoretical study of the turbulent mixing appearing as a result of the joint action of 
the shear and gravity instabilities is presented in the paper. Based on the kε- model there was 
defined the analytical formula for the width of the turbulent mixing zone in relation to the initial 
parameters of the task: Atwood Number A=(ρ1-ρ2)/(ρ1+ρ2), Number Au=(U1-U2)/(U1+U2), 
acceleration g and initial roughness L0, where U1 and U2, ρ1 and ρ2 are the velocities and 
densities of the fluids, respectively. 

The formula for the width of the turbulent mixing zone was found in [1] based on the lv-
model without taking into account the dissymmetry of the mixing, though in reality (according to 
experiments) the mixing takes place asymmetrically –the intensity of the mixing is higher toward 
the lighter substance than that toward the heavier one. The kε- model is considered in this paper, 
and the dissymmetry of the mixing is taken into account. Also there are derived formula is 
compared with the known experimental data and numerical calculations without taking into 
account the gravity force. 

The kε- model equations for stationary flow of the incompressible liquids will be written 
as follows according to [2]: 

2

2
k k UU V D g D

x y y y
ρ ρ ρ α ρ ρε

⎛ ⎞∂ ∂ ∂ ∂
+ = + −⎜ ⎟∂ ∂ ∂ ∂⎝ ⎠    (1) 

2 2

1 1 2 2
UU V C C k g C C k C

x y y y kμ ε μ ε ε
ρε ρε ρ εα ρ ρ

⎛ ⎞∂ ∂ ∂ ∂
+ = + −⎜ ⎟∂ ∂ ∂ ∂⎝ ⎠

 ( 2) 

The diffusion terms are not taken into account as they are small relative to source terms – the 

first and second terms in the right part of the equations (1),(2) for this problem. Here 

1 2 2, , ,C C Cμ ε ε α  are the constants of the kε- model, g is acceleration of gravity, U, V are the 

components of the velocity, k is the kinetic energy of the turbulence, ε is the velocity of the 

energy dissipation, 
2kD Cμ ε

= is the coefficient of the turbulent diffusion. The system is added 

with the averaged equations of the gas dynamics [1]. 
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In order to solve this system the following assumption were made. It is assumed that k and ε are 

the constants along axis y within the mixing zone. And it is assumed that D is broken in point 

y=0 and is equal to:  
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where ,k ε  are the mean values of the turbulence kinetic energy and dissipation, respectively, on 
mixing zone [-L2,L1] , 2β  is new empirical coefficient. We suppose that in the model equations 

velocity before derivatives equals 1 1 2 2
0

1 2

U UU ρ ρ
ρ ρ
+

=
+

. Also we suppose that lnV D
y
ρ∂

= −
∂

. 

The formula for calculation of the width of the turbulent mixing zone is: 
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Here dissymmetry is taken into account. 
When dissymmetry is not taken account ( 2β  = 1) this formula is: 
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In case when acceleration equation zero, and if we pass to a new system of coordinates based on 

the motion of mass center: 1 2

0

U U
x x

U
−

= . We received the same formula as in [1] namely: 

  21
2

udL A
dx

α
= −  (3). 
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The difference is that coefficient uα  depends on the Atwood Number:  

( )1/ 4
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. 

The value 2β  found in [3] is: ( )0.45
2 1 Aβ = + . Values Cμ  и 2Cε  were taken 3.5Cμ =  and 

2 1.85Cε =  as in [3]. Constant 2α  was selected in such a way so that formula (3) satisfies the 
experiments and numerical calculations. There was found agreement with experiment [4] in case 

3.5Cμ = , 2 1.85Cε =  and 2 2α = . Also the formula is agreed satisfactorily with results of the 
direct numerical calculation [5]. Introduction of dissymmetry improved the agreement of the 
exact result with the numerical one. 
 The comparison plot of the derived formula for different values of constant 2α  and 
earlier numerical [5,6,7] and experiment data [4,8] is presented below. Also there is presented 
the comparison plot of the derived formula taking and not taking into account the dissymmetry 
of the mixing. 

 
Fig1: Dependence dL

dx
 of on Atwood Number «      »  are calculation results [5], 

«  *  » are experiment data [4], «  +  » are calculation data [8], «      » are derived by 2D 
method “EGAK” data [6], «  » are derived by 3D method “TREK” data [7], 
«             1» - is formula (3) for 3.5Cμ = , 2 1.85Cε = , 2 0.32α ≈  
«             2» - is formula (3) for 3.5Cμ = , 2 1.85Cε = , 2 0.7α ≈  
«            3» - is formula (3) for 3.5Cμ = , 2 1.85Cε = , 2 0.13α ≈  
«             4» - is formula (3) for 3.5Cμ = , 2 1.85Cε = , 2 2α ≈ . 
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Fig2: Dependence dL

dx
 of on Atwood Number «      »  are calculation results [5],  

«  *  » are experiment data [4], «      » are derived by 2D method “EGAK” data [6], « » 
are derived by 3D method “TREK” data [7], «             1» - is formula (3) for 3.5Cμ = , 

2 1.85Cε = , 2 2α ≈ , «             2» - is formula for 3.5Cμ = , 2 1.85Cε = , 2 1β = , 

0 0.94B ≈ . 
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Abstract: The experimental results are presented concerning the study of turbulent mixing development and the
growth of two-dimensional local perturbations at Richtmayer-Meshkov instability at contact boundaries of gases (IG)
with different density. The experiments were performed on a shock tube. Turbulent mixing (TM) was studied in gas
layers at the interfaces: air–Elegas (SF6), helium–SF6, air-СО2, air-helium of perturbations– at the air-–SF6 interface.
Shock wave Mach number was in the second gasМ2 = (1.6÷9).

As a consequence, the mixing zone thickness increases with increase in shock wave Mach number М2 at the in-
terface Air-SF6. It is seen that a forward front of TM approaches a shock wave. Shock wave front is distorted at М2 » 9
in SF6. This can be connected with intensive interaction between vortexes and shock wave surface in the vicinity of CB
(contact boundary) because of high compressibility of SF6. Large-scale perturbations growth changes at the air- SF6 in-
terface with increase in Mach number.

1 INTRODUCTION

Hydrodynamic instabilities such as Raylegh-Taylor [1], Richmayer-Meshkov (RM) [2, 3] play a leading role in many
fields of research, for example, in astrophysics, aerohydrodynamics, gas dynamics, in inertial thermonuclear fusion etc.
To analyze a growth of instabilities and a subsequent transfer to turbulent mixing (TM), both numerical simulation
methods and various semi-empirical models of turbulence are developed. At present several program packages have
been created with regard to TM in VNIIEF to model two-dimensional flows. In these program packages TM evolution
is calculated using V.V.Nikiforov’s model. As this takes place, in some techniques Euler(ian) approach is used, in the
others – Eulerian-Lagrangian approach. To test available two-dimensional techniques, some experimental studies can be
fulfilled.
A number of experimental works is known, in which turbulent mixing development was investigated at the interface of
gases at Mach numbers of a shock wave (SW) М £ 5 (for instance, [3¸5]). In particular, in [6] it is noticed that in highly
compressible gases TM may lead to distortion of SW surface. However, available experimental data are not sufficient
for detailed understanding of physics of this process. Starting since 2002 the authors have been performing experimen-
tal, theoretical and numerical research of TM development at varied Mach numbers of SW. A part of the obtained re-
sults has been published in [7]. In the current paper the results are presented of additional studies in this field.

2 EXPERIMENTAL APPARATUS SCHEME

Experiments were conducted in a shock tube such as [8]. Shock tube scheme is presented in fig. 2.1. The shock tube
consists of high pressure chamber (driver) 2 and low pressure chamber 3. The chambers are separated from each other
by the help of a diaphragm made of lavsan thick up to 100-150 µm. A measuring section 4 is connected with the low
pressure chamber.
The low pressure chamber was filled with helium (He) or air;  the measuring section – SF6, СО2,  or He under atmos-
pheric conditions. Gases were separated initially by the help of a polymer film » 1 µm thick. In some experiments local
perturbations were formed at the air- SF6 interface (s. fig. 2.1 versions I b-I c). The high pressure chamber was filled
with acetylene/air mixture (combustible gas mixture -CGM) at the certain pressure Р0 (up to 9.5 atm), or compressed air
up to pressure Р0=4.5 atm. Detonation of CGM was realized by pulsed electro spark discharge on rigid wall 1. Sizes
LCGM and L are varied (LCGM = 200÷450 mm; L = 800÷1520 mm).
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Fig. 2.1. Experimental setup (sizes in mm): 1 – rigid wall;  2 – high-pressure chamber;
3 – low-pressure chamber;  4 – measuring section

3 OPERATION OF THE APPARATUS

After initiating combustible gas mixture (CGM) a detonation wave is propagated in the high pressure chamber. When
this detonation wave enters a diaphragm the latter fails and a shock wave propagates in gas 1. As a result of interaction
between SW and a contact boundary (CB) a shock wave is formed going towards gas 2, and a reflected wave (shock
wave or rarefaction wave), which goes to gas 1, is also formed. After destructing a separating film CB of gases acceler-
ates, with the result that Richmayer-Meshkov instability arises in it, which causes perturbations growth and subsequent
formation of turbulent mixing zone (TMZ).
The variation of CGM pressure has made it possible to obtain shock waves having a varied intensity. The flow has been
recorded through the schlieren method by the use of a rapid movie camera in frame-by-frame mode and in slot image
scanning mode. Shock wave velocity in gas 1 has been determined using sensors-markers D1 и D2,  in gas 2 – by the
help of moving image frames of experiments and sensor D3.
Three sets of experiments have been fulfilled. In the first set of experiments the film dividing gases 1 and 2, has a flat
surface (s. fig. 2.1 scheme Ia) for creating a flow similar to a one-dimensional flow. The second and the third sets of ex-
periments have been implemented to study the growth of two-dimensional perturbations. In the second set of experi-
ments the film takes the form of a rung (stair) (see on fig. 2.1 scheme Ib), in the third set of experiments the film has
initial perturbations in the form of a triangular profile (see on fig. 2.1 scheme Ic).

4 TURBULENT MIXING DEVELOPMENT

Figures 4.1, 4.2 demonstrate slot moving image frames and frame-by-frame moving image frames of some experiments.
Gas dynamical calculations of the flow were conducted by using one-dimensional techniques «VIKHR» [9].
From moving image frames we notice that:
· At the same Mach number (М1) of SW in gas 1 (air) in gas 2 (He, CO2, SF6) various Mach members are realized
(М2) and various compression of gases, this causes a different  character of TM development in the final analysis (see
fig. 4.1 a, b, c);
· With increase in М2 contact boundary of gases and, respectively, a front of TMZ approach a shock wave front due
to high compressibility of gases- at high М2 by the moment of completion of visualization of the process an optical gap
is not observed between SW and a forward shock wave front of TM in experiments Air-SF6 (Х1) (s. figures 4.1 d, e);
· With increase in М2 in Air -SF6 experiments optically observed width of TMZ increases (s. figures 4.1, 4.2).
In experiments №414, 415 in zone Z (figures 4.1 d, e) one observes distortion of SW front traveling on SF6. Analogous
distortion of SW front is observed in SF6 in experiment №424 when recording a flow in frame-by-frame mode
(fig. 4.2 b). Front distortion can be connected with intensive interaction between turbulent vortexes and shock wave due
to the vicinity of CB (contact boundary) and SW. It should be noted that in experiment №423 (figure 4.1 f), in which
the thick dividing film (50 µm) was located at CB, we did not observe any distortions of SW– in this experiment the
thick film did not fail, and TM was not practically developed at CB. (The film was cut along the perimeter of a channel
of the measuring section and it moves after SW with mass velocity of flow).
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Fig. 4.1 – Slot moving image frames of the experiments: а) experiment №404 (air - Не), b) experiment №413
(air - CO2), c) experiment №409 (air –SF6), d) experiment №414 (air –SF6), e) experiment №415 (air –SF6),

f) experiment №423 (air – SF6 with a thick dividing film).
Designations: Z – distorted shock front; Х1 – forward front of TMZ (turbulent mixing zone); Х2 – back front of TMZ

Fig. 4.2.  Frame-by-frame moving image frame of flow at air- SF6 interface:
a) experiment № 510 (М2 = 1.7, SW on the right– outside of a frame);   b) experiment № 424 (М2 = 8.5).

Designations: Р – pin (outside (of) flow), Z – distorted shock front; t – time is reckoned from arrival of SW at CB
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5 ANALYTICAL CALCULATIONS OF TMZ WIDTH

To describe evolution of TMZ let us use one of the versions of k-e model [10]. In accordance with [10] the dependence
of turbulent mixing zone upon time may be assessed through the following expression:
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Figure 5.1 presents the dependencies upon the time of a width of TMZ obtained in calculation by formula (5.1) and in
experiment. The results of fig. 5.1 a, b demonstrate that at a relatively large Atwood number a growth velocity of TMZ
width in formula (1) depends on the index of power Р with increase in М2 (such dependence is observed in experiments
with CB  helium -SF6). This dependence is not observed at a small Atwood number in the range М2 from 2.6 to 4.6
(s. fig. 5.1 c). It is impossible to determine an exact value of index of power in (1) in the absence of exact initial values
of amplitude and perturbations length.

Fig.5.1. Growth of TMZ width:   a) experiment №202 (A » 0.83, M2 » 1.8);   b) experiment №409 (A » 0.89);
c) experiment №413 (A = 0.32) (time t is reckoned from the moment of coming SW to the contact interface)
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6 PERTURBATIONS GROWTH

Figure 6.1 demonstrates some moving image frames of the growth of 2D perturbations from CB bend (rung\stair) and of
the growth of 2D perturbations in the shape of triangular profile at various Mach numbers of SW. It can be seen from
moving image frames demonstrated in fig. 6.1 that a vortex is developed at М2»1.6 from 2D perturbations in the form of
a rung (stair) before the moment of the completion of the experiment (t»458 µs). One can observe the development of
jet and vortex at М2»3.7, at М2»9.5 – only the development of a jet. When increasing М in relatively highly compressi-
ble gas SF6 a vortex is changing promptly into a jet.
The growth of 2D perturbations in the shape of triangular profile (groove) depends also on SW Mach number in the
highly compressible gas: at М»1.7 perturbations are growing in the form of two vortexes in frontal projection. With in-
crease in М2 » up to 3.7 – an actively growing turbulent mixing zone is dissipating vortexes partially, and at М»9 the
evident perturbations growth is not observed even after separation of SW from CB.

Fig. 6.1. Moving image frames of the experiments on perturbations growth at air- SF6 interface
(time is reckoned from SW arrival at CB): SW – shock wave; TMZ – turbulent mixing zone
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7 CONCLUSIONS

It may be concluded in accordance with a series of experimental studies that a growth velocity of TMZ width increases
at relatively high Atwood numbers with increase in Mach number of SW.
A shock wave front distorts strongly in highly compressible gas SF6 at М»9. This phenomenon results from active in-
teraction of vortexes with the surface of SW close to CB. As SW Mach number increases, life time of vortexes to be
formed in salient points of the Air– SF6 interface, decreases (vortexes are dissipated quickly and merged into turbulent
mixing zone).
Authors are indebted to E.E. Meshkov and V.A. Raevsky for their showed interest and helpful discussions.
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Abstract: The paper presents experimental and 1D computational data on turbulent mixing development at gas/liquid
interface, when the Atwood number is a variable (А). Water was used as the liquid and hexasulphurflorine (SF6) or xe-
non (Xe) was used as the gas. The water layer was accelerated in the channel Ø50 mm with the gas compressed by a
hard piston. During the compression of the gas its density rose thus leading to changing the Atwood number at the mat-
ter interface from +0.9 to -0.2, i.e.: experimentally xenon was compressed up to the density of »300g/l, while hexasul-
phurflorine – up to 1400 g/l. The pressure in the compressed gas reached »500 atm and the layer acceleration reached
1 mln m/s2.
The experiments with xenon showed that the constant, which characterizes the rate of the gas front penetration into the
liquid, is 0.02±0.01. In the experiments using hexasulphurflorine the gas front penetration into the liquid stops at nega-
tive Atwood numbers, though the mixing zone formed at А>0 continues to expand slowly into the SF6.

1 INTRODUCTION

Turbulent mixing (TM) of matters, which occurs during the development of the Relay-Tailor and Richtmeier-Meshkov
instabilities at the interfaces of matters with different densities [1,2,3], in particular leads to efficiency reduction of iner-
tial confinement fusion targets. Presently, there is no reliable theory to describe such phenomena. For this particular
reason in regard to the analysis of instability development and further transition to TM there are developed direct nu-
merical computational methods, as well as different semi-empirical turbulence models. The both of those require cali-
bration based on experimental data.
As is known to the authors, practically all experimental studies on TM development at a gas/liquid interface are per-
formed for considerable density drops at the contact boundary, i.e.  at the Atwood number close to unity [4]. TM at a
gas/liquid interface is interesting especially at a small densities drop, even when a gas density becomes larger than that
of a liquid. The present paper describes the outcome of several such experiments, as well as the respective numerical
simulation data.

2 EXPERIMENTAL

The experimental facility layout is shown in fig. 2.1. The facility includes a chamber of combustible gas mixture
(CGM); destructible diaphragm made of Dacron, stiff piston (organic glass), accelerating channel and substrate made of
cloth laminate (water is pored onto the substrate). For a partial extinguish of shock waves the upper part of the piston is
made of foam plastic (r » 0.25 g/сm3). The thickness of a cut out edge of the substrate varied from 0.7 to 1.5 mm. The
lower side of the tube is open: it is connected with the atmosphere. The water layer mass with the substrate is »101 g.
The volume of the channel between the water layer and stiff piston was filled with xenon or SF6 gas, the CGM volume
was filled with the mixture of acetylene and oxygen of non-stoichiometric composition. The initial pressure of the com-
pressible gas varied from 2 to 4 atm.
After the CGM explosion the diaphragm was destroyed and the piston accelerated and compressed the gas beneath it.
When reaching the gas pressure higher than the critical one (P»30-100 atm), the substrate flange was cut out and the
water layer with the substrate was accelerated in the vertical downward direction. The variation of the compressible gas
initial pressures, explosive mixture and thickness of the cut out substrate flange allowed us to obtain both pulsed and
growing acceleration in the experiments. The process of the layer acceleration and instability development was recorded
by a fast camera in a transient light.
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Fig 2.1. Experimental facility, sizes in mm

3 EXPERIMENTAL DATA

In figs. 3.1÷3.2 there are shown several frames recorded during the experiments, the plots ( )Sgg 2= , ( )SAA 2= ,
the plots of the dependence of gas penetration depth into the liquid, as well as h  and complete mixing zone width
growth H on the layer displacement S in the form: )SA(h 2× , )SA(H 2× , correspondingly. When calculating
the Atwood number ( ) ( )wgwg r+rr-r=A  the water density was considered to be equal to rw=1000 g/l. The com-
pressed gas density rg was defined in accordance with [5,6] by the pressure and temperature values calculated in the
adiabatic approximation by the layer acceleration and mass.
At the dependencies )SA(h 2× , )SA(H 2×  there are observed the parts close to linear ones. These might be in-
terpreted as a well established mixing development mode. A tangent square of the above mentioned parts’ slope angle
towards the abscissa axis characterizes the rate b  of the gas front penetration into the liquid, or rate Hb  of the TM zone
complete width growth in the expressions: 2gtAh h ××b= , 2gtAH H ××b= .
From the frames and plots it is obvious that:
· Mixing zone (as in similar experiments with helium [4]) has a small-scale structure: there are no big jets or bubbles
(see figures 3.1a and 3.2a);
· Minimum Atwood number in the experiments with Xe reaches А»0.53, in so doing the constant characterizing a
penetration rate of gas front into liquid is 0.02±0.1 as in experiments with helium[4];
· In the experiments with SF6 the Atwood number is decreased to А »-0.2, and then it increases up to А »0.8: SF6 is
compressed up to the density more than water density, i.e. the situation is implemented, when the acceleration is di-
rected from the heavy substance towards the light one, in this situation the interface of substances must be stable. As
this takes place, the zone of turbulent mixing formed at А>0 continues to expand slowly into SF6 (bН=0.07, see fig. 3.3).
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Fig 3.1. Experimental data for xenon: а) experimental frames; b) dependence of g on S2 ; c) nature of the Atwood
number changing at the xenon/water interface; d) dependencies h  on SA 2× . Denominations: St- substrate;
P – piston; TMZ – turbulent mixing zone; S – path traveled by the layer, LP – spontaneous local perturbations

Fig 3.2. Experimental data for SF6: а) experimental frames; b) dependence of g on S2 ; c) nature of the Atwood num-
ber changing at the SF6/water interface. Denominations: St- substrate; P – piston; TMZ – turbulent mixing zone; S –

path traveled by the layer, LP – spontaneous local perturbations
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Fig 3.3. Experimental data for SF6: dependencies h  and Н  on S2

4 COMPUTATIONAL DATA

Numerical simulation of TM at the interface Xe-H2O was ID using the code “Vortex” [7].
The heat conductivity processes and friction of the piston motion were not accounted for in the computations.
It is possible to assume experimentally the foam plastic presence at the piston and friction between the piston and chan-
nel walls leads to adiabatic compression of Xe layer.

Fig. 4.1. r-t diagram of the interfaces Fig. 4.2. r-t diagram of the Xe-H2O mixing zone
and shock wave motion boundaries and contact interface (CI)

5 SUMMARY

The experimental data were obtained on TM development at the liquid layer interface accelerated with the compressed
gas, while the Atwood number changed from »+0.9 up to »-0.2. Experimentally, it was found that at negative Atwood
numbers the gas penetration into the liquid stops, but the TM zone formed at А>0 continued to expand into the gas. The
experimental data (Xe) agree well with the ID calculations.
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Abstract: We present the results of the experimental study of viscosity effect on turbulent mixing development (TM)
occurring at Richtmayer-Meshkov instability at the boundary of a liquid layer accelerated by compressed gas.
In the experiments dynamic viscosity of liquid has varied from m=1 cP to m=1.480 cP. As liquid we used: water, glyc-
erol, aqueous solution of glycerol having known viscosity. The value of acceleration of a liquid layer has amounted to:
g @ 103g0 and g @ 105g0 (g=9.8 m/s2). As gas we used helium compressed previously up to pressure 4.5÷500 atm.
It has been demonstrated that when changing liquid viscosity a mixing zone structure changes. This influences on a
mixing character of substances.

1 INTRODUCTION

So far as the authors know, in the course of interpretation of all experimental studies of turbulent mixing development
at the gas/liquid interface and the liquid/liquid interface, stemming from R-T [1,2] instability the influence of molecular
viscosity is believed to be negligible [3,4] thanks to a rather considerable value of turbulent Reynolds number
(Re=103÷104). However, when comparing dynamics of turbulent mixing zone (TMZ) at low (g @ 102g0, Re of the order
of 103) and increased (g @ 105g0, Re of the order of 105) accelerations of water layer [5] it has been showed that with in-
creasing g TMZ becomes small-scale, a penetration rate of a gas front into liquid decreases more than twice. In [6] we
have obtained that with decreasing Re from 2×105 to 1.4×106 a penetration rate of light substance into a heavy one de-
creases approximately twice. These effects can be connected with the influence of surface tension and viscosity on the
structure of a turbulent mixing zone. This calls for further study. As this takes place, in viscous fluids a transition stage
is of some interest: from perturbations growth to the turbulent mixing, on which the influence of viscosity can be the
most significant. To study these matters, we have performed a series of experiments, their set-up and results are pre-
sented in this paper.

2 EXPERIMENTAL TECHNIQUE

The experiments with the acceleration g » 103g0 have been conducted in conformity with the scheme of figure 2.1a.
The instrument consists of a compressed gas chamber, a clear accelerating channel, transparent container made of
Plexiglas and a failed diaphragm closing a lower channel end hermetically.
A layer mass together with a container has amounted to »70 g. To give initial perturbations, on a free surface of the
layer we have placed randomly 40÷50 solid particles (grain size – 0.4 mm, density is 0.91 g/cm3).  A chamber  and a
channel beneath a container have been filled with compressed helium with equal pressure (Р=5.5 atm gauge (gauge at-
mosphere)). Then a diaphragm is failed - gas from under the container goes to atmosphere, the latter accelerates down
under pressure above the container.
The experiments with the acceleration g @ 105g0 have been conducted in conformity with the scheme of figure 2.1b.
The instrument consists of a compound accelerating channel, a chamber of gas explosive mixture (GEM), a cap, a rigid
piston (polyethylene), a failed diaphragm and a substrate (textolite). The lower end of the channel is open: it is con-
nected with atmosphere.
A layer mass together with a substrate has amounted to »120 g.
A channel between a layer and a rigid piston has been filled with helium at the initial pressure Р=3.5 atm gauge (gauge
atmosphere), a chamber with gas explosive mixture has been filled with a mixture of acetylene and oxygen of
stoichiometric composition at the pressure Р=4.1 atm gauge (gauge atmosphere).
The acceleration of a layer in this instrument occurs as follows. After blasting GEM the diaphragm is failed, a piston is
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Fig. 2.1. Schemes of experimental instruments a) on creation of quasi-constant acceleration of liquid layer,
b) on creation of pulse acceleration

accelerated and compresses gas under the piston. When we have a gas pressure higher than a critical pressure
(Р»100 atm), a shoulder/pad of a substrate is cut off, and a layer together with a substrate is accelerated vertically
downwards. In these experiments a maximum pressure of compressed helium reaches the order of 500 atm.
To improve optical resolution of TM zone structure, in both experimental set-ups we have also performed the experi-
ments with a narrow water layer (width is 5 mm) in a version of the view А in fig. 2.1. A narrow groove of a transparent
container has been filled with a layer of water in these experiments.

3 THE RESULTS OF THE EXPERIMENTS

Figures 3.1÷3.3 present some separate shots of moving image frames of several performed experiments, fig. 3.4 – in-
herent g(2S) diagrams, figures 3.5, 3.6 show the dependencies of gas front penetration into liquid hlh and show the de-
pendencies of growth of a total width of mixing zone H on layer displacement S as: )SA(hlt 2× , )SA(H 2× , re-
spectively, here А – Atwood number.

Fig. 3.1. Some shots of moving image frames of experiments with g»103g0 (displacement of the layer S»24 mm).
Designations: Не – compressed helium; C – container; R – container ring; TMZ – turbulent mixing zone; J - jet

Fig. 3.2. Some shots of moving image frames of experiments with g»105g0 (displacement of the layer S»17 mm)
Designations: Не – compressed helium; S – substrate; P – piston; TMZ – turbulent mixing zone; J – jet
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Fig. 3.3. Shots of moving image frames of experiments on mixing development in a narrow (width is 5 mm) layer of
water (experimental set-up, figure 1, version view А): a) layer acceleration g≈103g0;  b) layer acceleration g≈105g0
Designations: TMZ – turbulent mixing zone; P – piston; C – container; S – substrate; В – screw (out of flow); Не-

compressed helium; M – separation of water meniscus

Fig. 3.4. Dependencies of liquid layer acceleration g on its displacement 2S

Fig. 3.5. Gas front penetration into liquid Fig. 3.6. Growth of total width of mixing zone

On the dependencies )SA(hlh 2× , )SA(H 2×  we observe the areas close to linear areas. They can be regarded as
a steady-state mode of R-T instability growth (of perturbations or TM). A square of a slope ratio of these areas towards
the abscissa axis characterizes a rate constant (pace) of gas front penetration into liquid – lhb  or growth rate of total
width of TM zone (perturbations) – Hb : under conditions 2gtAh lhlh ××b= , 2gtAH H ××b= .
Experiments with g » 103g0. Referring to fig. 3.1 it will be observed that perturbations growth occurs principally at
m>600 cP in an observed range of layer displacements, and at m<600 cP – TM development.
In glycerol and its aqueous solutions at displacement S£8 mm hlh (light into heavy) grows slowly, and then we observe
a fast rise in this quantity. The opposite situation occurs with water: firstly hlh(light into heavy) increases quickly, and
then a growth velocity decreases. This connects with the known influence of fluid viscosity on perturbations growth:
viscosity suppresses short-wave perturbations growth, available long-wave perturbations grow slowly in the initial
stage. Big bubbles are formed at the stage of TM from long-wave perturbations. The big bubbles grow into liquid faster
than small ones. In the experiment with a narrow layer of water big bubbles and thick jets of a mixing zone are easily
observable (s. fig. 3.3a).
Under small initial perturbations the viscosity inhibits the instability growth in time (s. fig. 3.1).
With decreasing dynamic viscosity of liquid:
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· The optically observable total width of the mixing zone increases (s. fig. 3.1), that can be connected both with the
increase in a penetration rate of liquid into gas, and with a more faster penetration rate of a gas front into liquid in the
initial stage of layer acceleration and with liquid drops (formed as a result of jets breakup), which move in gas slowly;
· Penetration rate of a gas front into liquid blh(light into heavy)  increases from 0.02 to 0.15 at first, and then decreases
up to 0.07 (s. fig. 3.5); a growth rate of a total width of a mixing zone bH behaves qualitatively  similar to blh(light into
heavy) (s. fig. 3.6).
Experiments with с g » 105g0. According to the results of these experiments one can say that:
· A mixing zone in glycerol and its aqueous solutions develops faster than in the experiments with g » 103g0 (s. figs.
3.1,3.2);
· In contrast with water, in the experiments with glycerol and its aqueous solutions, as in the first experiments bigger
bubbles and jets are formed (s. fig. 3.2): in the experiment with a narrow water layer the turbulent mixing zone is small-
scale (s. fig. 3.3b);
· Value b lh(light into heavy) (water)  is about 0.02, bH – 0.25.

4 ASSESSMENT OF CHARACTERISTIC PERTURBATION SCALES

In the case of R-T instability of viscous liquids the increment of growth of perturbations amplitude with the wave num-
ber k is equal in linear approximation to 242 kkAkg n-n+=g .
It would appear reasonable that at the instant of transition to TM, a maximum size of heterogeneities on the order of
magnitude is equal to a wave length of the most rapidly growing harmonic, which is determined by the condition

0=¶g¶ k , whence it follows that 3 22 Agdmax np= .
Hence it follows that viscosity growth of liquid at fixed values of acceleration (in accordance with the data of fig. 3.1)
brings about a growth of a characteristic size of heterogeneities in TM zone.
The transition time to the turbulent conditions of perturbation evolution on the order of magnitude is in inverse propor-

tion to a maximum value of the increment of growth of perturbations amplitude ( )3 2Agn=t .
Therefore, the growth of liquid viscosity at fixed values of acceleration leads to the increase in the transition time to-
wards TM (with increasing viscosity from 1 cP to 1.250 cP the transition time increases by  a factor of 11, accordingly,
the value of 22 gtS =  increases by a factor of 120). Seeing that in the time t perturbation amplitude increases only a 3.7
times,  over  the  course  of  the  most  part  of  the  transition  time perturbation  amplitude  does  not  change in  the  order  of
magnitude. The increase in acceleration brings about the reduction of the transition time (a hundredfold increase of
layer acceleration results in the twenty-one-fold decrease in the transition time, but the quantity 22 gtS =  decreases
only fourfold).

5 SUMMARY

1 With increasing liquid viscosity (with decreasing Reynolds number) the transition time towards the turbulent condi-
tions of mixing grows and large-scale structures arise in TM zone.
2 In relatively viscous fluids a penetration rate of a gas front into liquid and a growth rate of a total width of a mixing
zone may increase because of the formation of big bubbles and jets, whose growth velocity is higher than the growth
velocity of small ones.
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Abstract: Results from 3D simulations of shock-bubble interactions for varying Atwood (A) and Mach numbers
(M) are presented here. Twelve scenarios are considered, including −0.8 < A < 0.7 and 1.1 < M ≤ 5.0. Each
scenario is realized twice: once with the bubble as a bare spherical volume, and once with a thin soap-film-like
cladding added to the bubble surface. In the filmless scenarios, integral quantities in the flowfield are tracked
over time, including the mean bubble fluid density, the velocity circulation, and the mixedness. For fixed A,
temporal trends in the mean density and mixedness at varying Mach numbers are found to collapse nearly
to self-similar trends under scalings based on parameters derived from a 1D gasdynamics analysis. Transient
phenomena observed in the trends indicate strong sensitivity to A, due to changes in shock refraction patterns
with changing A. Further, circulation trends indicate that secondary vortical effects and azimuthal bending-
mode instabilities become dramatically more significant with increasing A. Finally, comparison of simulations
with and without modeled soap film indicates large deviations due to effects of the film only for |A| < 0.2.

1 INTRODUCTION

The shock-bubble interaction is the unsteady flow that results from the passage of a shock wave across a
discrete, round inhomogeneity in an otherwise uniform medium of propagation. The development of the
flowfield is driven by three nonlinearly coupled and simultaneous physical processes: (1) shock compression of
the inhomogeneity; (2) complex reflection, refraction, and diffraction of the shock wave by the inhomogeneity
(“nonlinear-acoustic effects”); and (3) baroclinic vorticity generation (∇ρ×∇p 6= 0) and subsequent vorticity
transport, leading to the formation of coherent vortex structures. For spherical bubbles, considered here, the
latter results in the formation of a dominant vortex ring, as depicted schematically in Figure 1.1(b), along with
secondary vortical features, whose properties depend on the incident shock Mach number, M , and the Atwood
number A = (ρ2−ρ1)/(ρ2 +ρ1), where ρ1 and ρ2 are the unshocked ambient and bubble densities, respectively.
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Fig. 1.1. (a) Schematic diagram of initial condition used in 3D, 1/4-symmetry calculations for shock-bubble interactions.

“S” indicates symmetry boundaries; “O” indicates outflow boundaries. (b) 3D-rendered sequence showing compression

of a helium bubble by a rightward-moving M=1.68 shock wave, and subsequent vortex ring formation.

This flow can be viewed as a simplification of systems in which shocks propagate in inhomogeneous media,
where these same processes operate in a more complex setting. Such systems are found in natural and engineered
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Scenario Gas pair M A Wi u′1 Scenario Gas pair M A Wi u′1
number [m/s] [m/s] number [m/s] [m/s]

1 Air-He 1.20 -0.757 411.6 104.8 7 Air-Kr 1.20 0.486 411.6 104.8
2 1.50 514.5 238.3 8 1.50 514.5 238.3
3 1.68 576.2 310.2 9 1.68 576.2 310.2
4 N2-Ar 1.33 0.176 463.9 168.1 10 Air-R12 1.14 0.613 391.0 75.15
5 2.88 1005 736.5 11 2.50 857.5 600.5
6 3.38 1179 896.8 12 5.00 1715 1373

Table 2.1. Parameter study overview, including, for each scenario, the incident shock Mach number M , the Atwood

number A at the unshocked interface, and lab-frame speeds Wi and u′1 of the incident shock and the shocked ambient

gas, respectively, computed from 1D gasdynamics.

environments including the shocked interstellar medium, supersonic combustion engines, shock wave lithotripsy
treatments, and inertial confinement fusion devices. In the present work, a computational parameter study
is carried out using 3D numerical simulations configured as shown in Figure 1.1(a). Twelve scenarios are
considered, including −0.8 < A < 0.7 and 1.1 < M ≤ 5.0, listed in Table 2.1. The parameter space includes
nearly all of the experimental and 2D numerical work performed previously on this problem, for gaseous flow
regimes that are accessible to mechanical shock tubes. The 2D numerical database existing for this problem
is extended, here, to 3D in order to characterize complex turbulence-like features that are known to grow in
the flowfield [1]. In the current work, integral quantities including compression, circulation, and mixedness are
measured, and the effects of a film-like cladding on the bubble are investigated.

2 NUMERICAL METHOD AND SETUP

Simulations are performed in 3D using an adaptive hydrodynamics code called Raptor, which integrates the
compressible Euler equations forward in time using an operator-split, second-order Godunov method (see
Colella, 1985 [2] and Bell et al., 1989 [3]). Multifluid capturing capability is added to the scheme by adopting
a volume-of-fluid technique similar to that described by Miller and Puckett (1996) [4], which allows multiple
fluids with distinct adiabatic exponents to be included in the calculation. The integration kernel is embedded
within the block-structured adaptive mesh refinement (AMR) framework of Berger and Oliger (1984) [5], to
maximize spatial resolution and accuracy for regions of interest that move across the Eulerian mesh.

The calculations using Raptor are set up on a Cartesian mesh subtending a quadrant of a typical shock tube
flow field, including a quarter-spherical bubble of radius R = 2.54 cm. Refinement of the grid in the bubble
region yields an effective spatial resolution of ∆=198 µm, implying that 128 refined grid cells are subtended in
a distance R. In the initial condition, shown schematically in Figure 1.1(a), a planar shock wave approaches a
quarter-spherical bubble of helium, argon, krypton, or R12, embedded in an otherwise uniform air or nitrogen
environment at standard temperature and pressure. The shock wave moves in the +y-direction, and the bubble
is centered on the y-axis. A smooth interface is created in the initialization using a subgrid volume-of-fluid
model to suppress“stairstep” features associated with realizing a curved interface in a Cartesian mesh. This
produces an interface with a maximum thickness of two grid cells, or R/64. Boundary conditions indicated in
Figure 1.1(a) are applied to enforce symmetry and to exclude shock reflections at the boundaries.

Twelve scenarios are considered in the present study, including four gas pairings, with three shock strengths
each. These scenarios, outlined in Table 2.1, are chosen to coincide with previous experimental or 2D numerical
work. Although direct comparison of experimental and numerical results is beyond the scope of the present
study, the results may be compared to experimental results independently or in future publications.

3 FLOWFIELD VISUALIZATIONS

Representative flowfield visualizations at high and low |A|, from two of the twelve scenarios, are shown in
Figures 3.2 and 3.3, using slices on a plane oriented at θ = π/6 to the x = 0 boundary, where θ is the azimuthal
coordinate. The vorticity magnitude ω = ~ω · θ̂ and the density ρ are plotted on this slice, where θ̂ is the
azimuthal unit vector, and ~ω = ∇ × ~V . A single contour of the bubble fluid volume fraction f is overlaid on
each density plot to indicate the interface location. Plots are labeled by the dimensionless time τ = tWi/R,
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where Wi is the speed of the incident shock wave and t is the time relative to initial shock impact on the
upstream bubble surface.

5.2

4.0

ρ

kg/m3

ω

s-1
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-5  104

(a) (b) (c)

(d) (e) ( f )

Fig. 3.2. Vorticity magnitude ω = ~ω · θ̂ (top) and density (bottom) on the θ = π/6 plane, for the M=3.38, N2-Ar

scenario (A=0.176); superimposed on each density plot is the f=0.5 contour, in black: (a) τ=1.6, (b) τ=2.6, (c) τ=5.0,

(d) τ=10.0, (e) τ=15.0, (f) τ=25.0. Shock propagation is left-to-right.

In Figure 3.2, ρ and ω fields from the N2-Ar, M=3.38 (A=0.176) scenario are plotted. These are represen-
tative of the flowfields observed at low magnitudes of the Atwood number (|A| < 0.2), where nonlinear-acoustic
effects are weak. The shock front seen in Figure 3.2(a-b) exhibits only subtle changes in shape, and vortical
development is mostly limited to the formation of the primary vortex ring, visible as the dominant feature
in Figure 3.2(d-f). The post-shock density contrast is also seen to be extremely small in this scenario. In
Figure 3.3, however, ρ and ω fields from the air-R12, M=2.5 (A=0.613) scenario are plotted. Despite the
decreased Mach number, the complexity of the flowfield is dramatically amplified, due to the strong nonlinear-
acoustic mechanisms operating at this high A. These include, in particular, shock diffraction and shock focusing
processes (see Figure 3.3a-b), which generate strong secondary shocks that traverse the bubble region at later
times. A strongly disordered state also arises in the vorticity field, visible in Figure 3.3(d-f), due to enhanced
density gradients at the interface, which intensify baroclinic vorticity generation associated with the incident
shock, secondary shocks, and vortex-centripetal accelerations (see Peng, et al., 2003 [6]). Qualitatively, these
results indicate that shock-bubble interactions exhibit patterns of development at low |A| that are fundamen-
tally distinct from those seen at high |A|. Because the processes of shock refraction and vorticity generation
are nonlinearly coupled via gradients in the density field, and density gradients persist to late times due to
secondary shocks, differences in the initial value of A lead to vastly different end states in these flows.

4 INTEGRAL DIAGNOSTICS

In order to characterize these patterns of development over time, integral quantities in the flow are tracked over
as many as 110 coarse-grid timesteps in each of the twelve scenarios, and plotted on dimensionless timescales.
These include trends in the mean density of the bubble fluid, the velocity circulation, and the mixedness.

The mean density of the bubble fluid is computed as 〈ρ(t)〉 = ρ2πR3/(
∫

f(x, y, z, t)dV), where πR3/3 is the
initial volume of the quarter-sphere, f(x, y, z, t) is local bubble fluid volume fraction, and dV is a differential
element of volume. Values of 〈ρ(t)〉 are normalized to the density ρ′ predicted from a 1D gasdynamics analysis
of planar-shock transmissions and reflections in the corresponding gas slab-inhomogeneity, following Giordano
and Burtschell (2006) [7]. A measure of the bubble fluid density relative to the 1D prediction is obtained by

ρ∗ =
〈ρ(t)〉 − ρ2

ρ′ − ρ2
. (4.1)

Plots of the normalized mean density ρ∗ shown in Figure 4.4 indicate that the mean density goes through an
initial transient phase before equilibrating near the 1D gasdynamics prediction (ρ∗=1). It can also be observed
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Fig. 3.3. Vorticity magnitude ω = ~ω · θ̂ (top) and density (bottom) on the θ = π/6 plane, for the M=2.5, air-R12

scenario (A=0.613); superimposed on each density plot is the f=0.1 contour, in black: (a) τ=1.5, (b) τ=2.5, (c) τ=5.1,

(d) τ=9.9, (e) τ=15.1, (f) τ=25.1. Shock propagation is left-to-right.

that ρ∗(τ) is nearly invariant under changes in M , for fixed A > 0. Oscillations in ρ∗ during the transient
phase for A > 0 can be shown to be driven by the ∇· ~V field. Since internally-reflected rarefactions (∇· ~V < 0)
arise in A > 0 scenarios, the bubble fluid is subjected to decompressions after the initial shock transit in these
cases, resulting in the oscillations observed in Figure 4.4(b-c). The intensity of these oscillations increases with
increasing A. However, no internal rarefactions arise at these Mach numbers for the A < 0 cases, and the trend
in ρ∗ for A < 0 seen in Figure 4.4(a) is nearly monotonic. Further, ρ∗ equilibrates to values greater than unity.
Thus, trends in the mean density indicate the strong effect of shock refraction geometry, signified by the sign
of A, on the development of the flow during the early transient phase.
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Fig. 4.4. Plots over dimensionless time of the mean bubble fluid density, normalized with respect to the prediction from

1D gasdynamics using Equation 4.1: (a) air-He, (b) N2-Ar, (c) air-Kr.

A similar transient phase, followed by a stable phase at later times, is observed in the trends of the net
velocity circulation, Γ. The circulation is measured in the 3D datasets by extracting data on 48 evenly-spaced
slice planes perpendicular to θ̂, and evaluating the area integral

ΓS(t) =
∫

S

~ω(x, y, z, t) · θ̂SdA, (4.2)

on each slice plane S. Data in the region with f = 0 are excluded, and the positive (Γ+) and negative (Γ−)
components of circulation are obtained by including data only in regions with ω > 0 and ω < 0, respectively.
Azimuthally averaged values of the circulation Γ and its components are then computed as the arithmetic mean
over the 48 planes, and RMS fluctuations Γ̃ as the standard deviation.

Figure 4.5 shows that for |A| > 0.2, the generation of secondary vorticity is vastly enhanced, even at a lower
Mach number. Secondary vorticity appears only in the components of the circulation, however, and eddies
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Fig. 4.5. Plots over dimensionless time of the decomposed circulation, Γ±, and RMS fluctuations Γ̃ plotted as vertical

error bars: (a) M=1.68, air-He, (b) M=3.38, N2-Ar, (c) M=1.68, air-Kr.

of opposite senses of rotation grow in strength at nearly equal rates after the first shock transit, so that the
net circulation remains largely constant. Fluctuations from the azimuthal mean, associated with Widnall-type
bending-mode instabilities [8], are also much more significant for |A| > 0.2. Hence, circulation trends indicate
strong differences in phenomenologies associated with the magnitude of A, rather than its sign.
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Fig. 4.6. Dimensionless-time plots of the mixedness ξ, defined in Equation 4.3: (a) air-He, (b) N2-Ar, (c) air-Kr.

A third feature of concern in shock-bubble interactions is mixing of the bubble fluid into the ambient fluid.
The mixedness ξ(t) is defined here as the ratio of mixed to total bubble fluid volumes:

ξ(t) =
∫

δ(f)f(x, y, z, t)dV∫
f(x, y, z, t)dV , δ(f) =

{
1, 0.1 < f < 0.9
0, else . (4.3)

Plots of ξ in Figure 4.6 for N2-Ar and air-Kr scenarios indicate that mixing trends are nearly self-similar on
a timescale based on the post-shock ambient flow speed u′1 (rather than Wi), for fixed A. Mixing proceeds at
a relatively slow rate on this dimensionless time scale for |A| < 0.2, and this rate increases with |A|, due to
enhanced Kelvin-Helmholtz growth and the increased complexity and total interfacial surface area at high |A|.

5 FILM EFFECTS

Effects associated with soap film used in experiments [9–11] to confine the bubble gas are characterized by
repeating each scenario with modeled film material included. A third material is added in a concentric shell
around the bubble of thickness δRf ≈ 2∆, with density corresponding to the true total mass of film material.

Circulation trends are computed from the resulting datasets as an indicator of the increased strength of
vorticity generation due to the added film mass. Representative data from several scenarios are plotted on
the dimensionless timescale tWi/R in Figure 5.7. The late-time values of the total circulation Γ are nearly
unchanged from the filmless results, and, for |A| > 0.2, trends in the components Γ± exhibit only subtle changes
relative to the filmless data shown in Figure 4.5. In the A=0.176 scenario (Figure 5.7b), however, the peak
transient-phase magnitudes of Γ+ and Γ− are increased dramatically relative to the filmless result. We conclude
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Fig. 5.7. Plots over dimensionless time of the decomposed circulation and RMS fluctuations, for scenarios with modeled

film material included in the simulation: (a) M=1.68, air-He, (b) M=3.38, N2-Ar, (c) M=1.68, air-Kr.

that film effects are significant for |A| < 0.2, where vorticity generation during the shock-bubble interaction is
weak enough to become comparable in intensity to the effects of the added mass.

6 SUMMARY

Overall, the present results indicate that though scaling laws may be possible for various integral quantities in
shock-bubble interactions at fixed A, such self-similar behavior cannot be expected across parameter spaces with
variable A. This is due to the complexity of nonlinear-acoustic effects, which exhibit distinct phenomenologies
that are highly sensitive to the initial contrast in densities and sound speeds. Further, we see that various
timescaling parameters can be useful for analyses of trends in different features of the flow. Timescales based
on Wi are successful for trends in the mean density, but u′1 proves more useful for scaling in mixing trends. The
results also indicate that the effect on circulation trends due to the additional mass associated with soap film
is minimal in all scenarios, except in those with particularly low initial Atwood number magnitude. In future
publications, the analysis of trends in integral features of the flow presented here will be extended further, to
include the properties of the 3D, azimuthally-asymmetric features observed in these datasets.
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Abstract: It is shown numerically, theoretically and experimentally that when a shock wave reaches a curved surface 
of a condensed material the surface becomes unstable and the topology of this instability can differ from the classical 
Richtmyer-Meshkov instability. The obtained results prove that cumulative jets can form on a free surface of a con-
densed material.  

The main laws that determine the characteristics of the resulting cumulative instability have been analyzed.  
The effects of various physical factors, such as pressure magnitude, initial perturbation amplitude, elastoplasticity, 

spall strength and physical viscosity, on the evolution of cumulation processes developing on a free surface has been 
studied. 
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1 INTRODUCTION  
Free surface behavior of condensed matter under the action of intense dynamic loads is a set of complex processes, de-
tailed conception of which in many aspects has not been found yet. One of insufficiently known phenomena is the proc-
ess of instability development of free surface under shock loading.  

This kind of instability results in ejection of material particles from the surface, which defines practical importance 
of this phenomenon and basic directions of experimental studies hold earlier. Particle ejection from free surface was 
obtained for the first time in 50-ies in VNNIEF by Kormer S.B., Grigoriev F.V. and others. The part of obtained results 
was later published in [1]. In mentioned work the results of experimental studies of particle ejection form plane sur-
faces, are given. Photochronographic registration technique and impulse X-ray radiography method were used in ex-
periments. Initial disturbance of free surface forming the processes of hydrodynamic instability, is surface roughness 
with representative amplitude value (height of roughness) Rz~1..100 μm. Experimental data of independence of material 
amount ejecting from free surface from samples composition, counts in favor of cumulative behavior of the process. It 
was determined that small particles ejection from free surface does not depend on internal structure of materials (pres-
ence and size of impurities, grains, lacunae, etc.), it is determined by surface cleanliness or by roughness size. 

Similar investigations on particles ejection from the free surface were carried out in Sandia Laboratories by Asay 
J.R.[2] and in Livermore by Dunning M.J. and Jacoby B. [3], they studied the amount of material ejection from the sur-
face and its velocity distribution. The term “surface dusting” was used for material ejection from the free surface. Holo-
graphic diagnostics with high resolution estimating 1 μm, was used. In [4] Asay J.R. studied the effect of shock wave 
thickness on the process of free surface instability development. 

All mentioned experimental investigations deal with late stage of hydrodynamic instability development when the 
free surface of shock driven sample covers the distance of 10…50 mm, but initial perturbation level defining the proc-
ess development was about 10 μm. One of the first works on perturbation development on the initial stage of their de-
velopment, was [5]. In this work perturbation shape was X-rayed with a plane stationary shock wave arrival at the 
curved free surface of aluminum sample with amplitude ≈ 35GPa. It was shown that perturbations (if they develop at 
all) are jets in their behavior. At small initial perturbations, free surface perturbations may not develop because of stabi-
lizing effect of strength properties of metal. 

This work interprets the instability processes development on the free curved surface of condensed matter with 
shock wave arrival, as the process of cumulative jet formation. The applied approach lets us obtain the dependence of 
perturbation growth rate on geometric factor (wave length and initial perturbations amplitude), as well as on load inten-
sity and material properties. The results obtained at consideration of cumulative behavior of perturbation growth on the 
free surface were verified by experiments on specially made facility – two-piston shock tube, as well as by numerical 
simulation results carried out according to LEGAK [6] technique.  
 
2 ORGANIZATION OF EXPERIMENTS 
The following plot (Fig. 2.1) is at the basis of experiments conducted on a shock tube studying instability of the free 
surface of condensed matter. Projectile (1) accelerated up to the rate u1 hits the sample of investigated matter (3) 
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through the pad (2). Such a two- piston scheme lets us obtain shock wave intensity up to ~50MPa, as  well as modify 
load level and behavior in investigated samples within wide limits.  

As an investigated condensed matter we used jelly of gelatin aqueous solution (with weight concentration C = 
4%) or clay. We used clay of two consistencies: “hard” clay – clay used to model ceramic samples, and “soft” clay – 
“hard” clay watered to a butter consistency at room temperature.  

The initial two-dimensional perturbation approximating sinusoidal, with wave length λ and amplitude Δ0 (from 
the top of the hump to the center of the bottom), was set at external layer boundary.  

The projectile acceleration, its pad shock and further perturbation development on the investigated surface 
were recorded with the help of streak camera SFR in the case of time magnifier in transmitted light.  
 
 
 
 
 
 
 
 
 
 
 
 
 
 

a)         b) 
 
 
 
 
 
 
 
 
 
 c) 

 
3 EXPERIMENTAL RESULTS AND THEIR DISCUSSION 
A set of experiments was carried out with variation of the studied layer of material, wave length λ and initial 

perturbation of the investigated surface Δ0. Experimental data are given in Table 3.1. The measured data of polyethyl-
ene projectile rate (density ρ = 920 kg/m3, sound speed C0 = 2950 m/s) before acrylic-plastic gap shock are also given 
here, as well as the estimation of pressure in square piston. The estimation was carried out in acoustic approximation 
according to P-u diagram. 

 
Initial perturbation Experiment 

# 
Studied layer 

material λ, [mm] Δ, [mm] 
Projectile 
rate, [m/s] 

Pad rate, [m/s] 

Shock wave pres-
sure in the pad, 

[MPa] 
1 Jelly  ~10 ~3.7 32.4 23.8 49.1 
2 Jelly ~20 ~3 30.8 20.8 46.7 
3 “Soft” clay ~10 ~3.7 30.9 17.0 46.8 
4 “Soft” clay ~20 ~3 28.5 15.5 43.2 

Table 3.1. Experiments organization 
 
Fig. 3.1 gives experiments streak photographs and processing effect. Fig. 3.2 gives time dependence of the sur-

face perturbation amplitude in experiments 1 – 4. The time is always measured from the beginning of the process record 
(from the first picture of streak photograph). 

Pad 2 

Investigated surface 

U 

projectile 1 

Investigated sample – receiver 3 

Fig. 2.1 The experiments organization scheme on a shock tube investigat-
ing free surface instability of condensed matter with shock wave arrival.  

a) Experiments organization scheme 
b) X-t diagram of a shock tube. 1 – projectile, 2 – pad, 3 – receiver 

(investigated sample). 
c) P-u flow diagram. 1 – projectile, 2 – pad, 3 – receiver. u1 – pro-

jectile running rate, u3 – receiver free surface rate with shock 
wave arrival.  
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 0,37ms      0,65ms  0,75ms  0,84ms     1,02ms 

     
  0,44ms       0,76ms  0,89ms    0,95ms       1,39ms 

     
0,40ms    0,60ms   0,86ms     1,06ms     1,46ms          

     
 0,41ms       0,62ms  0,96ms          1,16ms      1,58ms 

Fig. 3.1.  a) Experiment 1 (jelly layer C = 4%, λ = 10mm, Δ0 ≈ 3,7mm). b) Experiment 2 (jelly layer C = 4%, λ ≈ 20 
mm, Δ0 ≈ 3 mm). c) Experiment 3 (“soft” clay λ ≈ 20mm, Δ0 ≈ 3 mm). d) Experiment 4 (“soft” clay λ ≈ 20 mm, Δ0 ≈ 3 

mm). 
Notation: IS – investigated perturbation surface; PP – polyethylene projectile; SP– square piston; C – conjunction of 
square section channel; JL –jelly layer; CL – clay layer; CG – clay in the gap between the wall square piston. 
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Fig. 3.2. Time dependence of the investigated surface perturbation amplitude a) Experiment 1 (jelly layer, C = 4%, λ 

=10 mm,  Δ0 ≈ 3,7 mm), b) Experiment 2  (jelly layer C = 4%, λ ≈ 20 mm, Δ0 ≈ 3 mm) c) Experiments 3 (“soft” clay, λ 
= 10 mm, Δ0 ≈ 3,7), d)  Experiment 4 (“soft” clay, λ = 20 mm, Δ0 ≈ 3 mm) 

 
4 THE MAIN DEPENDENCES OF FREE SURFACE JET-LIKE INSTABILITY DEVELOPMENT 
A shock wave arrival at the curved free surface of condensed matter can be interpreted as a particular case of Richt-
mayer–Meshkov instability [9, 10] at great initial density ratio on either side of discontinuity, Atwood number ap-
proaching 1. However, behavior features of condensed matters can significantly change the process behavior versus 
classical version of Richtmayer – Meshkov instability with shock wave crossing the curved surface of two gases of dif-
ferent densities. The presence in solids of parameter ρ0c0

2 with pressure dimension is a physical base of the mentioned 
difference. The wave configuration in condensed matter results in flows slightly different form those realized on the 
interface of gases of different density. Fig.4.1 is given to illustrate the flow at the shock wave arrival at wedge-shaped 
pit. 
 
 
 
 
 
 
 
 
 

Fig4.1. Shock wave (S) arrival at wedge-shaped pit. R – rarefaction wave 
 
At relatively low shock wave strength in condensed matter, the compression of the material at the front is insignificant, 
and material behavior over the front is defined by cold pressure component in the equation of state. After unloading in 
rarefaction wave, the matter recovers to its initial state with density ρ, which is insignificantly smaller than initial den-
sity ρ. Total specific volume change of the material slightly changes during the process, therefore, form of the surface 
describing the surface of condensed matter after a shock wave arrival, also  slightly changes. Yet, the flow formed along 
the generatrix initial curved surface results in cumulative jets in the point of flows collision on the plane of pit symme-
try. Topology and dynamics of the formed perturbations significantly differs from the perturbations in the case of clas-
sical Richtmayer – Meshkov instability.   

To get the proportions describing instability development on the free surface in the framework of cumulative con-
ception, let us consider the free surface of the material shown in Figure 7. For simplicity let us consider the surface form 
saw-shape. Let us neglect the flow configuration in the neighborhood of the free surface, considering only the incident 

а) b) 

c) d) 

О – a shock wave arrival point at the 
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shock wave and the rarefaction wave outgoing from the cross point at the surface. The equation of state P = A(δn – 1), 
δ= ρ/ρ0 describes material behavior.  

Under the assumption of incident shock wave weakness, we can neglect the width of rarefaction wave reflected 
from the free surface, substituting it for infinitely thin discontinuity. In the framework of the assumptions, the angle of a 
shock wave incidence on the free surface agrees exactly with the angle of refraction wave reflection. According to the 
conservation laws, it is easy to get (see for example [7]) that in the neighborhood of free surface of unloading region, 
the flow velocity is W, and it is directed to initial surface position (dot line in Fig. 4.1). The rate components in fixed 
coordinate system are given by: 

 
ααα cos  sin 2,sin 2 ⋅−=⋅= FSyFSx UWUW     (3.1) 

 
UFS – free surface velocity in the case of undisturbed initial free surface.  

The presence of y-component in the region of unloading material can result in cumulative jet stream directed to pit 
axis [8]. The jet rate can be estimated much as in classical theory of cumulative jets in approximation of incompressible 
fluid: 

⎟
⎟
⎠

⎞
⎜
⎜
⎝

⎛

⋅−+
+≈

αδ
α

2cos)1(21
cos1FSjet UV      (3.2), 

 
δ – material compression on the incident shock wave surface.  

It is easy to see that within small initial perturbations ak<<1, the equation (3.2) reduces to classical Richtmayer 
expression [9]: 

))(1( akUV FSjet +≈        (3.3). 
 

Basing on equation (3.2), obtained in approximation of weak shock waves (neglecting heat pressure component in 
the equation of state, surface compression is δ = 1+ ε, ε << 1), as well as using numerical simulation results, we have 
got the scaling which can be used for optional initial perturbations on the free surface and for optional pressure ampli-
tudes on the shock wave surface [11]: 

⎟
⎟
⎠

⎞
⎜
⎜
⎝

⎛

−+
+=

)/(  cos  )1( 21
cos  7.21 2 λαδ

α
af

UV СПjet     (3.4). 

The angle α is connected with initial amplitude a and wave length λ by the formula 
a

a λλα
4
1)2/()2/(tg == , the func-

tion f (x) is evaluated in the following way: 
f (x) = 8.61x2 – 13.92x + 6.31. 

 
The equation (3.4) can be applied to optional profile of initial ripple, including sinusoidal initial perturbation, 

as well as optional shock wave amplitude.  
The strength has stabilizing influence on jet formation and their rate. In [11], the formula has been obtained for 

minimum permissible shock wave strength P*, at which the jet stream  is possible on the free surface with perturbations 
of wave length λ and amplitude a: 
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α
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c
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σT  - the parameter characterizing strength properties of materials, is close to the magnitude of  dynamic yield stress [8]. 
LEGAK computations [6] verify the obtained dependence (3.5). Jet rate decrease (3.4) due to strength effects is deter-
mined by the equation [11]: 

[ ]
)cos7.21(  cos  sin
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2

2
0 ααα
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jet

UV

V
     (3.6) 

 
The experimental data (Fig. 3.1) agrees with the computational estimates. Fig. 4.2 shows the comparison between 

experimental and theoretical results.  
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The most pronounced jet-like behavior is observed in experiment 3 (Fig. 3.1c) with the material having the lowest 

strength (“soft” clay) and the highest amplitude of initial perturbation ∆0/λ ≈ 0.37. Reducing the relative magnitude of 
initial perturbation (experiment 4, “soft” clay, ∆0/λ ≈ 0.15, Fig. 3.1d) results in a lower perturbation growth rate, and 
using a higher-strength material (“hard” clay instead of “soft”) leads to fast deceleration and cease of perturbation de-
velopment at the very beginning. It is interesting to note the significant difference in perturbation development between 
“soft” clay and jelly. Jelly used in the experiments discussed above has low strength (~ 10 kPa) [12], but the perturba-
tion behavior in the jelly layer of experiment 1 (Fig. 3.1a) is essentially different from that in the identical experiment 
with “soft” clay (experiment 3). In the latter case, the perturbation not only stops growing, but even starts decaying 
(Fig. 3.2d). This result, which seems surprising at first sight, can be explained if we recall that these materials strongly 
differ in their elasto-plastic properties. Whereas jelly has an anomalously extended region of elastic deformation and 
almost no plastic region [12], clay, on the contrary, has pronounced plastic properties and almost no elastic region. As a 
result, in experiment 1, the full-grown jelly jets, once they get free of tension effects, start shrinking very rapidly like a 
piece of rubber, first stretched and then released. At the same time, the jet of stretched clay in experiment 3 preserves 
this condition even after the load is removed. 
 
CONCLUSION 
It is shown that when the shock wave arrives at the free surface of condensed matter, the instability on the free surface 
behaves like a jet. Expressions were obtained to estimate the rate of perturbation amplitude growth depending on some 
initial and boundary conditions in the process of interest. At small initial perturbation amplitudes, the expression ob-
tained reduces to the classical Richtmyer formula. A specially developed experimental setup – two-piston shock tube – 
was used to conduct experiments, which demonstrated qualitative agreement with theoretical predictions.  

The work was partly supported by the Russian Foundation of Fundamental Researches (Project 05-01-00083). 
 

REFERENCES 
[1]. Ogorodnikov V.A., Ivanov A.G., Mikhailov A.L. et al, 1998. On particles ejection from metal free surfaces upon shock 

arrival and diagnostic techniques. FGV. V. 34, No.6. pp.103-107. 
[2]. Asay J.R. 1976. Material ejection from shock-loaded free surfaces of aluminum and lead. Sandia Laboratories Report, 

Sand 76-0542. 
[3]. Dunning M.J. Jacoby B. 1995. Ejecta production from shocked metal samples. The Fourth Zababakhin Scientific Talks, 

Russian Federal Nuclear Center, October 16-20, Chelyabinsk region, Russia. 
[4]. Asay J.R. 1977. Effect оf shock wave rise time on material ejection from aluminum surfaces. Sandia Laboratories Report, 

Sand 77-0731. 
[5]. Lebedev A.I., Igonin V.V., Nizovtsev P.N., Raevsky V.A., Soloviev V.P. 2001. Studies of shock-driven instabilities on free 

surfaces of solids. Transactions of RFNC-VNIIEF, Issue 1, Sarov 
[6]. Bakhrakh S.M., Spiridonov V.F., Shanin A.A. 1984. Method for hydrodynamic heterogeneous flow computations in La-

grange-Eulerian variables. Papers of the Soviet Academy of Sciences. V.278, No.4. pp. 829-833. 
[7]. Zababakbin E.I. 1997. Some issues of detonation hydrodynamics. – Snezhinsk: RFNC-VNIITF, 208 p. 
[8]. Kinelovsky S.A., Trishin Yu.A. 1980. Physical aspects of cumulation. FGV. No.5. pp.26-40. 
[9]. Richtmyer R.D. 1960. Taylor instability in shock acceleration of compressible fluids. Commun. Pure Appl. Math. V.13, 

р.297 
[10]. Meshkov E.E. 1969. Instability of the interface of two gases accelerated by a shock wave. Izv. Acad. Nauk SSSR. Mekh. 

Zhidk Gaza. 4, p.151 
[11]. Bakhrakh S.M., Bezrukova I.Yu., Kovaleva A.D., Kosarim S.S., Olkhov O.V. 2005. Cumulative instability behavior of 

shock-driven condensed matter. Voprosy atomnoi nauki I tekhniki. Series: Mathematical modeling of physical processes. 
Issue 3. pp. 14-25. 

[12]. Bliznetsov M.V., Meshkov E.E., Nevmerzhitsky N.V., Nizovtsev P.N., Sen’kovsky E.D., Sotskov E.A., Tochilina L.V. 
1999. On the possibility of modeling some aspects of Rayleigh-Taylor instability in strong media. VANT. Series: Theoreti-
cal and Applied Physics. Issue 3, pp. 54-57  

Fig. 4.2. Perturbation growth velocity 
relatively to free surface velocity -
comparison experimental data with 
theoretical results. For jelly experi-
ments we consider only initial study of 
perturbation growth when elastic prop-
erties don’t influence on the rate of 
instability increase 

292



 
10th IWPCTM – PARIS (France) July 2006 

 

e-mail:  pierre.pailhories@cea.fr 

A general formulation of buoyancy-drag equations for bubbles and 
spikes growth at an unstable interface 
Pierre PAILHORIES1 and Eric VAN RENTERGHEM1  

1CEA/DAM Ile de France BP 12 91680 Bruyères-le-Châtel France 
 
 
Abstract Buoyancy-drag equations have demonstrated good capacities in describing the non linear growth of 
Rayleigh-Taylor instability taking place at an interface between a light and a heavy fluid submitted to acceleration. At 
high density ratios, the mixing zone becomes asymmetric, which makes necessary the distinction between “spikes” of 
heavy fluid penetrating the light fluid, and “bubbles” of light fluid penetrating the heavy fluid. 
Standard buoyancy-drag equations strictly apply to incompressible fluids separated by a plane interface. In the first part 
of this paper, we suggest a global formulation of this type of equations, suitable under these conditions. It recovers the 
classical balance between buoyancy and drag forces, and accounts in a simplified manner for added mass effects as well 
as interpenetration of the fluids. As proposed by G. Dimonte in his “spanwise homogeneous model”, the coefficients of 
the equations depend on the ratio χ between the height of the spikes h1 and of the bubbles h2.  The determination of 
these coefficients can be achieved using appropriate heuristic postulates and/or empirical results. 
In the second part of the paper, we derive a particular pair of weakly coupled buoyancy-drag equations from the general 
formalism, using mainly the Linear Electric Motor (LEM) experimental findings to close the unknown terms. Constant 
and impulsive acceleration histories have been considered. Remaining uncertainties and behaviour of this model at high 
Atwood numbers (outside of the range explored in the LEM experiments) are discussed in the paper. 
 
 
1 INTRODUCTION 
 
We consider in this paper mixing occurring at a plane interface, submitted to variable acceleration γ(t), between two in-
compressible fluids 1 and 2 of densities ρ1 and ρ2. The non linear phase of the instability growth is characterized by a 
loss of memory of initial conditions, self similar volume fraction profiles in the mixing zone, and the development of 
“spikes” of heavy fluid 2 penetrating the light fluid 1 and of “bubbles” of light fluid penetrating the heavy fluid. 
The lengths of spikes and bubbles with respect to the position of an ideal non perturbed interface will be referred to as 
h1 and h2 respectively. Experiments on the Linear Electric Motor (LEM) [1] have evidenced power laws variation of the 
hi in two particular cases. For a constant acceleration, the mixing lengths evolve as: 

2
0 tAh ii γα= ,      (1.1) 

where A0 is the Atwood number, related to the density ratio R0 via : 

12

12

0

0
0 1

1
ρρ
ρρ

+
−

=
+
−

=
R
R

A .     (1.2) 

For an impulsive acceleration (non null only during a short time interval), the mixing lengths vary asymptotically as: 

       .      (1.3) iBthi
θ=

The simplest way to model the evolution of the spikes and bubbles heights is through ordinary differential equations. 
The asymptotic growth laws (1.1) and (1.3) can be properly obtained using buoyancy-drag (BD) equations [2]. Ram-
shaw demonstrated in [3] the relevance of these equations at low Atwood numbers, and this justification is extended to 
arbitrary Atwood number in [4]. 
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2 FORMULATION OF THE BUOYANCY DRAG EQUATIONS 
 
Buoyancy-drag equations express an energy balance between inertia, buoyancy and drag.  Since dissymmetry arises, 
two different equations, possibly coupled, must be used for “bubbles” and “spikes” growth.  
The equations of incompressible fluid mechanics should be linear with respect to fluid densities, so a general form for 
the BD equations is: 

( ) ( ) ( )
1

2
1

2121111112121212111 h
hCCBBhAA
&

&& ρργρρρρ +−−=+  ,  (2.1) 

( ) ( ) ( )
2

2
2

2221211212222222121 h
hCCBBhAA
&

&& ρργρρρρ +−−=+   (2.2) 

Each acting force is characterized by an effective density equal to a linear combination of the fluid densities, which ex-
presses the interpenetration of the fluids. This formalism notably accounts for added mass effects (in the inertia term) 
and possible dissipation inside the penetrating structures (in the drag term). 
We have introduced twelve unknown functions Aij, Bij, Cij, independent on the acceleration history. Following G. 
Dimonte’s idea [3] and in order to couple the two equations, we will suppose that these functions depend on the most 
straightforward adimensioned variable that can be built with the quantities hi, that is the asymmetry rate defined as: 

2

1

h
h

=χ .      (2.3) 

3 GENERAL STATEMENTS ABOUT THE FUNCTIONS OF THE BD EQUATIONS 
 
Since both equations can be multiplied by arbitrary constants, we can assume without loss of generality: 

 122211211 =+=+ AAAA .     (3.1) 

The symmetry of equations inverting the two fluids enforces for each function X=A, B, C: 

( ) ⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
=

χ
χ 1

1221 XX and ( ) ⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
=

χ
χ 1

1122 XX .    (3.2) 

Finally, the buoyancy is proportional to the difference between fluid densities (see [4]), so: 

1211 BB = and 2122 BB = .     (3.3) 

These considerations and the available experimental results from the LEM are clearly insufficient to determine all the 
unknown functions: additional postulates have to be made. Sections 4 and 5 display two different sets of postulates. 
 
4 MODEL A: “SPANWISE HOMOGENEOUS MODEL” OF G. DIMONTE 
 
G. Dimonte proposed in [2] a model that compares favourably with other existing BD models and recovers the results 
of the LEM tests within the experimental uncertainties (see Fig. 5.1). This approach is based on the idea that bubbles 
and spikes can be seen as homogeneous media with linear volume fraction profiles, submitted to the buoyancy motor 
term and to drag from the pure fluids. This implies: 
 

( ) ( )χχ
+

=
12

1
12A ,     (4.1) 

and ( ) 012 =χC .     (4.2) 
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Free fall of the spikes at Atwood number equal to 1 (ρ1=0) is invoked to infer the value of the buoyancy function: 
 

1211 AB = .      (4.3) 
 
The drag functions are assumed to be constant and equal to CD in both equations. Parameter CD was taken equal to 2.35 
to draw Fig. 5.1, as a compromise to fit correctly both constant and impulsive experiments. 

( ) ( ) 65.035.22211 ±=== CCC Dχχ .     (4.4) 

5 MODEL B BASED ON LEM EXPERIMENTAL RESULTS 
 
We present in this section an alternative and complementary model, based on other postulates and aiming at recovering 
exactly (as shown on Fig. 5.1) the empirical fits of the LEM results [1] in the self similar regime: 

05.02 =α  and  ( ) χαχα 21 =  for constant acceleration experiments,  (5.1) 

25.02 =θ  and   with θθθ nR021 = 21.0=θn  for impulsive acceleration experiments. (5.2) 

The asymmetry rate is assumed to be quasi-constant in the LEM experiments, and related to the density ratio by: 

χχ nR0= with 34.0=χn  .     (5.3) 

The impulsive acceleration experiments provide a direct measurement of the drag function: 
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For the constant acceleration experiments, we adopt postulate (4.3) and deduce the value of functions A21 and A12: 
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The former expressions are valid only in the domain explored by the LEM experiments, that is for density ratios up to 
49 or equivalently asymmetry rates up to 3.96. It is easy to see that relations (5. (5.3 or spik s are di
ing when the Atwood number goes to 1. Hence, we introduce some physical limitations in order to adapt our model to 
high Atwood numbers: 
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The first condition arises from energy conservation principles [3,4]. The seco
A12 remains lower than 1. This implies that α1 → 0.25 as A0 → 1. 
 

b for constant acceleration (left) and impulsive acceleration 
re the limits of experimental uncertainties. 

describe bubbles and spikes growth at a plane interface be-
itted to a variable acceleration. The approach is valid only 
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8 CONCLUSIONS 
 
This paper presents a general formalism for BD equations to 
tween two incompressible fluids of arbitrary densities, subm
in self similar regime. 
Two particular models a and b inheriting from this formalism and closed with heuristic postulates are described: model 
a is the “spanwise homogeneous” model of G. Dimonte and model b is built from experimental results on the LEM. 
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Abstract We propose in this paper a simple analytical model aiming at describing mixing between two fluids at an in-
terface undergoing destabilizing variable acceleration. The model applies to interfaces of arbitrary shape, to fluids sub-
mitted to global compression or expansion (their densities are spatially uniform but can be time dependent). It covers 
both the linear and non linear phase of the instability growth. 
The model is built following the approach of Ramshaw: considering small perturbations of the interface, we estimate 
the average kinetic energy K of the system formed by the two semi-infinite fluids. Under some simplifying assump-
tions, K can be calculated exactly during the linear phase. Its approximate expression in the non linear phase can be in-
ferred using a generalized Wavelength Renormalization Hypothesis, as proposed by Ramshaw. 
The equations of motion controlling the temporal evolution of the perturbation are then obtained using the principle of 
least action. This technique guarantees the construction of proper conservative equations, to which heuristic dissipative 
terms respecting the second law of thermodynamics are added. 
This paper generalizes the work of Ramshaw: the model is valid at all Atwood numbers since “bubbles” and “spikes” 
are treated independently, compression effects are accounted for and the surface separating the fluids can be of arbitrary 
shape. In the case of a plane interface and of incompressible fluids, the models degenerates in classical buoyancy-drag 
equations, which are fully consistent with the formalism established in our poster [3]. 
 
1 INTRODUCTION 
 
We are dealing in this paper with mixing at an unstable interface between two fluids undergoing destabilizing variable 
acceleration γ. This process can be divided into the linear regime, when the amplitudes of the perturbations remain 
small with respect to their wavelength, and the strongly non linear regime, characterized by the development of “bub-
bles” and “spikes”, self similar volume fraction profiles in the mixing zone and possible transition to a turbulent state. 
Considering the case of a low Atwood number inducing a symmetric mixing, Ramshaw built in [1] a model based on 
the principle of least action covering these two regimes.  This paper generalizes [1] to arbitrary Atwood numbers. 
Section 2 sets the statistical approach used in self similar regime. In sections 3 to 5, we consider a plane interface be-
tween incompressible fluids, for sake of simplicity. In section 3, we build the Lagrangian of the system. Section 4 deals 
with energy conservation. In section 5, we derive the equations of motion and close the unknown terms. Finally, in Sec-
tion 6, we show how to extend our model to interfaces of arbitrary shape and time dependent fluid densities. 
 
2 STATISTICAL APPROACH 
 
Let us consider a series of realizations of perturbations at an interface of area S between a light fluid of density ρ1 and a 
heavy fluid of density ρ2. These realizations differ by the initial interfacial perturbation. The realization index is p. A 
schematic view of different realizations is shown on Fig. 2.1. 
 

 
Fig. 2.1. Scheme of unperturbed realization p=0 (left), perturbed realization p≠0 (middle) and statistical average (right) 
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The case p=0 corresponds to an ideal unperturbed interface at which no small scale mixing occurs. Let Z(x,t) be the dis-
tance to this interface, taken as negative in fluid 1 and positive in fluid 2, and n the unitary vector in the normal direc-
tion. The volume fractions of light fluid α10 and of heavy fluid α20 are simple Heaviside functions: 

( ) 1,10 =txα  for ( ) 0, ≤tZ x , ( ) 0,10 =txα  for ( ) 0, ≥tZ x and ( ) ( tt ,1, 1020 xx )αα −= .   (2.1) 

The local density is given by: 

2201100 ραραρ += .       (2.2) 

Introducing the velocity field U0 =U0 n of the unperturbed flow, we can calculate the Lagrangian L0 of this realization, 
defined as the total kinetic of the unperturbed system: 

dVL 2
00 2

1
0U∫∫∫= ρ .      (2.3) 

For a particular perturbed realization p≠0, we introduce similar conventions: α1p and α2p are the volume fractions of the 
fluids, ρP is the local density and Up is the velocity field. The Lagrangian for realization p is: 

dVL pp
2

2
1

pU∫∫∫= ρ .      (2.4) 

We define the statistical average of a given quantity X as: 

∑
−

=

=
1

0

1 pN

p
p

p

X
N

X , the number Np of realizations being large.  (2.5) 

We assume that for any function X, the average X depends only on the distance Z to the interface. Fig. 2.1 illustrates 
this averaging process. The spikes extend spatially from Z=-h1 to Z=0, and the bubbles from Z=0 to Z=h2. 
 
 
The approach followed by Ramshaw in [1] consists in calculating the Lagrangian Lp of the system for a particular 
monomode perturbation in linear phase, and to establish by analogy the expression to the average Lagrangian in the self 
similar phase. The equations of motion are inferred from these Lagrangians using the least action principle [2]. We will 
proceed in the same way.  
 
3 CONSTRUCTION OF THE LAGRANGIAN 
 
We calculate in this section the expression of the Lagrangian assuming small perturbations, up to second order in hi and 
their time derivatives . From (2.3) and (2.4), the total Lagrangian can be decomposed as follows: ih&

ppp CKLL ++= 0 ,     (3.1) 

with ( ) dVK pp
2

02
1 UUp −= ∫∫∫ ρ  intrinsic kinetic energy of the mixing zone,   (3.2) 

and ( ) ( ) dVdVC ppp
2

0000 2
1. UUUUp ∫∫∫∫∫∫ −+−= ρρρ , buoyancy term.  (3.3) 
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We now assume that the interface is planar and that the fluids are incompressible. The velocity field U0 of the unper-
turbed flow is then uniform and the second term of expression (3.3) vanishes due to mass conservation: 

( ) dVC pp 00 .UUUp∫∫∫ −= ρ      (3.4) 

It can be shown that the buoyancy term reduces to:  
 

( )
dt

d
UdzSz

dt
dUC p

pp

φ
ρρ 000 =⎥⎦

⎤
⎢⎣
⎡ −= ∫     (3.5) 

 
The buoyancy term hence depends mainly on the volume fraction profiles in the mixing zone. 
In the linear regime, considering a symmetric sinusoidal perturbation (h1 = h2 = h), we have: 

⎟
⎠
⎞

⎜
⎝
⎛ −=−=

h
zArcCoslinlin 111 21 π

αα , which implies ( ) ( )
4

,
2

12
hSthlin ρρφ −−=   (3.6) 

In the self similar regime, the mixing zone is no longer symmetric, and the average volume fraction profiles are usually 
considered as linear functions of the distance to the interface: 
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αα , which implies ( ) ( )
6

, 21
12

hhSthi ρρφ −−=  (3.7) 

We now proceed to the calculation of the intrinsic kinetic energy. In the linear phase, for a monomode sinusoidal per-
turbation of wavelength λlin,, the perturbed velocity field Up is composed of decreasing exponentials, which leads to: 
 

221

8
hSK linlin
&λ

π
ρρ +

=      (3.8) 

 
In self similar regime, the velocity field cannot be solved analytically and we postulate the following form for Up: 
 

( ) ( )
( ) ( )⎪⎩
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⎧
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&&

&&
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U
22p21p

12p11p
p    (3.9) 

 

 
Fig. 3.1. Expected forms of the normal components of vectors and  21pψ p2ψ 2 .
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Fig. 3.1 illustrates t d is form is consistent with 

hh &= . 

e crossed terms that co th sides of the mixin  zone, to obtain: 

he expected form of the normal component of vectors 21pψ an p22 .Thψ
the values of the normal velocity 202 )(. hUhz &+==pUn  and  0(. Uz −−=pUn
 

ect (3.9) in (3.2) and neglect th rrelate bo g

11 )

We inj
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= .   (3.10) 

 
 introduced fours apparent wavelengths: We have

 

∫= dzipij
22 ijpψαλ .     (3.11) 

 
ed mass effects appear naturally since the “inertial” densities are linear co

 of 
Add
In

mbinations of the pure fluid densities. 
 order to close the expression of the intrinsic kinetic energy in self similar regime, we appeal to a generalized form

the Wavelength Renormalisation Hypothesis (WRH) introduced by Ramshaw in [1]. Assuming complete loss of initial 
conditions memory and self similarity, the apparent wavelengths should grow proportionally to the lengths hi: 
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entioned by Ramshaw, the functio

) 

n iβAs m  should remain of the order of 1 for finite density ratios. 
tic The final expression for the intrinsic kine energy in the self similar regime is then: 
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A simple interpolation function ϕ  can be used to achieve a continuous transition between the Lagrangian functions in 
fully linear and strongly non linear regime: 

( )LLL lin ϕϕ −+= 1 .     (3.14) 

 This onset of non linearity occurs for a ratio mi of hi to λlin approximately equal to 0.1. A possible form forϕ  is then: 
ϕn
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,

with 1.0≈im and    (3.15) 

4 ENERGY CONSERVATION 

 they differ by a total derivative to time of a function F(hi,t), because they give rise to 

for 

1>ϕn .

 
Two Lagrangians are equivalent if
identical solutions to the principle of least action [2]. This property can be used to bring to light the effective potential 
energy which is responsible for the mixing process: 

),()(),( 0 thtUthF ii φ−= , VKLFLL −+=+= 0
' & γφ=V  is the potential energy.      (4.1)  where 
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V is perfectly analogous to potential energy in a gravity field. It is proportional to the center of mass displacement due 
to the mixing process. The principle of least action takes the following form, where the Qi are dissipative forces: 

i
thithi
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dt
d
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    (4.2) 

The total energy E associated to the modified Lagrangian is then: 

VKELh
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The total energy evolves in time according to: 
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iihQD &&     (4.4) 

The term between parenthesis indicates that the system is not isolated (the acceleration of the interface has to be gener-
ated by exterior means). We adopt the phenomenological form of a Reynolds drag for the dissipation forces in non lin-
ear regime, whereas dissipation forces are neglected in the linear regime: 

0=liniQ  and  ii
j

ijj
i

i hhqSQ &&
⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
= ∑ρ

β2
.    (4.5) 

This implies no correlation between the velocities on both sides of the mixing zone, which is consistent with (3.10). 

5 LAGRANGE’S EQUATIONS IN SELF SIMILAR REGIME 
 
We can now derive explicitly the equations governing the evolution of the penetration lengths hi in the self similar re-
gime. We develop equation (4.2) using (3.14) and (4.1), to obtain the two Lagrange equations (for i=1,2): 
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We identify these equations with the general formalism for buoyancy-drag equations developed in [3]: 
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=χ   (5.2) 

 
By identifying the added mass functions and buoyancy terms of (5.1) and (5.2), we get using (3.7): 
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It is interesting to see that some of the “drag” terms of (5.1) are included in the conservative part of the equations. As-
suming a constant χ , which is valid e.g. for constant acceleration, we can calculate the dissipative forces : 
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This closes the model for given functions Aij and Cij: the reader can refer to [3] for possible values of these functions. 
Two checks should however be realized: the obtained βi should be of the order of 1 for the self-consistency of the 
WRH, and the dissipation forces must satisfy the second law of thermodynamics , which can be enforced by : 0≤D&
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6 GENERALIZATION TO ARBITRARY INTERFACE SHAPE AND TO TIME DEPENDENT DENSITIES 
 
If the interface is spherical or cylindrical and the fluid densities depend on time, the Lagrangian of the system can still 
be calculated, but the unperturbed velocity U0 field is no longer uniform. We estimate the velocity gradient induced by 
compression and curvature effects near the interface, ℜ and being the principal radii of curvature of the surface: 'ℜ
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The velocity field assumed in (3.9) remains correct if we replace by Wih& i defined as follows: 
 

iiii huhW '−= &       (6.2) 
 
This substitution agrees for the spherical case with Ramshaw results in [4]. It affects the intrinsic kinetic energy (3.13) 
and the dissipative forces (4.5). The expression of the buoyancy term (3.5) remains unchanged. The wavelength in the 
linear phase λlin has to be adapted to the considered geometry (planar, cylindrical, spherical …) and initial perturbation.  
 
 
7 CONCLUSIONS 
 
We propose in this paper a simple model based on coupled ordinary differential equations to evaluate the mixing zone 
growth under variable acceleration for arbitrary Atwood numbers. In the linear regime, a monomode perturbation is 
considered. In self similar regime, the model reduces to standard buoyancy-drag equations [3] when applied to a planar 
interface between incompressible fluids, which justifies the relevance of these equations. The use of the principle of 
least action in the construction of the model, as originally proposed by Ramshaw, guarantees energy conservation and  
gives access to useful information, such as the intrinsic kinetic energy and the dissipation rate in the mixing zone. 
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Abstract. The turbulent mixing is a very important ussue at the study of geophysical phenomena. The 
reason is that the  greatest  part of the fluxes deriving from geophysic fluids are turbulent. In many of the 
physical phenomena ocurring in nature the diffusion of physical quantities is governed by the mixing 
generated by turbulence. 
The study of the turbulent mixing due to gravitatory convection makes use of an experimental model with 
two fluids of unequal density under an unstable density distribution. The mixing process is generated by 
the evolution of a bidimensional array of forced turbulent plumes and a gravity current due to the 
presence of the glass container. The global conclusions of this first experimental model are related to the 
mixing efficiency and the volume of the final mixed layer as functions of the Atwood number, which 
ranges from 0.010 to 0.134. The mixing efficiency has an upper limit of 0.18 and this efficiency is about 
20% of the maximum mixing efficiency (0.5) in comparable experiments. We propose a theoretical 
explanation to understand this difference. To verify our hypothesis, we performed new experiments with 
a line of plumes –from one to nine plumes- with an Atwood number of 0.03.  Measurements of the height 
of the final mixed layer as functions of the number of plumes are made to verify that the less the number 
of plumes the lower the mixing efficiency. 
 
 
1 INTRODUCTION 

An experimental study of the global mixing, as of the topological structure of the fronts 
produced by a plume array and a single plume has been performed following Gonzalez-Nieto, [1]. Mixing 
produced in convective flows is  investigated comparing new experiments: we release brine through an 
array of holes, through a line of holes and through a single plume generating orifice have been compared. 
New measurements of ADV 2D velocity measurements as the plumes and fronts evolved will be used at 
future to relate spectral, fractal and mixing efficiency measures. 

The initial instabilities are generated by gravitational acceleration and as the flow becomes non-
linear the role of local turbulence is examined in experiments of Rayleigh-Taylor driven front, [2,3,4,5,6]. 
The advance of a mixing  front due to the gravitational acceleration is responsible for the mixing and it 
constitutes typical configutation of a Rayleigh-Taylor (RT) instability in a high Reynolds number. The 
flow quickly becomes turbulent so the front between the two layers, which is believed to become 
independent of the initial conditions as turbulence evolves, and the range of scales increases. The advance 
of this front is described by differents authors and different experiments have been classified as producing 
internal or external mixing, but the role of initial and boundary conditions has not been explained enough.  

The main goal of our experiments is to determine the influence of initial conditions on mixing. It 
would be interesting to compare different experimental conditions and evaluate which affects molecular 
mixing. Using a viscoelastic gel and a plate with holes in experiments similar to those reported by [2], we 
make the initial instabilities to be randomized into a set of plumes in a way in which the initial conditions 
(viscosity of gel and number of plumes) are seen to modify the overall mixing efficiency. Our first 
experimental setup is complicated because a bidimensional plume array interacts with a gravity current. 
To analyze better the mixing behavior of buoyant plumes, we performed new experiments with a line of 
plumes and a single plume generating hole, [7].  

The growth of cumulus clouds in a turbulent atmosphere has usually been modeled as a rising 
thermal, in both numerical and experimental setups. A thermal is a small buoyant volume of fluid which 
is suddenly released into either a homogeneous or stably stratified environment. The growth of a thermal 
is expected to depend both on the buoyant momentum and the degree of external turbulence. So, it is 
important to elucidate the individual importance of the buoyancy induced (or internal) turbulence and the 
environmentally induced (or external) turbulence. The buoyant momentum causes internal turbulence and 
is dependent on the density gradient between the plume/thermal and its surroundings.  
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2 MIXING PROCESSES GENERATED BY TURBULENT PLUMES  
We investigate turbulent mixing processes generated experimentally under an unstable density 

distribution in a fluid system. In our case, the fluids that constitute the unstable density stratification are 
miscible and the turbulence will produce molecular mixing. Because all experiments are performed with 
brine using common salt the molecular Schmidt number is almost same in all experiments (about 800) 
depending weakly on temperature. The global mass flow may be evaluated if the two different miscible 
layers have different solute concentrations. In our experiments the density difference is caused by salt 
heat and the Schmidt number for brine is Sc=812 (at 22ºC). These mixing processes are generated by a 
discrete number of forced turbulent plumes whose behaviour and interaction result in the mixing. We use 
a new experimental method to obtain an unstable density distribution, [1].  

The fluid system consists of three homogeneous fluids with different densities that are initially at 
rest. At the bottom of the container there is a fluid with lower density ρL making a layer designated as the 
light layer with a height hL. On top of this layer, a CMC gel stratum is placed with density ρG and a height 
of hG. Finally, the fluid of greater density ρD which constitutes the dense layer which reaches a height Dh′  
and is coloured with sodium fluorescein –a passive tracer-.  

The experiment begins when the dense fluid flows as jets and come into the gel layer; it goes through 
the gel locally arriving in the shape of jets which break down the surface tension of the gel. The result is 
the generation of several forced plumes which are gravitationally unstable. As the turbulent plumes 
develop, the denser fluid comes into contact with the lighter fluid layer and the mixing process between 
them begins. The behaviour of this fluid system is governed by the turbulent energy source generated by 
the buoyancy. Specifically, it depends on three factors: one, the  CMC gel used which has viscosity νG; 
second, the Atwood number A and the third factor that influences overall mixing is the direct geometrical 
effect that the initial conditions have over the volume where mixing can take place, [1].  

The final result of the mixing process is a mixed layer located at the bottom of the experimental 
container which is separated from the unmixed lighter fluid by means of the stable density interface 
which is clearly shown at digitalizations, [8]. Since not all of the lighter fluid participates in the mixing, 
we qualify it as a partial mixing process. The mixed layer height hM  represents the final height of this 
stable density interface. This height hM is directly proportional to the final volume of the mixed fluid and 
therefore hM could represent the volume of the mixed fluid. 

The partial mixing process is characterized by two global properties: the mixing efficiency η and 
the mixed layer height hM which depend on the characteristics of the fluid system in the initial and final 
states. As the mixing process is influenced by the initial buoyancy, these two global properties are 
analyzed versus the Atwood number A.  

The first interesting result of our studies is represented in figure 2.1. We plot the average mixing 
efficiency as a function of the Atwood number of the fluid system. The mixing efficiency η of this 
process is defined as the fraction of the available energy that is used to mix the fluids. In general, we 
observe that the efficiency increases as the Atwood number A grows. Physically, the increase in Atwood 
number implies that the buoyancy effect grows, as does the convective acceleration. Therefore it produces 
a greater mixing process with a higher efficiency associated with it, [1]. 
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Figure 2.1. Mean mixing efficiency versus the Atwood number for experiments made with the more viscous 
CMC gel (Curve 1, •), and with the less viscous one (Curve 2, ). Aditionally, the results for initial stable (•) 
and neutral (•) situations are shown. 
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Curve 2 of figure 2.1 shows that the experiments done with the less viscous gel have a mixing 
efficiency greater than the one corresponding to the experiments with the more viscous gel shown in 
curve 1. Our hypothesis is that the greater number of turbulent plumes created when the gel viscosity is 
reduced, the greater mixing efficiency. The mixing efficiency values are small if we compare them with 
the efficiency of a RT instability –although the global variation is right-. There are two reasons for these 
different values. First, the presence of the CMC gel layer in the experimental setup which reduces 
efficiency about 40% if we compare it with experiments without gel. 

The main reason is the turbulent plume array generated during the evolution of the experiments. 
This bidimensional plume array makes a conical volume without mixing process. This non-mixing 
volume produces a lower volume useful to mix because it is inside the light fluid layer. There is an 
interpenetration of the unstable plumes only through a fraction of the area at the top, precisely because 
once the dense fluid looses its potential energy it may not mix with lighter fluid above. Therefore, the 
denser fluid and the lighter one do not mix completely which implies that the mixing process is only 
partial. Therefore, the mixing efficiency must diminish. 

All the turbulent plumes feed on the ambient light fluid. As a consequence there is a height h 
which represents the start of plume lateral interaction as figure 2.2 shows. This height h determines the 
non-mixing volume. The mixing process occurs from the height hL – h to the bottom of the experimental 
container, but not before.  We suppose that all turbulent plumes start their lateral interaction at height h 
when they have a radius R and they are approximated by cones, [1].  

We made a brief theoretical study of this plume effect using figure 2.2 and we deduced that 
adimensional mixing volume has the expressión: 
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21*    ,                                                 (2.1) 

 
which behaviour is represented in figure 2.3. 

 

  
Figure 2.2.  Initial growing scheme of a turbulent plume 
array. Every plume is represented, approximately, by a 
cone which  radius is the plume radius, R.. The lateral 
interaction between plumes starts at a depth h. The height 
of the light fluid layer is hL. The dotted region is the 
conical non-mixing volume. 

Figure 2.3. Graphic behaviour of adimensional mixing 
volume V*MIXING versus h/hL. 
 

 
We deduce that the adimensional mixing volume varies from 86% if the height ratios is 

(h/hL)=1/5 to 66% if  (h/hL)=1/2. The figure 2.3 shows a decrease of the mixing volume V*MIXING  if the 
height ratios h/hL grows because then plumes reach a larger depth without interacting. The largest mixing 
volumes appear when plumes interact as soon as possible. The non-mixing volume V*NON-MIXING  has the 
inverse behaviour and its value influences the mixing efficiency. 

We make new experiments with a line plume array to verify previous results and theoretical 
hypothesis. We want to investigate better the relation between the non-mixing volume V*NON-MIXING and 
the mixing efficiency η and to evaluate the results showed in figure 2.1, i.e., the less the number of 
plumes the lower the mixing efficiency, [1]. The non-mixing height hNM could represent this non-mixing 
volume V*NON-MIXING . 

 The new experiments are performed using different brine concentrations as the two mixing 
fluids, with Atwood number of 0.03. We don’t use the viscoeleastic gel because we want to control the 

hL 

h/hL 

V*MIXING 
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number of plumes and their geometric configuration into a line array. This is the main difference of this 
new experimental setup. Figure 2.4 shows a frame of one of these new experiments with seven plumes in 
a line setup.  

We measure the number of plumes, np, and the non-mixing height directly from the 
digitalizations of the experiments. The mixing efficiency η is related with the inverse of non-mixing 
height, hNM, which represents the non-mixing volume V*NON-MIXING This is the reason why we measure the 
non-mixing height and we relate it with the number of plumes as it is deduced from figure 2.3 . The 
results are shown in figure 2.5. 
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Figure 2.4. Experimental frame showing seven plumes in a line 
array. 

Figure 2.5. Graphical behaviour of the non-mixing 
height, hNM, versus the number of plumes, np. 

 
The figure 2.5 shows us the larger the number of plumes, np, the lower the non-mixing height is, 

and then the larger the mixing efficiency. And this result agrees with results deduced from figure 1. 
Therefore, we have verified that the initial conditions modify the overall mixing efficiency, i. e., the 
number of plumes affects the mixing efficiency. 
 
 
SUMMARY 

This paper present some important conclusions related to the global mixing efficiency variation 
for different forcings. Our main purpose is to clarify the relation between the mixing efficiency and the 
number of plumes formed initially. We have deduced that the less the number of plumes the lower the 
mixing efficiency because the larger the number of plumes, np, the lower the non-mixing height is.   

The structure of the plume array may be seen in the digitalizations of the experiments. The front 
growth in accordance with other authors [5] and analysed with DigIFlow [8] is seen to depend strongly on 
initial conditions, i.e. the number and structure of the plume array. The advance of the front may change 
between linear and quadratic with time as the role of the initial momentum and buoyancy. 
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Abstract: An increasing number of numerical simulations and experiments [1, 12] describing the turbulent
spectrum of Rayleigh-Taylor (RT) mixing layers came to light over the past few years. However, the results
reported in these studies are far too diverse to draw any conclusions on the mechanisms that shape the spectrum,
ERT(k), in a RT situation. Indeed, depending on initial conditions, molecular viscosity or numerical viscosity,
Atwood×acceleration, experimental setup or numerical approach, the RT turbulent spectrum ERT(k) may
behave in all or part of the spectrum like ∼ k−1, k−5/3, k−3, k−4 or k−5. It contrasts with the “simple”
homogeneous isotropic turbulent situation where the Kolmogorov spectral law E(k) = CKε2/3k−5/3 is well
established numerically, experimentally and theoretically. Although the answer to that question would allow to
gain some insight into the physics of RT mixing layers, it is also essential in the industrial applications (ICF)
when it comes to modelling the turbulence in such layers. Results reported in recent studies allow to rule out
a turbulence à la Kolmogorov as a mechanism acting on a self similar RT turbulent mixing layer. A different
mechanism is presented, which complies with both numerical and experimental results and relates RT flow to
other buoyant flows.

1 INTRODUCTION

Turbulence in Rayleigh Taylor mixing layers has been thought to behave as in free shear flows. Actually, the
mechanism is significantly different.

When a fluid is made turbulent by continuous stirring, the mechanical power injected creates big whirls
which transfer their energy to smaller whirls until viscous effects overcome this process. The transfer of energy
to the inertial range (from large scales to small scales) occurs at the constant rate of viscous dissipation at
small scales.

Kolmogorov’s vision is accurate for free shear flows but it does not explain turbulence in Rayleigh Taylor
mixing layers. In this case, the injected power is due to buoyancy motion on a broad range of length scales. It
tends to accumulate at large scales so that big whirls can get bigger as the mixing layer thickness increases. Only
a small fraction of this power is transferred to small scales through a Kolmogorov cascade and dissipated. This
balance between the accumulation of energy at large scales and the buoyancy production can also be applied to
Rayleigh-Bénard instabilities. It explains the Bolgiano-Obukov scaling predicted and experimentally observed
for these flows. The detail of this work can be found on [13].

2 SELF-SIMILARITY HAS CONSEQUENCES ON THE RT TURBULENT SPECTRUM

The RT developed turbulent regime, as complex as it may look, is thought to evolve self similarly [15]. The
size of the largest significant turbulent structure, therefore, grows like the size of the turbulent mixing zone
which evolves as L(t) = αA g t2 [6] where α is the mixing-zone-width growth rate parameter whose value is
around ∼ 0.06 experimentally and between 0.03 and 0.07 numerically. It can be assumed that at low wave
numbers in the self similar regime the velocity spectrum E(k, t) = 0 for k < kl(t), where kl(t) is the wave
number corresponding to the maximum of the velocity spectrum (this point will be called λ due to the shape
of the idealized spectrum at this location), and E(k, t) ≈ Ψl(t) k−nl for k ≥ kl(t). Nothing else is assumed
concerning the behavior of E(k, t) at intermediate and high wave numbers k À kl(t). In the self similar regime,
it is found that the point λ must evolve on the curve

Eλ ∼ (Ag) k−2
λ , (2.1)

independently of the slope of the spectrum (nl). This behaviour has been checked by A. Cook and W. Cabot
and presented, among other things, at this meeting.
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3 A KOLMOGOROV MECHANISM IS RULED OUT BY NUMERICAL SIMULATIONS

If it is assumed that RT turbulence follows Kolmogorov’s mechanism [14,15], the turbulent spectrum has the well
known form E(k) = CK ε2/3 k−5/3. Then, it can be shown [14] that ε ∼ t and kη(t) =

(
ε/ν3

)1/4 ∼ t1/4 meaning
that the velocity spectrum must grow. This conclusion is incompatible with recent DNS/LES simulations [2,8]
showing the velocity spectrum evolution in time. Even though it is not stated in these references, it can clearly
be noticed that the level of the velocity spectrum at low wave number does not grow as time goes by but
remains still.

4 GENERALIZATION OF LIN’S EQUATION FOR BUOYANT FLOWS

The RT flow of two incompressible fluids in the low Atwood limit, A = (ρ2 − ρ1)/(ρ2 + ρ1) ¿ 1 (Boussinesq
approximation), is governed by a concentration equation (4.1), the Navier Stokes equation supplemented with
a buoyant source term (4.2) and the incompressibility constraint (4.3)

∂t c + (u∇) c = κ ∆c , (4.1)
∂t u + (u∇)u = −∇P +Ag c + ν ∆u , (4.2)

∇u = 0 , (4.3)

where g is a stationary and uniform gravitational acceleration vector field (i.e. planar symmetry is assumed).
The coefficient κ is the molecular diffusion coefficient and ν is the kinematic viscosity of the mixture. By taking
the fourier transform of Eq.(4.2) and after some algebraic manipulations it is possible to write the equation
governing the evolution of E(k, t) (a generalisation of Lin’s equation [16]) to make the buoyancy production
term appear :

∂tE = T (k)− 2νk2E + βAgE1/2
c E1/2 , (4.4)

where Ec(k, t) is the concentration spectrum. In the self similar regime, it is then possible to prove that the
velocity spectrum is closely related to the concentration spectrum through its slope −nc:

E(k) ∼ c0 (Ag)
3−ncl

2 t1−ncl k−
3+ncl

2 . (4.5)

It is to be noticed that when ncl = 1, the previous time evolution is changed to log(t). This is due to a balance
between buoyancy production and spectral transfert. This mechanism also explains the Bolgiano scaling for
Rayleigh-Bénard instabilities.
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Abstract: The dependence of the single-mode Rayleigh-Taylor (RT) instability on density difference effects is inves-
tigated using four different numerical codes. As the density difference driving the flow approaches infinity, bubbles 
reach a constant terminal velocity, in agreement with the classical result of Layzer [1]. At the same time, spikes are nar-
row and in free-fall, a result which can be understood through simple drag-buoyancy arguments. The extension of these 
ideas to finite density differences is characterized by terminal velocity for bubbles early in time in agreement with a 
corresponding potential flow theory (Goncharov [2]), and an accelerating flow at late-times. The late-time acceleration 
is a new result and appears to be driven by the formation of Kelvin-Helmholtz rollups, an effect that is not included in 
existing nonlinear models of RT.  
 
1 INTRODUCTION  
 
A sharp interface separating two fluids of different densities is Rayleigh -Taylor unstable if an acceleration is directed 
from the light fluid to the heavy. In this paper, we consider only monochromatic or single-mode interfacial perturba-
tions of wavelength λ and amplitude h0. It has been shown [3] that an understanding of this simple flow is necessary be-
fore considering the fully turbulent RT instability. The growth of such perturbations at the interface is at first exponen-
tial [4]  
 

      tehh γ
0= ,    (1.1) 

 
with a growth rate γ, and then linear in time, with a corresponding terminal velocity given by  
 

           
A

Ag
Frv

+
=

1
λ

,    (1.2) 

 
where Fr  is a Froude number. The initial growth stage is often referred to as “linear” since only linear terms in the per-
turbation equations are important, while the latter stage is termed nonlinear. In the nonlinear stage, the light fluid rises 
as bubbles due to buoyancy, displacing the heavy fluid, which descends as spikes. While (1.1) is an exact result in the 
absence of viscosity or other stabilizing effects, the behavior of bubbles and spikes in the nonlinear stage as a function 

of the Atwood number (
12

12

ρρ
ρρ

+
−

=A ) is controversial due to disagreement among proposed models [2,5,6]. The diff e-

rences stem from the choice of potential functions and boundary conditions. In this work, we evaluate competing nonli-
near models using numerical simulations, and extend their description to late-times. The results are of interest in descri-
bing the turbulent growth rat e α which can be related to the Froude number of the dominant bubbles in a bubblefront 
using  
 

b

b
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21
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8 ρ
ρρ

α
+

= .   (1.3) 

 
Image analysis from the Linear Electric Motor experiments show that hb/D b > 1 for leading RT bubbles in a turbulent 
flow. To evaluate bubble dynamics in a regime relevant to turbulent flow, we calculate RT single-mode flow in an 
elongated box, and at late-times. 
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2 RESULTS 
 
We report on numerical simulations of the single-mode Rayleigh-Taylor problem up to intermediate and late-times. The 
calculations were performed using four different codes, and in an elongated box (λxλx8λ) to accommodate the late-time 
growth. 3D perturbations of the form 

 
{ })cos()cos(),( 0 kykxhyxh +=   (2.1) 

 
were used, with the amplitude chosen such that kh0 << 1. Three of the codes belong to the MILES category, while a 
fourth Direct Numerical Simulation (DNS) was also employed. Other details of the calculations, including descriptions 
of the algorithms used are provided in [7].  
 
Figure 2.1 is a plot of the Froude numbers deduced from the intermediate-time saturation velocities of bubbles from the 
codes used in this study as a function of the Atwood number. All the codes give a constant Fr = 0.56 in agreement with 
[2], but not with [5] and [6] who predict a different functional form for the Froude numbers. This is because the form of 
potential functions used in [2] satisfies the condition of zero net mass-flux across the interface.  
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Figure 2.1 Froude numbers from 3D NS and potential flow theory of [2]. 

 
While bubbles reach a terminal velocity for intermediate times at all A, figure 2.2 (a) shows that spikes resemble bubble 

behavior at small A, but accelerate at larger density differences. As A à 1, 
k
g

A
A

vs −1
2

~ from drag-buoyancy models 

[8] and potential flow theory of [2] becomes unbounded, and spikes are in free-fall. This can be understood from a sim-
ple balance of drag and buoyancy terms on the spike objects: 
 

s
ss h

hCAgh 1

21

12

ρρ
ρ
+

−= &&&    (2.2) 

 

For A à  1 (ρ1 à  0), equation (2.2) and our NS (figure 2.2 (b)) give 2

2
1

~ gths . Finally, by applying mass conserv a-

tion on any horizontal plane, it also follows that as Aà  1, bubble diameters increase while spike diam eters become va-
nishingly small. 

Fr 
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Figure 2.2 (a) Time evolution of spike velocities at different A. (b)Non-dimensional spike  

acceleration coefficient vs. A. 
 

Figure 2.3 shows the evolution of bubble Froude numbers up to late times for different Atwood numbers. The Froude 
number is plotted against the bubble aspect ratio hb/Db. The small A calculations exhibit a curious acceleration away 
from the terminal velocity, followed by a saturation to a higher Fr late in time, while the large A cases (A>0.5) remain 
terminal. This behavior is observed in all of the codes used here, and occurs at hb/Db ~1. Such a deviation from the clas-
sical potential flow result has been observed earlier by [9] who attribute the effect to bubble-tip curvature effects. Ho-
wever, our image analysis indicates that this is not the case.  
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Figure 2.3 Time history of bubble Froude numbers from NS at different A. 

 

Agkt

Ag
sh

2

&&

311



 
10th IWPCTM – PARIS (France) July 2006 

 

A

c i

0 0.2 0.4 0.6 0.8 10

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

2D simulations
Betchov & Szewczyk (large R)
Chandrasekhar (LSA)

 
Figure 2.4 Kelvin-Helmholtz growth rates from 2D NS and linear stability theory. 

 
We attribute the observed behavior to the formation of secondary Kelvin-Helmholtz (KH) vortices on the neck of the 
bubbles at small density differences. The induced flow from such secondary vortices creates a momentum jet that acce-
lerates the bubbles to a higher Froude number. Such a mechanism has been identified in boosting the rise velocity of 
turbulent RT bubbles [10], and by certain species of fish to propel themselves [11]. However, note that the appearance 
of secondary KH instabilities in RT is confined to small density differences. This is consistent with linear stability ana-
lysis of KH flow [4] which suggests that at large density differences, the shear layer growth ci is suppressed inertially 
according to 

 

2
21

2122

)(
)(

ρρ
ρρ

+
∆−±= Ukc xi ,   (2.3) 

 
where ∆U is the velocity difference driving the flow. Thus, from (2.3) ci à  0 for A à 1. This is also observed in our 
2D simulations of KH flow, the growth rates from which are summarized in figure 2.4. The calculations used a square 
domain (λxλ) with the velocity contrast ∆U spread across 3 zones and g = 0, since buoyancy is not relevant here. Our 
calculations which correspond to a piecewise linear profile are in good agreement with the linear stability analysis of [4] 
who assumed a step-function for the velocity profile, and with [12] who considered a tangent hyperbolic function. Fur-
thermore, the growth rates from theory and NS are only weakly sensitive to A for small density differences. This ex-
plains why the observed acceleratio n in RT appears at approximately the same point in time for cases with small A (at 
hb/Db ~1), since the growth rates of the underlying KH instability remains nearly uniform under such conditions. 
 
These ideas can be further verified by quantifying the size of secondary vortex cores in RT for different A. We adopt 
the definition proposed by [13] that identifies connected regions with two negative eigen-values of the velocity gradient 
tensor as a vortex. This condition ensures that a local pressure minimum exists in a vortex core, while at the same time 
eliminating false positives due to unsteady straining and viscous effects. Figure 2.5 shows the evolution of the % vo-
lume occupied by vortex cores (identified using this technique) within the computational domain, as a function of hb/Db 
at A = 0.005 and 1.0. Clearly, there is a sudden development of secondary vortex structures near hb/Db ~ 1, for the low 
Atwood case. This event coincides with the onset of the observed acceleration. Conversely, the high Atwood case 
shows no such trend, consistent with the lack of observed acceleration.  
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Figure 2.5 Evolution of % volume of computational box occupied by vortex cores at A = .005 and 1.0. 

 
3 SUMMARY 
 
We have investigated the single-mode Rayleigh -Taylor instability in a long box, and at late-times, so that the results 
bear direct relevance to the turbulent flow. We find that initially, the nonlinear flow is in agreement with the model of 
[2], because their choice of the velocity potential function satisfies the no flux condition across the interface. At l ate-
times, the behavior depends on the Atwood number. At small A, secondary Kelvin-Helmholtz vortices form on the neck 
of the primary bubble, the induced flow from which accelerates the bubbles away from the expected terminal velocity. 
The formation of KH vortices at large A is suppressed, consistent with the linear stability theory of [4]. We conclude 
that potential flow models are accurate in the regime they are applicable (at high A). At low A, the development of sec-
ondary instabilities complicate the evolution due to the associated vertical momentum jet propelling the bubbles for-
ward. We suggest further numerical simulations  of this simple problem to verify our conclusions. 
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Abstract: Results are presented from experiments studying the interaction of a planar shock wave of strength
1.4 < M < 3.0 with a spherical soap bubble composed of helium using planar laser diagnostics. Experiments
are performed in a 9.2m-long, vertical shock tube with a square internal cross-section, 0.254 m on the side,
equipped with a pneumatically-driven retractable bubble injector. The absence of a bubble holder during shock
wave passage allows for a cleaner initial condition while avoiding complications associated with holder/shock
interaction. In parallel with laboratory experiments, a computational investigation is carried out using a
3-D compressible hydrodynamics code called Raptor. As the planar shock passes over the bubble, intense
vortical and nonlinear acoustic phenomena are observed, including vortex ring formation, mixing, and growth
of turbulence-like features. The origin and growth of distinctive counter-rotating secondary vortical features
are observed in the case of a high-Mach number experiment.

1 INTRODUCTION

The evolving flow field generated by the interaction of a shock wave with a discrete density inhomogeneity is a
problem of fundamental interest which can be used as a “building block” to develop an understanding of more
complicated problems involving shock propagation through random media. The shock-bubble interaction (SBI)
is a fundamental configuration for studying shock accelerated inhomogeneous flows (AIF), i.e., an extension of
the Richtmyer-Meshkov instability (RMI). The test gas is contained inside a large spherical soap bubble. Soap
bubbles represent the simplest form of gas enclosure with their natural tendency towards spherical shape, ideal
for a 3-D problem. The soap membrane is thin and tenuous which keeps the film effects to a minimum.
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Fig. 1.1. Schematic diagram of shock reflection, transmission and vorticity distribution in the early phase of a shock-

bubble interaction for a light bubble: (a) pre-shock; (b) post-shock wave pattern; (c) vorticity distribution.

Previous studies of the shock-bubble interaction include the seminal work of Haas and Sturtevant [1] and the
recent works of Layes et al. [2, 3]. These previous experiments were conducted in horizontal shock tubes with
the bubble supported by a holder and subjected to a M < 1.3 shock wave in air. The presence of a vortex ring
structure was suggested by the shadowgraphs; however, due to the integral visualization technique employed,
the detailed structure of the vortex was not captured. These experiments were later modeled numerically in two
dimensions [4, 5] with the results being in reasonable agreement with the experiment. Recently, experiments
have been reported studying the shock-bubble interactions at higher Mach numbers [6], in an attempt to
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bridge the gap between the low-Mach number shock-tube experiments and very high-Mach number laser-driven
experiments. These recent experiments show the presence of secondary vortex rings at late times which are
absent in the case of low-Mach number experiments. We present here results from experiments and numerical
simulations studying the interaction of a planar shock-wave of strength 1.4 < M < 3.0 with a spherical soap
bubble composed of helium.

Figure 1.1 shows the wave pattern and vorticity deposition during the early phase of a shock-bubble in-
teraction for a light bubble. At low angles of incidence, regular refraction occurs where the transmitted wave
and the incident wave intersect the interface at the same point. At higher angles, various aspects of irregular
refractions are observed where usually the interaction of the transmitted wave with the interface runs ahead of
the incident wave or of a Mach stem, as shown in Fig. 1.1(b).

2 EXPERIMENT DESCRIPTION

The experimental setup used here is a slightly modified version of the setup described by Ranjan et al. [6]
where the interaction of a strong planar shock wave M = 2.88 with an isolated argon bubble in nitrogen was
studied. In these experiments, the retractable injector has been inverted so that the bubble can rise freely once
released from the injector, without hitting the injector itself. The release and free rise of the bubble sequence is
illuminated with front white lighting and is recorded at 250 fps with a CCD camera (DALSA CA-D1-0256A).
This allows the capture of the evolution of the bubble during its release from the injector and provides an
initial condition image of the bubble prior to (within 10 ms) shock interaction, during which the vorticity is
deposited and the RMI initiates. The evolution of the flow structures is captured using planar laser imaging.
The flow is illuminated with a pulsed Nd:YAG laser (Continuum Surelite II) and a Lambda Physik excimer
laser (LPX210). The laser beam is formed into a plane and transmitted through the center of the bottom of the
shock tube. The Nd:Yag laser is capable of two pulses separated by a minimum of 100 ns, with a pulse width
of 10 ns duration. Three 1024×1024 pixel array Andor (model 434) CCD cameras are used to capture the Mie
scattered light resulting from the laser interaction with the soap film solution (the soap film is atomized into
micron sized particles during interaction with the strong shock). Two images are recorded on a single CCD
frame in dual exposure mode in the compression phase of the bubble. These two images are the Mie-scattered
signal resulting from the interaction of the Nd:YAG laser pulses with the atomized soap film. A UV lens is
used to focus the signal obtained from the interaction of the excimer laser and atomized soap film onto the
CCD array. The shock strengths are chosen to investigate the distortion of the bubble in regimes where the
post-shock velocity in the ambient gas is less than, approximately equal to, and greater than, the local sound
speed. The experimental scenarios are presented in Table 2.1. Several experiments have been conducted and
the bubble diameter after release in the initialization of the experiment is D = 3.8 cm, repeatable to within
±5%.

Scenario # Bubble gas Ambient gas M A u′1/c′1
1 Helium Air 1.45 -0.757 0.56
2 Helium Air 2.08 -0.757 1.01
3 Helium Nitrogen 2.95 -0.750 1.35

Table 2.1. Experimental study overview. M is the Mach number of the initial incident shock wave; A is the pre-shock

Atwood number at the bubble surface. u′1 and c′1 represent the flow speed and sound speed of the shocked ambient gas,

respectively.

3 NUMERICAL SIMULATION

The experimental configuration described above is simulated numerically in 3-D using an adaptive Eulerian
hydrodynamics code called Raptor. Numerical integration of the 3-D compressible Euler equations is accom-
plished using an operator-split, second-order Godunov method (see Colella, 1985 [7]). Multifluid capturing
capability is added to the scheme by adopting a volume-of-fluid technique similar to that described by Miller
and Puckett (1996) [8], which allows two fluids with distinct adiabatic exponents to be included in the cal-
culation. The integration kernel is embedded within the block-structured adaptive mesh refinement (AMR)
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framework of Berger and Oliger (1984) [9], to maximize spatial resolution and accuracy for regions of interest
that move across the Eulerian mesh.

Calculations for the shock-bubble interaction using Raptor are set up on a Cartesian mesh subtending a
quadrant of a typical shock tube flow field, including a quarter-spherical bubble of radius R = 1.905 cm. A
coordinate system is defined whose y-axis is coincident with the shock tube long axis, with physical dimen-
sions 12.7×84.7×12.7 cm, and a base grid of 42×280×42 cells. Two levels of AMR are applied in the region
surrounding the bubble, with a refinement ratio of 4 each, yielding an effective spatial resolution of ∆=190
µm, implying 100 highest-level grid cells are subtended by a distance R. Symmetry conditions are applied on
the transverse boundaries to enforce quarter-symmetry and allow wave reflections at the shock tube side walls.
Inflow/outflow conditions are applied on the axial boundaries to maintain constant driving pressure and allow
waves to exit the domain smoothly (no endwall is included).

In the initial condition, a planar shock wave (1.4 < M < 3.0) approaches a quarter-spherical bubble of
helium (γ = 1.667, ρ = 0.1614 kg/m3) in an otherwise uniform nitrogen environment (γ = 1.399, ρ = 1.129
kg/m3). The shock moves in the +y-direction, and the bubble is centered on the y-axis. The interface at
the surface of the bubble is created carefully in the initialization by using a subgrid volume-of-fluid model to
suppress “stairstep” density features associated with realizing a curved interface in a Cartesian mesh. This
produces a smoothed interface with a maximum thickness of 2∆ = R/50. The development of the flowfield
is tracked at closely-spaced time intervals during and after the impact of the shock on the bubble. Planar
visualizations and integral length scales obtained from the resulting datasets are shown below and compared
in detail with experimental results.

4 RESULTS

Figure 4.2 shows the evolution of a shocked spherical helium bubble after contact with a M = 1.45 shock
wave with a velocity of 505 m/s in air. The particle speed behind the shock in air is u′1=221 m/s and the
transmitted shock wave velocity in helium is Wt=1242 m/s (computed from 1-D gas dynamics). Experimental
and computational times, measured from the time of the initial shock-bubble interaction, are normalized by the
quantity t′ = D/(2×Wt) where D is the initial bubble diameter and Wt the speed of the planar transmitted
shock that would be achieved if the same shock accelerating the bubble struck a planar interface between the
same two gases. Experimental images represent light scattered from atomized film material in the bubble
midplane; computational images are 2-D plots (a slice plane) of the volume fraction of helium (left) and the
vorticity field (right). Figure 4.2(a-d) illustrates the formation of the primary vortex ring (hereafter referred
to as PVR), due to the vorticity deposited during the early interaction phase of the shock-bubble interaction
(see Fig. 1.1c). The caving-in observed in Fig. 4.2(b) is analogous to the phase reversal observed in single-
mode heavy/light RMI experiments. The observed caving-in is a consequence of vorticity generation due to
∇ρ × ∇p 6= 0 which leads to the formation of the strong air jet moving towards the downstream interface.
The atomized soap film traces the air jet from the upstream side of the bubble. The soap particles following
the velocity field (strong air jet) can be seen piercing through the downstream end of the bubble which leads
to the formation of the PVR. This was defined as the mechanism for the formation of the PVR by Haas and
Sturtevant [1]. Finally in Fig. 4.2(d) one can clearly see the PVR at the downstream end of the bubble. The
visualization technique utilized here highlights the fringes of the vortical cores but leaves the core itself as
a distinct dark spot, as light-scattering soap film particles are centrifuged outwards. The PVR structure is
thus much more clearly resolved and distinguishable in the present experiments. The other notable feature
is the tear-drop shaped object formed behind the PVR. The tear-drop object consists mostly of the unmixed
helium and therefore it is referred as “helium lobe”. A small amount of vorticity is seen on the edges of the
helium lobe. In both experiments and simulation, it can be observed that the PVR is the dominant vortical
structure. Figure 4.2(a′-d′) shows a good comparison of the numerical simulations with the experimental
images. The helium volume fraction plot (left) in the simulation image shows that the dark core observed in
the experimental images primarily consists of helium. The next phase of bubble evolution is driven by the
vortex dynamics associated with the PVR. Figure 4.2(d -f ) shows that the size of the PVR increases while
that of the helium lobe decreases in time. This can be interpreted as a mass transfer (helium transfer) process
operating between the helium lobe and the PVR . This interpretation views the behavior of the bubble as
incompressible in this regime.

Figure 4.3 shows the late-time behavior of the low-Mach number (M = 1.45) and the high-Mach number
(M = 2.95) shocked helium bubble which is further analyzed by Ranjan et al. [10]. Figure 4.3(a) shows a small
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Fig. 4.2. Experimental and computational images of a shocked (M = 1.45) helium bubble in air: (a) τ = 2.4, (b)

τ = 4.8, (c) τ = 7.7 (d) τ = 20.5, (e) τ = 38.9, (f ) τ = 56.9. The time has been non-dimensionalized as τ = t/t′, where

t′ is defined as t′ = D/(2×Wt). In numerical images, volume fraction of helium, f, is plotted on the left (logscale), and

vorticity magnitude is plotted on the right. Shock motion is from top to bottom.

secondary vortical feature midway between the downstream PVR and the upstream helium lobe in the case
of M = 1.45 accelerated helium bubble. The helium lobe’s upper region is partially obscured by the edge of
the imaging window. The late-time flow features are well reproduced by the numerical counterpart as shown
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in Fig. 4.3(b). The vorticity plot (right) in Fig. 4.3(b) shows that the secondary vortex ring observed has the
same sense of rotation as the PVR in the M = 1.45 case.

f ω

SVR

PVR

SVR

TVR

(a) (b) (c) (d)

Fig. 4.3. Late-time images of low-Mach number and high-Mach number shock interaction with a helium bubble.(a)

M = 1.45, τ = 105.8, (b) M = 1.45, τ = 105.8, (c) M = 2.95, τ = 69.5 (d) M = 2.95, τ = 69.5. The time has been

non-dimensionalized as τ = t/t′, where t′ is defined as t′ = D/(2×Wt).

Figure 4.3(c) shows the late-time flow field in the case of the shocked helium bubble after contact with
a M = 2.95 shock wave with a particle velocity of 1040 m/s in nitrogen. In Fig. 4.3(c) one can clearly
identify three distinct vortex rings: the PVR at the bottom of the image, the secondary vortex ring (hereafter
referred to as SVR) at the top of the image and a tertiary vortex ring just below the SVR. These features
are well captured by the numerical simulation as shown in Fig. 4.3(d). The striking difference from the low-
Mach number experiment (M = 1.45) is the sense of rotation of the SVR. In the case of high-Mach number
experiment the SVR has opposite sense of rotation compared to the PVR, while in the low-Mach number case
it has the same sense of rotation as the PVR. This difference can be attributed to the different formation
mechanism for the SVR. The numerical simulations have shown that in the low-Mach number case, the SVR
is formed due to the shear and the local density gradient imposed during the elongation of the bubble while
in the high-Mach number case, it is generated by a secondary baroclinic source of vorticity associated with
the slip line traced in the flow by the Mach stem and the triple point which develop at the early stages of
the shock-bubble interaction, due to irregular shock refraction. The helium bubble accelerated by a M = 2.08
shock showed distortion patterns similar to that accelerated by a M = 2.95 shock wave.

In order to study the compression and unstable growth of the bubble, the axial dimension (“height,” h)
of the shocked bubble is measured over time and compared to the corresponding values extracted from the
numerical results for 1.4 < M < 3.0. The data are normalized by the initial bubble diameter as Lh = h/D,
and plotted against the nondimensional timescale τ in Fig. 4.4. Computational and experimental results show
very good agreement for the M = 2.95 case. In the M = 1.45 case, simulation overpredicts the experimental
results after τ ≈ 60. The growth rate for M = 2.95 is significantly higher than the M = 1.45 case even on the
nondimensional timescale τ . One can clearly see in Fig. 4.4 that the growth curve for the M = 2.95 case starts
deviating from the M = 1.45 scenario at τ ≈ 20. This difference is due to the formation of the counter-rotating
SVR in the M = 2.95 case. The experimental results for M = 2.95 reported by Ranjan et.al (2007) [10] show
that the formation of SVR takes place around τ ≈ 24. The simulation results for M = 2.08 show a growth
rate similar to the M = 2.95 case. The experimental results show a good agreement at the early phase of the
interaction. There is only one data point at late time which shows good agreement with the high-Mach number
experiment. In all the three cases, the growth of the bubble after compression is approximately linear in time.

318



10th IWPCTM – PARIS (FRANCE) July 2006

0 20 40 60 80 100 120
0

0.5

1

1.5

2

2.5

3

3.5

4

τ

L h

 

 

M1.45Exp
M2.08Exp
M2.95Exp
M1.45Sim
M2.08Sim
M2.95Sim

hh

Fig. 4.4. Axial dimension (h) normalized by the initial bubble diameter D, plotted as a function of the dimensionless

time τ for 1.4 < M < 3.0 accelerated bubble.

5 SUMMARY

The present work represents a novel experimental approach which takes advantage of planar imaging, higher
shock strengths than previous experiments, and a flow that is unobstructed by bubble holders or injectors. This
approach facilitates the characterization of the large characteristic vortex ring that forms in the post-shock flow
much more distinctly than in previous work. Comparison with computational results indicates good agreement
in the axial distortion pattern of the bubble and in the secondary vortical features which are both observed
in experiments and captured in calculations. Trends in the growth of the axial dimension (“height,” h) of the
shocked bubble exhibit the unsettling result that even on the nondimensionalized timescale τ , growth rates are
significantly higher for M > 2 than for M < 2. It is speculated that this is due to compressibility effects where
u′1 > c′1 in the post-shock flow.
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Abstract: Numerical simulations have been performed of turbulent mixing arising in a three-layer planar gaseous 
system with Richtmyer-Meshkov instability. Two theoretical models are used to analyze interface instability 
development, turbulent mixing is computed using the V.V.Nikiforov model. The reliability of numerical results is 
validated using experimental data. 
 
1 INTRODUCTION 
 

Numerical simulations of turbulent mixing (TM) in stratified systems using semi-empirical models of 
turbulence have to handle the problem of turbulence initialization. In fact, semi-empirical turbulent models are 
designed for computations of developed turbulence. The instability development phase and transition to TM should be 
treated with some other models. In this situation, TM initialization parameters must be defined at each interface by the 
moment of turning on the semi-empirical turbulence model: the time of changing from instability development phase 
to TM, initial zone width and the values of turbulent quantities. In spite of numerous theoretical, experimental and 
numerical studies performed by various research laboratories in different countries [e.g., 1-25], our knowledge of 
instability development and subsequent transition to TM is yet to be improved.  
 The semi-empirical model suggested by V.V. Nikiforov [27] is used to compute TM in the VIKHR technique 
[26]. Two TM initialization approaches have been developed within the VIKHR technique in the latest years. The first 
approach is the TM initialization model suggested by V.I.Kozlov based on integrating the differential equation for the 
perturbation amplitude (the model has been implemented by I.V.Sapozhnikov). The second approach will be 
described below in this paper. 

The approach suggested is described by the example of a calculation of TM arising in a three-layer planar gas 
system. The development of instability at interface with a sinusoidal perturbation is analyzed by models of Refs. [7], 
[15]. The moment of transition from instability development to turbulent mixing ( 1t t= ) is defined as the time at 
which perturbation evolution reaches weakly nonlinear phase (bubble growth rate starts to differ from spike growth 
rate). The light-to-heavy penetration depth (i.e. bubble amplitude) is determined at 1t t=  and heavy-to-light 
penetration depth (the amplitude of spikes). With this approach, the moment of switching on TM equations, the width 
and asymmetry of initial TM zone agree with the physics of this phenomenon (within the accuracy of theoretical 
models). A similar TM initialization algorithm was used in Ref. [28]. 
 
2 NUMERICAL SETUP AND THEORETICAL MODELS 
 

Richtmyer-Meshkov (RM) instability and TM are considered at two interfaces (fig. 2.1). Shock tube 
experiments were performed by E.E.Meshkov et. al. and presented in Ref. [27]. The shock tube has 12×4cm2 
rectangular cross-section. Air and He were used as working gases. Shock Wave was forming at the right edge of the 
tube and traveled from Air into He and then into Air. Shock Mach number in Air was ≈1.3.  
 
 
 
 
 
 
 

Fig. 2.1.  The initial geometry of the problem 
 

The results of numerical simulation of TM developing at the interfaces present in this problem have been 
published more than once, Refs. [27, 29], however, the method on TM initialization has not been discussed 
previously. This work is focused, mainly, on the method of TM initialization in interface vicinity, i.e. computation of 
the instability development phase and definition of the moment of transition to TM. 

The numbering of interfaces in computation is shown in fig. 2.1. The initial parameters of the substances are 
given in table 2.1. The densities of the gases in table 2.1 correspond to initial pressure P0=1bar, and specific internal 
energy corresponds to an initial temperature of 200C. Perfect gas equation of state was used in the calculations. The 
dimensions are: mg, cm, 10-4sec. 
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 ρ0 γ P0 E0 

He 0.1663 1.63 10.13 96.688 
Air 1.205 1.40 10.13 20.757 

Table 2.1.  Initial parameters of the system 
 
A shock forms in Air at the specified pressure P 18=  at the right boundary, which corresponds to the experimental 
setup. The relationship between the shock Mach number and pressure behind the shock front is  

( )
0

0

P P hM 1.29
P 1 h
+

= ≈
+

,  1h
1

−
=

+
γ
γ

. 

Gas density and velocity behind the shock front at these conditions are found from Rankine-Hugoniot  relationships  

( )
2

0 2
M 1.8

1 h h M
= =

− +
ρ ρ ,  ( )

2

0
M 1u 1 h c 1.47

M
−

= − = − ,  

where 0c 3.43=  is sonic speed in Air before shock front, shock velocity in Air is 0D M c 4.42= = . Shock reaches the 
interface 3 at time 1t 35.2 D 7.96= ≈  (the time of shock arrival at interface 2 will be found below).  

Fig. 2.2 shows how the shock travels from right to left across the system till the moment when the shock 
reflected from the left edge of the tube has interacted with the turbulent zones. The data shown in Fig. 2.2 were 
computed using the VIKHR code. When the incident shock reaches interface 3, a discontinuity disintegration occurs 
at the interface and with a shock wave (SW) generated that starts traveling in He, and a rarefaction wave (RW) 
traveling in air (SW-RW configuration). Two shocks are generated at interface 2 as a result of discontinuity breakup 
(SW-SW configuration). It should be noted that perturbation development at interface 3 is influenced by a weak shock 
reflected from interface 2 that reaches interface 3 at time 3t 8.7≈ . 
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Fig. 2.2.  Shock traveling in the system 

 
Let’s find the dimensionless parameter to characterize the density difference of the contacting gases, – the 

Atwood number: A B
0

A B

1A
1−

ρ −ρ δ −
= =
ρ +ρ δ +

, where A Bδ = ρ ρ  is the density ratio at interface. For interfaces 3 and 2, 

respectively, 0A 0.76− ≈ − ,  0A 0.76− ≈ .  
No special perturbations were induced at planar interfaces in experiments of Ref. [27]. The most probable 

source of initial perturbation is the variable thickness of the film. Generation of perturbations in a film of variable 
thickness is accounted for by the film being torn by SW into fragments of different sizes, thus, generating a 
perturbation spectrum with variable wavelength and amplitude. 
 When considering qualitatively the interaction between incident shock and interfaces we will assume the 
interface perturbation to have an initially sinusoidal shape with wavelength 2 k=λ π  and amplitude 0a −  (k is the 
wave number). Quantities before shock-interface interaction are assigned subscript 0-, while those after the interaction 
are assigned 0+. Assume that the initial perturbation amplitude at interfaces 2 and 3 (before shock-interface 
interaction) is ( ) 3a 0 6.0 10 cm−− = ⋅ , perturbation length is ( )0.25 25.0= ≈λ cm k . 

The results of calculation of shock-interface interaction are needed for the analysis of perturbation evolution 
at both interfaces. The problem of interaction between shock and interface can be solved analytically in the planar 
case as a breakup of an arbitrary discontinuity (the Riemann problem). The solution provides all gas dynamical 
parameters that characterize the system state after a shock passage through the interface. The solution of discontinuity 
breakup at interfaces 2 and 3 are given below. 
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We will use the models of Alon et al Refs. [15, 21-23] and Zhang Refs. [7, 8]. Bubble amplitude growth  rate 
( bAv ) and that of spikes ( sAv ) are, according to the Alon model  

( )
( )

bA 0
bA 2

d a (t) U 1 C
v

d t 1 1 A C D C
⋅ +

= =
+ + ⋅ + ⋅

,       (1)

 
( )

( )
sA 0

sA
2

d a (t) U 1 C
v 1 Ad t 1 1 A C D C

1 A

⋅ +
= =

−
+ − ⋅ + ⋅ ⋅

+

,      (2) 

where  0 0U A k U a= ⋅ ⋅ ⋅ , 0C U k t= ⋅ ⋅ ,  
1.0 , A 0

D
1.5 , A 0

→⎧
= ⎨ ≥⎩

. 

According to Zhang Refs. [7, 8], the total perturbation growth rate ( v ), bubble growth rate ( bZv ) and spike 

growth rate ( s Zv ) at linear and nonlinear phases of perturbation evolution are given by  

( ) ( )
l i n

2 22
1 l in 1 2 l in

v
v

1 v a k t max 0, a k k v t
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λ ε λ λ
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dt
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where     ( ) ( ) ( )
1

222 2 2
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1Z A k v t 1 2 k a v t 4 k a 1 A k v t
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−
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ε , 

2 2
x yk k k= +  is the common wave number of initial perturbations, λ is perturbation wavelength.  Parameter ε  in 

Eq. (3) is assumed 1 when there is no phase inversion, otherwise 1ε = − . Dimensionless parameters 1 2,λ λ  depend 

on Atwood number, the problem dimensionality and the orientation of the wave vector ( x yk , k ). For a symmetric 

perturbed surface in 3D, 2
1 0.0889 A 0.456≈ +λ ,  2

2 0.39 A 0.228≈ −λ . In a 2D case the parameters 1 2,λ λ  take the 

following values: 2
1 21, A 0.5= = −λ λ . 

Thus, the changing in time of bubble and spike amplitude in Alon and Zhang models is found by integrating 
(1)-(4). Let’s comment on the selection of amplitude and Atwood number in Eqns.(1)-(4). It is shown by Richtmyer in 
[1] that the best fit to experimental data for a SW- SW configuration is achieved with the following Atwood number 
and amplitude: 0+A A=  (Atwood number found from densities on the left and on the right of the interface after shock 

passage); ( )0 0a a a 1 U D+ −= = − Δ  is perturbation amplitude after shock passage through interface, D is the velocity 
of incident shock on the interface, UΔ is interface velocity increment after the interaction with the incident shock 
(provided that the system was at rest at the initial moment, 1 2U U UΔ = = ). 

Meyer, Blewett [18] found using direct numerical simulations that the best results are achieved for a SW-RW 
configuration is Atwood number and amplitude are chosen in the following way 0A A += , 

( ) ( )0 0 0a 0.5 a a a 1 U 2D+ − −= + = − Δ⎡ ⎤⎣ ⎦ . Thus, the selection of amplitude, wave number and Atwood number 
( a , k , A ) in Eqns. (1)-(4) depends on the particular configuration taking place at a particular interface and will be 
discussed below.  
 
3 TURBULENT MIXING INITIALIZATION 
 

When a shock reaches interface 3 ( 1t 7.96≈ ) an arbitrary discontinuity break-up occurs, as a result, there 
will be a shock traveling to the left (into He), a rarefaction wave  will travel to the right, with a contact discontinuity 
(CD) between them. The flow pattern after interaction between the shock and the perturbed interface is schematically 
shown in Fig. 3.1 together with mean gasdynamic values. 
 
 
 
 
 
 
 
 
 

Fig. 3.1.  Solution of the Riemann problem, Interface 3 
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The solution of the Riemann problem yields shock velocity in He ( 1D 11.44= − ) and the velocities of characteristics 
that limit the centered RW ( 3D 2.27= , 2D 1.44= ). The Atwood number determined from the densities to the right 
and to the left of the interface 1 20.2 , 1.52= =ρ ρ  (after the interaction between shock and perturbed interface), 

0A 0.76+≈ − . The amplitude of perturbed interface after the interaction with the shock is found from Richtmyer 

correlation [ ]0 0 01 0.525 0.00316+ − −= − ≈ =a a U D a . 
 Fig. 3.2 shows the amplitudes of bubbles and spikes as functions of time according to the Zhang model.  
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Fig. 3.2.  Bubble and spike amplitude at interface 3 

 
According to the data of Fig. 3.2, the time of switching on TM equations in calculation at interface 3 can be set to 

1 1t t t≈ + Δ , where 1t 7.96≈  is the time of initiation at interface 3 (the time of shock arrival at the interface), and 

1t 0.35Δ ≈  is the interval of time that corresponds to weakly nonlinear phase of perturbation evolution (bubble 
growth rate differs insignificantly from that of spikes). Bubble and spike penetration depth at the chosen moment of 
time ( t 8.3≈ ) are, respectively, b sa 0.04, a 0.07≈ ≈ .  
 Let’s find turbulent quantities to be set in the initial zone at t 8.3≈ . Assume that turbulence intensity is 5% 

of the velocity of interface 3, i.e. 2
11I u U 0.05′= = , where U 2.1=  is the interface velocity. In this case we have the 

following correlation for turbulent kinetic energy 
( ) 2

1 1
1

u u I U
e 0.0055

2 2
′ ′ ⋅

= = ≈ . 

Assume 2 1e e=  for transversal velocity fluctuations. Turbulent kinetic energy dissipation rate ( Q ) is determined by 

velocity fluctuation values ( 1e ), turbulence scale ( ) and an empirical constant α: 1.5 1.5
1 1 1Q e e= α = α ⋅ . At 

0.15, 0.1α = =  ( s ba a≤ + (the initial value of turbulence scale cannot be larger than perturbation amplitude) 
find Q 0.00061≈ .  

 Relative intensity of square density fluctuations is found as 1 2
2R

− −′ ′
= =

ρ ρ ρ ρρ ρ
ρ ρ ρ

, where 1 2,ρ ρ are 

the densities of the gases, ρ  is the average density of the mixture. Assume the following approximation for the 

mixture average density ( )1 20.5= ⋅ +ρ ρ ρ , then we have 2
2R A
′ ′

= =
ρ ρ
ρ

, (А is Atwood number). 

Introduce an empirical coefficient into the latter equation which will yield, as a result, the correlation for 
relative intensity of square density fluctuations:  

2R A= ⋅β .       (5) 
The magnitude of the empirical coefficient ( 0.1=β ) will be determined from the condition that at moderate density 
ratio at interface the relative velocity should agree with V.V.Nikiforov’s correlation  

  ( ) 2
1

2
2

1
R , 1

−′ ′
= = = ≥

ρδρ ρ α δ
ρ δ ρ

. 

For interface 3 2R A 0.0577= ⋅ ≈β . 
 At a moment of time corresponding to nonlinear phase of perturbation development bubble and spike 
penetration depth has been found for interface 3 and values of turbulent quantities have been determined. A similar 
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analysis can be performed for interface 2. Shock velocity in He ( 1D 11.44= − ) that was found above permits to 
determine the time of shock arrival at interface 2 (instability development initiation) 2 1 1t t 4.8 D 8.38= + ≈ . 

A schematic of flow after the shock interaction with perturbed interface and the flow parameters obtained by 
solving an arbitrary discontinuity break-up problem are shown in Fig. 3.3. 
 
 
 
 
 
 
 
 

Fig. 3.3.  Flow schematic after discontinuity break-up at interface 2 
 
Having solved an arbitrary discontinuity break-up problem, also obtain shock velocity in Air ( 4D 4.23≈ − ), shock 
velocity in He ( 5D 9.14≈ ), Atwood number ( 0A 0.76+≈ ), the amplitude of perturbed interface 

3
0 0 11 5.37 10 −
+ − ⎡ ⎤= − ≈ ⋅⎣ ⎦a a U D . Assume, similarly to interface 3, that turbulence intensity is 5% of the velocity of 

interface 2, we have 1 2e e 0.0018= ≈ , Q 0.00012≈ , R 0.0577≈ . 
 
4 TURBULENT MIXING CALCULATION RESULTS  
 

All information required for numerical setup has been derived above. A fine mesh is used in calculations with 
uniformly spaced nodes in regions (the regions are numbers from left to right). The number of nodes in region 1 is 
M1=2000, M2=480 in region 2, M3=3520 in region 3.  
 

Interface No. t R e1 e2 Q L0 
2 8.7 0.0577 0.0018 0.0018 0.00012 4+6 
3 8.3 0.0577 0.0055 0.0055 0.00065 7+4 

Table 4.1. Initial data for interfaces 2 and 3 
 
 The following notation is used in the table 4.1: t is the time when TM equations are switched on, R is relative 
square density fluctuation, e1 is longitudinal turbulent kinetic energy, e2 is transversal turbulent kinetic energy, Q is 
dissipation rate, L0 is the initial width of the zone. The expression 4+6 for interface 2 corresponds to setting turbulent 
quantities shown in the table 4.1 in 4 points to the left and 6 points to the right of the interface (similarly to 
interface 3).  
 Fig. 4.1 presents R-t diagrams of TM zone calculated using VIKHR and measured. Fig. 4.1 suggests that 
calculated TM zone boundaries and calculated shock R-t diagram are shifted relative to the experimental points.  
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Fig. 4.1.  R-t diagram of TM zone boundaries and shock  
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The interaction between shock reflected from the left edge and Air-He TM zone starts earlier in the experiment than in 
calculation, the time is t ≈ 0.5. This discrepancy can be accounted for by systematic error in measurements of time and 
TM zone boundaries. Calculated data plotted as functions of (r + 0.5; t - 0.5) are in good agreement with 
measurements.  
 
5 SUMMARY 
 

Numerical simulations of TM arising in a three-layer planar gaseous system with RM instability have been 
carried out using the VIKHR code.  

The time transition from instability development phase to TM was set to k kt t t≈ + Δ , where kt  is the onset 
of perturbation development at interface k (the time of shock arrival at the interface), ktΔ  is the interval of time in 
which perturbation development reaches the weakly nonlinear phase  (bubble growth rate starts to differ from spike 
growth rate). The width of the perturbed zone at interface is computed at time k kt t t≈ + Δ  using the Zhang, 
Sohn model [7]. The light-to-heavy (bubbles) and heavy-to-light (spikes) penetration depths have been found in 
instability calculations. Thus, the moment of switching on TM equations, the width and asymmetry of the initial TM 
zone agree with the physics of this phenomenon (within the accuracy of the models). 

The algorithm of setting longitudinal and transversal turbulent kinetic energy, dissipation rate and relative 
square velocity fluctuations in the initial zone is discussed. 

The comparison between numerical data of simulation with two TM zones merging into each other and 
experimental data have demonstrated that the model works. Further verification will be performed and TM 
initialization model will be refined if necessary based on other problems.  
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Abstract: The Rayleigh-Taylor instability (RTI) plays an important role in the dynamics of several astronomical objects,
in particular, in the supernovae (SN) evolution. In the present paper we examine the dynamics of a shell (representing
a type II SN remnant) blown-up by a wind emitted by a central pulsar. The shell is accelerated by the pulsar wind
and its inner surface experiences the RTI. We develop an analytical approach by using a specific transformation into
the coordinate frame co-moving with the SN ejecta. We first derive a non-stationary spherically symmetric solution
describing an expansion of a gas shell under the pressure of a central source (pulsar). Then, we analyze its 3D stability
with respect to a small perturbation on the inner shell surface. The dispersion relation is derived in the co-moving
reference frame. The growth rate of the perturbation is found and its temporal evolution is discussed. Finally, amplitude
on time computed from the analytical growth rate is compared to that obtained from perturbation code PANSY.

1 INTRODUCTION

The Rayleigh-Taylor (R-T) instability plays an important role in several astronomical objects: pulsar nebulae [11], su-
pernovae [8], supernova remnants [7, 9]. For a massive star, once the core has collapsed, the pulsar wind blows up the
outer parts of the star, and the inner surface of the expanding shell becomes R-T unstable. This instability seems to lead
to the filamentary structure observed in the Crab Nebula [13]. In type II supernovae explosions, this instability might be
responsible for the mixing of the metallic layers Ni, Co with the He, H layers (SN 1987A for instance), and that provides
a better interpretation of the light curve [1]. This process differs from the one, which arises later in the supernova remnant
(SNR) expansion, when the ejecta of the supernova (SN) swept the interstellar medium. In this deceleration phase, the
ejecta might become R-T unstable and lead to a non-spherical structure [19] for type Ia SN (Tycho), and bow-shock
features in type II SN (Cassiopeia A) [10,12].
In this paper, we are interested in the R-T instability that develops at the early stage of pulsar nebula evolution. In this
phase the pulsar wind accelerates the ejecta shell: the pulsar radiation is absorbed at the inner surface of the ejecta dense
shell and this configuration is R-T unstable (see Fig.2.1). We develop an analytical model which takes into account the
non-stationary shell evolution. Moreover, we analyze the linear evolution of the perturbations for wavelengths compara-
ble to the shell thickness. Since they are dangerous for the shell integrity, we estimate its fragility. Finally, we compare
the analytical solution with the code PANSY.

2 PULSAR WIND NEBULA AND SUPERNOVA REMNANT MODEL

The figure 2.1 shows schematically the interaction between the pulsar wind nebula (PWN) and the SNR ejecta (shell). The
pulsar wind blows the supernova ejecta and accelerates their expansion. The expanding shell is called “plerion”, which
constitutes a class of SNR similar to the Crab nebula [14]. The “plerion” evolution is a non-stationary problem because
the pulsar wind pressure decreases with time, due to slowing down rotation [3,16] of the pulsar. The shell evolution can
be studied with the Euler’s hydrodynamic equations, if we neglect all dissipative processes and the gravitational field:

∂ρ
∂ t

+
1
r2

∂ (r2ρv)
∂ r

= 0,
∂v
∂ t

+v
∂v
∂ r

=− 1
ρ

∂ p
∂ r

, p = Kργ . (2.1)

In first approximation we assume a spherical symmetry andρ(r, t), p(r, t), v(r, t) are respectively the density, the pressure
and the velocity of the flow. The quantitiesK and γ are respectively a constant and the polytropic coefficient of the
gas. This system of equations is difficult to solve because of the non-stationary character of the evolution. In order to
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Supernova Ejecta

Pulsar

r1

r0

Fig. 2.1.Schematic representation of the classical type II supernova remnant (SNR) model. The figure shows the central pulsar blowing
the expanding SNR, wherer0 (resp.r1) is the inner (resp. outer) shell radius.

make possible an analytical study of the shell stability, a solution for the radial shell expansion has been expressed. This
is achieved by using a special coordinate transformation into the non-stationary co-moving frame [4] where the flow
becomes stationary. Once the solution is found in the co-moving frame, one can use the inverse transformation to return
in the initial space. The transformation between the two frames is defined by the rescaling functionsA(t), B(t), C(t) and
D(t) according to:

r = C(t) r̂, dt = A(t)2dt̂, v̂ =
dr̂
dt̂

, (2.2)

p(r, t) = B(t) p̂(r̂, t̂), ρ(r, t) = D(t) ρ̂(r̂, t̂). (2.3)

Any physical quantityq(= r, t,v,ρ, p) from the initial space(r, t) will be labeled with a hat ’∧’, i.e., q̂(= r̂, t̂, v̂, ρ̂, p̂) in
the new space(r̂, t̂). The two spaces coincide att = 0 and consequently,A(0) = B(0) = C(0) = D(0) = 1. The Euler’s
equations in the new frame read:

∂ ρ̂
∂ t̂

+
1
r̂2

∂ (r̂2ρ̂ v̂)
∂ r̂

=−A2

D

(
3Ċ
C

+
Ḋ
D

)
ρ̂, (2.4)

∂ v̂
∂ t̂

+ v̂
∂ v̂
∂ r̂

=−
(

BA4

C2D

)
1
ρ̂

∂ p̂
∂ r̂
−2A2

(
Ċ
C
− Ȧ

A

)
v̂− C̈A4

C
r̂, (2.5)

p̂ = K

(
Dγ

B

)
ρ̂γ , (2.6)

where the dot stands ford/dt. The rescaling functions can be found from invariance considerations and conservation
laws. In order to have a mass conservation in the(r̂, t̂) space and to keep the continuity equation (2.4) identical to
Eq.(2.1), the R.H.S of (2.4) should vanish:3Ċ/C+ Ḋ/D = 0, i.e. D = C−3. Moreover, in momentum equation (2.5), two
new forces appear, one is a friction proportional tov̂ and another is a radial force proportional tor̂ (see below). First, we
remove the time-dependent coefficients in the pressure gradient term in (2.5) and in the polytropic equation (2.6). This
providesBA4/(C2D) = Dγ/B = 1 and sinceD = C−3, we obtainB = C−3γ andA = C(3γ−1)/4. At this stage, we have
derived the scaling functionsA(t), B(t) andD(t) in terms ofC(t), which is the function governing the relation between
the spatial coordinatesr andr̂.

Having all these conditions fulfilled, one can look for a static solution,v̂(r̂, t̂) = 0, in the rescaled space (r̂,t̂). Eq.(2.4)
is identically satisfied since∂/∂ t̂ ≡ 0 and the equation of motion reduces to the static equation(1/ρ̂)(dp̂/dr̂) =−r̂/τ2.
Finally, whateverγ we can read in the initial space(r, t):

ρ(r, t) =
ρ0

C3 (1−R2
0)
−1/(γ−1)

(
1− r2

C2 r2
1

)1/(γ−1)

, (2.7)

p(r, t) = K
ργ

0

C3γ (1−R2
0)
−γ/(γ−1)

(
1− r2

C2r2
1

)γ/(γ−1)

, (2.8)

vr(r, t) =
r

C2τ

[
β +(β 2 +1)

t
τ

]
, (2.9)

whereρ(r, t), p(r, t), vr(r, t) are respectively the density, the pressure and the radial velocity,r0 and r1 are the inner
and outer initial shell radii respectively. The parameterβ defines the magnitude of the velocity profile att = 0 andτ
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is the characteristic time for the dynamics of the shell. Moreover,R0 ≡ r0/r1 andρ0 ≡ ρ(r0,0) is the initial density
at the inner border of the shell. A relation exist between the inner density, the constantK andr1 ρ0 = [r2

1 (γ −1)(1−
R2

0)/2Kγτ2]1/(γ−1). The scale functionC(t) is given by the solution of the following differential equationτ−2 = C̈C3γ−2,
where the upper dot stands for the time derivative ofC. For the polytropic constantγ = 5/3, i.e., for an ideal gas, an
analytical expression forC(t) reads as:

C(t) =

√(
1+

β t
τ

)2

+
t2

τ2 . (2.10)

As explained earlier, it is clear that the parameterτ is the characteristic time of shell expansion and the constantβ ≡
τĊ(0) characterizes its initial velocity,v0(r) = β r/τ. Moreover, the temporal evolution of the internal face is given by
r0(t) = C(t)r0 and for the outer interfacer1(t) = C(t)r1. The scale functionC(t) is a linear function oft for t À τ, i.e.,
when the shell is in ballistic motion (see Fig.2.2a withβ = 0). The function C(t) characterizes also the acceleration of
the shell. Indeed, the temporal derivative ofv(t), is:

v̇ =
r

τ2C3γ−1 . (2.11)

For γ = 5/3 and β = 0 the density and pressure are deduced according from Eqs. (2.7)–(2.9). The density profile
ρ(r, t = 0) is given in Fig.2.2b. The SNR shell is obtained from the hollow sphere where matter is removed (ρ̂ = 0) in
the range0≤ r̂ ≤ r̂0 (see the density jump on Fig.2.2b). In the (r, t)-space, the shell thickness is∆(t) = ∆0C(t) where
∆0 = r̂1− r̂0 is the thickness att = 0. The unperturbed density profile in the shell is given byρ(r, t) wherer moves in the
ranger0(t)≡ r̂0C(t)≤ r ≤ r1(t).

The pressure acting (pulsar wind) on the shell inner surface (r = r0) is obtained fromp = Kρ5/3. Since the ratio
r0(t)/r1(t) = r̂0/r̂1 is constant, we conclude that the pulsar pressure decreases according toC−5 (see Fig.2.2a). The
corresponding non-perturbed time-dependent velocity isv(r, t) = rĊ(t)/C(t) = (rt/τ2){1/[1+(t/τ)2]} with β = 0.

P0

(a)

(b)

Fig. 2.2.For γ = 5/3 andβ = 0, a. Scaling functionC(t) (solid line), p(r = C(t)r0, t), pressure evolution at the inner surface of the
SNR shell (doted line), b. Normalized density profile of the SNR shellρ(r, t = 0) at t = 0.

3 RAYLEIGH-TAYLOR INSTABILITY

Bernstein and Book [2] obtained an exact expression for the incompressible perturbation evolution for a given radial
flow. They consider a radially symmetric shell flow described by Eqs. (2.7)–(2.9) and a 3D perturbation with an angular
dependence corresponding to the spherical harmonic:Ylm(θ ,φ). Applying their expression to the case of an ideal gas,
γ = 5/3, the time evolution of the perturbationδ , is given by :

δ ∝ C(t)cosh[
√

l +1arctan(t/τ)]. (3.1)

for β = 0, i.e., without initial shell velocity. A similar expression can be obtained by solving the perturbed Euler equa-
tions in the expanding co-moving frame [4, 17]. More precisely, forγ = 5/3, one can express the angular perturbed
displacement evolution as:

δ ∼ eω t̂/τYlm(θ ,φ), (3.2)
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where the relation between the co-moving timet̂ and the time in the physical spacet is given by:

t̂ ≡ τg(t) = τ{arctan[β +(β 2 +1) t/τ]−arctanβ}. (3.3)

Moreover, although [2] did not exhibit a dispersion relation, the one we obtain is very simple. The parameterω is given
by the roots of the following equation :

ω4−ω2− l(l +1) = 0. (3.4)

Therefore, there are four linearly independent eigenmodes:

ω1,2 =±
√

l +1, ω3,4 =±i
√

l . (3.5)

One modeω1 is unstable and three others are stable. One obtains the same expression (3.1) that [2] by considering a
linear superposition of the modesω1 andω2 for β = 0. However this particular solution does not describe a general
perturbation of the inner shell surface. By taking account of all four modes, one can describe various initial conditions
for the shell perturbations and study their stability as well as the interaction between the inner and outer shell interfaces.
The four linearly independent eigemodes can be found with another approach (for example Breil et al. [5] following Book
approach [2]). It is supposed that an incompressible perturbation is derived from a potential and that the perturbation is
divergence free which gives eigenmodes (3.5).

4 QUALITATIVE RTI ANALYSIS

The dispersion relation defined by the equation (3.4) and the solutions (3.5) are surprisingly simple and they correspond
to the incompressible perturbations.

In particular, if one considers only the unstable modeω1 =
√

l +1, then, the perturbation evolves asexp[ω1 t̂/τ] [see
equations (3.2) and (3.3)]. This behavior can be compared with a simple model, by supposing that at every moment the
growth rate of the RTI is given by the formulaω = τ

√
w0k0, describing the instability of a plane surface in acceleration

w0. In our case the acceleration of the inner interface is defined by equation (2.11). Consequently, the temporal evolution
of the perturbationδ (t) in this model is given by:

δ (t) ∝ exp

[∫ t

0

√
k0(t ′)w0(t ′)dt′

]
, (4.1)

wherek0(t) is the wave number of the perturbation. In spherical geometry, the wavelength of the perturbationλ evolves
in time as,2π/λ (t) = (l +1)/[r0C(t)] (wherel is the mode number of the perturbation). Then using the expression (2.11)
in equation (4.1) one obtains:

δ (t) ∝ exp

[√
l +1
τ

∫ t

0

dt′

C
3γ−1

2

]
. (4.2)

In particular forγ = 5/3, one finds the exact solution (3.1) ifβ = 0 or a more general solution ifβ 6= 0.
One can go further and calculate the growth rate for an arbitraryγ. Then, the perturbation growth (4.2) can be

presented in the following way:

δ (t)∼ exp



√

l +1
∫ C(t)

1

C(1−3γ)/2dC√
β 2 + 2

3(γ−1)

(
1− 1

C3γ−3

)


. (4.3)

Starting from this expression, one can find the asymptotic growth rate [C(t)→ t for t →+∞] with β = 0 which could
be compared with the expression of the asymptotic growth rate provided by [2] for an arbitraryγ [see their expression
(51)].

In this case, forl = 100and for three values ofγ given by Bernstein and Book,γ = 5/3, 4/3 and2, the variations
between the two growth rates do not exceed 8% (see Tableau 4.1).

Therefore, the instantaneous expression,ω = τ
√

w0k0 gives a good approximation of the growth rate of RTI, even
for γ 6= 5/3. On the other hand, there is a significant uncertainty, up to a factor five, on the value of the amplification of
the perturbation, since one takes the exponential variation.

This simple analytical model can be successfully to compute the early evolution of the Crab nebula [18]. Starting
with Jun’s [11] input data, the main properties of the Crab nebula are recovered (mass of the filament, size of PWN and
time corresponding to the early fragmentation of the shell∼ 400years). In addition, it is found the most probable mode,
ldisup, leading to the disruption of the shell isldisrup = 60. This result in agreement with others studies [2,6].
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γ Our approximate Bernstein and Book [2]
model solution

4/3 21.63 –2.48×109 20.06 –5.20×108

5/3 15.09 –3.60×106 15.09 –3.60×106

2 12.19 –1.98×105 12.84 –3.78×105

Table 4.1.Comparison of the growth rate and the amplification of the perturbation fort → ∞, given by Eq. (4.3) withβ = 0 and the
solution of [2] [see the equation (51) in [2]], forγ = 4/3, 5/3, 2 and for l = 100. One gives for each value ofγ respectively, the
growth rate and also the amplification which corresponds to exponential of the product growth rate time.

5 SIMULATIONS OF THE PERTURBATION

The analytical solution presented above has been compared with the perturbation code PANSY (McCrory et al. [15]).
It computes the time development of three-dimensional linear modes of coupled hydrodynamic, thermodynamic, and
transport phenomena, including heat flow, viscosity, fully linearized about zeroth order spherically symmetric compress-
ible flows. The zeroth order solutions are calculated on a typical one-dimensional Lagrangian grid and have the form
f j(t), where thef ’s are all necessary hydrodynamic variables, and other variables including zone radius, and wherej is
the radial zone index. First order quantities, of the formf j

l ,m(t)Yl ,m(θ)exp(imφ) for spherical geometry, are calculated
with difference equations which are linearly perturbed forms of the former discretized zeroth order equations, rather
than discretizations of the linearly perturbed continuous zeroth order equations. This set resulting ordinary differential
equations are solved with second order difference scheme in space and time. This relatively conservative/Hamiltonian
approach produces considerably improved treatment of phenomena requiring high resolution, especially artificial viscos-
ity for shocks in contrast with earlier form of PANSY which required higher resolution for the same accuracy (Henderson
et al. [15]. In the discretized set of equations , angular variation only comes from angular divergences. For this reason,
time dependent evolution equations are used for radial velocity and the angular part of the displacement and velocity
divergences, rather than more complicated equations for transverse displacement and velocity. There are two reasons.
First, this is a general and very convenient form since it can be used both in planar, cylindrical and spherical geome-
tries. As an example, in planar geometry, the transverse part of divergence displacement writes∇perp∼~k · ~ξ⊥. Second,
algebraic relation exists between perturbed density and perturbed displacement divergence. This relation writes simply
ρ1

ρ −∇ ·ξ = cste. The consequences is that an initially divergence free perturbed flow has no perturbation on density, i.e.
is incompressible, as it is the case in the type of cumulative flows presented in this work.

The analytical solutions for the inner and outer shell displacement of the unstable mode has been compared with
the simulations performed with the perturbation code PANSY. The agreement between the analytical solution and the
simulations is very good. The difference is less than one percent. It is shown in Fig. 5.3 that the inner interface growth
is more rapid because this surface is RT unstable, while the outer interface is in contact with vacuum and does not show
a substantial growth. The deviation between the theory and simulations at the outer surface is larger than at the inner
interface because it is more difficult for the code to handle the contact with vacuum. The advantage of the PANSY

Fig. 5.3.Comparison between the time evolution of the inner (a) and outer (b) displacements of the shell for the unstable mode for
γ = 5/3 in the casel = 4 (θ = φ = 0) with the inner radiusR0 = 0.5 andβ = 0. The displacement is divided by the scale functionC(t)
to exhibit clearly the perturbation growth due to the RTI. The plot shows a good agreement between the analytical solution (solid line)
and the simulation (dashed curve) with the perturbation code PANSY. The difference between the two results is less than one percent.

perturbation code is that it allows a parametric study of parameters around a given solution. The effects of a variation of
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initial conditions in the cumulative flow can be carried out. Fig. 5.4 shows the evolution on perturbed displacement of
the external expansing interface on time for the l=12 eigenmode. The time evolution from PANSY simulations is similar
with a initial divergence free perturbation is very similar to that predicted by the analytical model. If only the spatial
perturbed displacement is used for PANSY initialization, we obtain a lower amplification than the one for divergence
free initialization (curve 3), which shows the influence of compressibility effect.
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Fig. 5.4. Comparison between the time evolution of the outer displacements of the shell for the unstable model = 4 (θ = φ = 0)
with the inner radiusR0 = 0.9 andβ = 0. Again, the plot shows a good agreement between the analytical solution and the PANSY
simulation with a divergence free initialization of perturbation. If a radial initial perturbation is used with PANSY, a lower amplification
is obtained which shows the influence of the compressibility effect.

6 CONCLUSION

We examined the dynamics of a shell (representing a type II SN remnant) blown by the strong wind emitted by a central
pulsar. Assuming that the shell mass is constant and evolves in vacuum, we developed a simplified model describing
a non-stationary shell evolution. Moreover, we derive a simple dispersion relation for the RTI growth rate for an ideal
polytropic gas (γ = 5/3). We compare our approach with the work achieved by [2] and show that the RTI growth and
the growth rate of perturbation can be described with a sufficient accuracy by a simple formula for the instantaneous
RTI growth rate at a plane surface even for a smalll -modes. Moreover we find a good agreement between the analytical
solution and the code PANSY. Finally, this model can be applied to the Crab nebula and results are in pretty agreement
with others studies [6,11] and with observations as well [13].

We acknowledge Aquitaine Region Council for his support.
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Abstract: We present experimental measurements of density and velocity obtained from the mixing zone
of buoyancy-driven turbulence initiated by the Rayleigh-Taylor instability in a small-aspect-ratio chamber
(a chamber in which the vertical height is significantly larger than its lateral dimension). The mixing front
propagates at a slightly slower rate than the expected t2 behavior obtained from earlier experiments and
numerics. Once the front has propagated significantly far away, we observe that the mixing zone develops to a
statistically stationary state. In this stationary state, the spectral distributions of energy and density deviate
from the familiar k−5/3 ubiquitous to homogeneous, isotropic turbulence in three dimensions.

1 INTRODUCTION

Only a handful of experimental studies have examined the properties of the buoyancy driven turbulence within
the mixing zone of Rayleigh-Taylor turbulence [1, 3, 9]. All of these experiments were done in systems where
the height, i.e., the dimension parallel to the acceleration of gravity, was comparable with the lateral extent of
the system. In these works, it was found that the resultant mixing layer was not affected by the lateral system
boundaries. Indeed, in the work of Dalziel et al. [3] the finite height of the system was determined to be an
important feature controlling the deviation of spectral, E(k), slopes from the standard turbulence expectation
of k−5/3 due to global stratification suppressing large scale modes, preventing the lateral boundaries from
becoming an important factor.

In systems of significantly larger height the properties of the mixing zone may be significantly affected
by the lateral boundaries. The Rayleigh-Taylor mixing front continuously develops large modes which sweep
energy from the accelerating front into the turbulent bulk. In numerical simulations (commonly done in
periodic lateral boundaries) this has led to continuously increasing kinetic energy within the mixing zone [2].
Introducing lateral boundaries could truncate the development of large global modes. Lateral boundaries, then,
should allow the turbulence in the mixing zone to reach an energetically steady state where the fluctuations are
driven only by remnant kinetic energy deposited initially by the passing of the front and by local, rather than
global, fluctuations in buoyancy. Lateral boundaries should also influence the spectral distribution of velocity
and density fluctuations, dissipating modes that approach the lateral system size.

In this work, we look at some early results obtained from the development of Rayleigh-Taylor turbulence
in a smaller-aspect-ratio chamber than in previous work. The system has lateral dimensions less than one
tenth its height. The ultimate intent of this study is to understand the behavior of turbulent mixing sustained
by local buoyancy fluctuations, a simplified version of the Rayleigh-Taylor mixing zone. Here, we look at the
impact of the lateral boundaries on the bulk energy properties and associated spectral distributions.

2 SYSTEM

To initiate the Rayleigh-Taylor instability, we utilize a stretched latex membrane to separate an upper chamber
of dense fluid (salt water) from a lower chamber of less dense fluid (alcohol and water). Both chambers have
cross section 8 × 8 cm2 and height 45 cm, so the total system height is 90 cm. A schematic of the system is
shown in Fig. 2.1. The two fluids were chosen so that their indices of refraction match, which is important
because measurements are made using visualization techniques. Using this choice of fluids, Atwood numbers,
A ≡ (ρH − ρL)(ρH + ρL)−1, as high as 0.1 can be obtained while maintaining index matching. Here, ρH is
the density in the upper chamber and ρL is the density of the lower chamber. Results reported here were
done at A ≈ 0.003. The instability begins when the latex membrane is ruptured with a needle. For timing
purposes, a photo-diode is used to detect the membrane rupture and trigger the data acquisition (sometimes
with a delay). Initially there is a large amount of shearing in the fluids due to the rupture, but, after an initial
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Fig. 2.1. Schematic illustration of the Rayleigh-Taylor system. The upper (dense) and lower (light) fluid are initially

separated by a latex membrane. The membrane is ruptured to begin the instability. A photo-diode trigger is utilized

to synchronize data acquisition with membrane rupture. Note the small aspect ratio.

transient phase, the instability proceeds normally when the membrane breaks symmetrically. On occasion the
membrane will not rupture symmetrically, and this incites a large-scale roll in the fluids. Data from such
asymmetrical ruptures are discarded and not included in the ensembles.

This system is significantly less complex than other Rayleigh-Taylor experiments [1, 3, 7, 9]. The lateral
boundaries help a great deal in this regard. They should suppress the influence of the front on the mixing
zone behavior once the front has moved away from the mixing region a distance large compared to the lateral
system size . So long as the initial interface is “flat enough” we assume that the mixing zone behavior will be
insensitive to perturbations of that interface.

Measurements of the turbulence generated by the fronts and the buoyant plumes is done by simultaneous
particle tracking velocimetry (PTV) [5, 6] and planar laser induced fluorescence (PLIF) [8]. Our particular
realization of these well-documented techniques uses high speed digital imaging cameras with a Nd:Ylf laser
for illumination. Images are taken in a plane with one component parallel to gravity and 1 cm removed from
the centerline of the chamber. Rhodamine dye is mixed in the upper (more dense fluid) chamber for use in the
PLIF. This setup allows for simultaneous acquisition of velocity and density fields with fast time resolution.
Due to the design of the apparatus only the upper chamber is imaged during the experiment.

A run consists of approximately 1000 sequential images taken at a given data rate. At this Atwood number
we use 60 Hz, starting from some delay time that is dependent on the time of interest and the distance that the
acquisition area is removed from the initial interface. For time averages reported here the data are averaged
over three to five separate runs.

3 RESULTS

Utilizing several acquisition windows placed at different heights allows us to track the motion of the mixing
front. The front position in the vertical direction, d, is defined by the point where the lateral average of the
density drops by a specified amount. Defining the average density ρ0 ≡ (ρH +ρL)/2 and the density fluctuation
δρ ≡ ρ(x, t) − ρ0, the front position is defined as the point where:

|〈δρ〉lat/(ρ0A)| < threshold (3.1)
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Fig. 3.2. Growth of the mixing front as a function of time. The dotted line represents a global fit of approximately

t1.5. Allowing a offset of 2.6cm at t = 0 yields an equally good global t2 fit, as shown by the solid line.

By using the Atwood number in this definition the left hand side assumes the value of 1 if the lateral average
(denoted here by 〈〉lat) is equal to the density of the upper chamber, ρ1, and −1 if it assumes the value of
the lower chamber ρ0. The threshold we chose was 0.9, and the absolute value may be dropped since we are
considering the upper chamber.

The front position as a function of time using this definition is displayed in Fig. 3.2. The expected behavior
is a quadratic growth in the mixing width layer. We get a somewhat less steep growth rate when a exponent
is extracted from the entire data set, namely a rate of t1.5. Allowing for an offset at the origin of 2.6cm (i.e.,
d(t = 0) = 2.6cm rather than 0 cm) and mandating a t2 growth rate yields an equally good fit with quadratic
coefficient 0.355. The offset could be due to disturbances caused by the initial sheet rupture or possibly a
transient exponential growth period that is known to precede the asymptotic t2 growth. Using the coefficient
for this offset quadratic fit and the inviscid approximation, d = cAgt2, where d is the front height, we get a
growth coefficient c ≈ 0.12, which is somewhat larger than results obtained by Dalziel et al. but still within
the range reported by Linden at this Atwood number.

There does seem to be a slight inflection in the data around t = 5s; it is possible that this time scale
corresponds to the time it takes for the mixing-zone fluctuations to grow to scales comparable with the lateral
system size. Once this growth is achieved, the front might feel the effect of the walls and, thus, decrease its
acceleration. Quadratic fits before this time scale do not notably alter the front growth rate.

Using the front-growth plot, and extrapolating the t1.5 scaling to the height of the chamber, we find that
it takes about 12s for the mixing front to travel the full extent of the chamber and reach the chamber top.
At this point the system starts to globally stratify, as noted in the work of Dalziel et al. Bracketing this time
(that is focusing on the times from 10 to 14 s) and focusing our measurement volume near the initial position
of the interface ensures that the mixing front is as far as possible from the measurement volume and that the
vertical limits of the system are playing a minimal role in the statistics.

Several average quantities within this measurement area over the bracket time scales of 10 s to 14 s, are
shown in Fig. 3.3. Averages are taken over the measurement area as well as over ensembles of system runs. At
this point in the time evolution of the system, the mean density within the measurement volume has converged
to the average density in the system. The rms density fluctuations are roughly ten percent of A, indicating a
significant amount of potential energy left in the system. The vertical velocity component is not identically 0
cm/s on average as would be expected, but the deviation is within experimental error due to the small number
of runs in the ensemble. The rms velocity fluctuations are also, to within error, approximately constant. To
within our measurement error the potential and kinetic energies in the system are relatively steady, though
more runs should be performed to absolutely conclude that this is the case. Clearly, though, the measurement
area is well mixed, given that the average density is close to the global average of the system and has no net
vertical momentum.

We note one curiosity about the rms velocity fluctuations. Prior to 12.5s the fluctuations seem to be steadily
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decaying. At 12.5 s the fluctuations experience rapidly increase. Recall that around 12s is the time it takes
for the front to reach the top of the chamber. This could indicate that the system is setting up a global
stratification, but we are skeptical that the behavior of the front so far away from the measurement volume
could directly affect the mixing zone behavior almost instantaneously. The correspondence in time is curious.
More ensembles would aid in drawing stronger conclusions here and will be the subject of future work.

Accepting that the system has reached a statistically steady state in the bracketed range (10 to 14 s), we
consider the spectra of density and velocity fluctuations. These are shown in Fig. 3.4. The kinetic-energy
spectrum scales as k−1.1 over wavenumbers from around 4 to 20 cm−1, corresponding to spatial scales 0.3 to
1.6 cm. We note that the lower bound on this range is likely much smaller than 0.3 cm; this is just the limit of
the PTV accuracy. Over a similar wavenumber range, 6 to 30 cm−1, the density (or equivalently the potential
energy) spectrum scales as k−1.3.

Prior experimental data indicates that in larger aspect ratio containers the spectra both scale as k−5/3 [3,9].
Deviations from this scaling noted by Dalziel et al. were associated with times larger than the time it takes
for the interface to reach the vertical system size and the system began to globally stratify. The spectra we
present are averaged from runs taken prior to the interface reaching the system height (recall this was 12.5 s),
so the global stratification effect should be playing no role in our results. The observed deviation from k−5/3

is possibly due to the lateral boundaries truncating large-scale modes. This effect would explain the less-steep
slope, since there is less energy in large modes compared to small.

If this explanation is correct one would expect the spectra to smoothly roll over from the expected scaling.
The density spectrum, however, seems to have a slight build up of energy in larger scale modes. At this time
we do not understand the origins of this build up. It may be a residual artifact of the initial membrane rupture
(which causes a global strain mode in the system), but, were this the case one would expect similar modes to
be present in the velocity. These modes do not seem to be present in the energy spectrum.

Another difference between our spectra and earlier results [3, 9] is that the energy and density spectra
have a measurably different scaling. If the density fluctuations were initially smooth, then the velocity-scaling
statistics should be echoed by the density at this small Atwood number [4]. We get a slight difference, perhaps
again due to density fluctuations caused by the initial rupture depositing excess energy in a variety of modes.

A considerable amount of work needs to be done to better understand some of the more subtle issues, but
it is clear that the turbulence generated by the Rayleigh-Taylor instability in this smaller-aspect-ratio system
are significantly different than its larger-aspect-ratio predecessors. In particular, the front growth happens at
a significantly slower rate of t1.5 versus t2. This can be accounted for if one introduces a considerable shift (2.6
cm) in the initial front position. In this case the quadratic range yields a consistent acceleration coefficient with
respect to prior experiments. The system reaches a steady state, in contrast with earlier numerical work which
has continuously increasing kinetic energies. This, again, is a result of the boundaries truncating the large
scale modes. Finally, the spectra are less steep than the Kolmogorov k−5/3 scaling found in prior experiments,
likely again due to the suppression of large modes by the boundary. There might be small deviations due to
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Fig. 3.4. The (a) kinetic energy and (b) density (equivalently potential energy) spectrum averaged over a four second

time interval.

the initial rupture of the film, such as the deviation in the spectral scaling between density and energy but
these are small. Future work will investigate into the transport properties of the buoyancy-driven turbulence
in the bulk.
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Abstract 

A series of calculations of the Rayleigh-Taylor and Richtmyer-Meshkov instabilities was performed within the 
framework of the problem of a laser thermonuclear target compression under different initial conditions including the 
structure of initial perturbation modes, different amplitudes, mixing gases, different statistic realizations of similar 
calculations, and different geometries. A part of the calculations corresponds to the shock tube instability regime, and 
another part to the laser compression conditions.  

The analytical expressions describing a development of mixing zones allowing for the initial conditions of 
perturbations were proposed on the basis of this data base and with account for the instability evolution model.  

 
Introduction 
 

Quite a number of experimental and theoretical studies are devoted to determination of the mixing zone width 
growth caused by a development of Rayleigh-Taylor (RT) and Richtmyer-Meshkov (RM) instabilities. Very interesting 
and important is the problem of a steady-state compression of a laser thermonuclear target treated within the framework 
of thermonuclear fusion investigations, particularly, a development of a target layer mixing due to the target 
compression.  

Initial perturbations of a laser thermonuclear target are determined by symmetry and homogeneity of an energy 
source (laser and ion beams, pulsed systems), homogeneity, and quality of a target cell preparation, and so on. Only by 
taking into account the initial conditions one can devise a proper model of mixing, which could describe the effects of 
mixing at compression.  

The aim of the work is to build an analytical model describing the RTI processes on the basis of the numerical 
calculation results.       

Within the framework of our work we consider plane and spherical problems at the given initial conditions. In a 
plane case, we consider two pairs of gases, Xe-Ar and Xe-He. A shape of a contact boundary was set in the form of a 
sum of harmonics with randomly chosen phases. The calculations were performed for 6, 8, and 10 harmonics (the calcu-
lations corresponded to the instabilities in shock tubes, i.e. at pressures around atmosphere, densities 10-3-10-4 g/сm3, 
and acceleration 105 m/s2). In a spherical problem, we used a small number of harmonics (the calculations parameters 
corresponded to the laser compression regime, i.e. pressure around 1012 Pa (107 atm), density 1-100 g/сm3, acceleration 
1016-1018 m/s2).  

The calculations parameters determined for gases in shock tubes and targets at laser compression are essentially 
different. But this is not an obstacle for building a unified model because in these gas-dynamic problems the 
fundamental properties of a gas-dynamic similarity are fulfilled.  

Basing on the obtained calculation data [1] and the previously proposed theoretical models we have built a model 
for the mixing zone development that takes into account the information about the initial perturbation conditions.  
 
1 Results of the numerical calculations (the plane case). 
 

To perform a systematic study of the influence of different initial conditions on the development of turbulence due 
to RTI and RMI, one has performed a series of the plane calculations using a numerical code NUT [2].  

The results of this part of the calculations can be formulated as follows: 
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- basing on the plane numerical calculations one has elaborated an extensive data base for a development of instability 
and mixing of two gases at a constant acceleration for the regimes having different types of instabilities (RTI and RMI), 
Attwood number (0.941 and 0.532), different number of the modes that are taken into account, and respectively, the 
maximym number of the shortest mode (n=13 and n=37), different initial amplitudes, and the dependence of amplitude 
on the mode number (a=const/k and a=const);  
- the mixing zone width depends essentially on the amplitude of initial perturbations and changes with time by the law 
close to linear; 
- The mixing zone width depends weakly on the contribution of higher modes (it decreases with switching of higher 
modes). 
 
2  Model for description of the mixing zone width. 
 

Basing on the performed claculations one has elaborated a theoretical model to describe width and velocity of the 
mixing zone growth, in which the initial conditions are taken into account.  

By assuming a regular asymptotics arising at the earlier and later stages one can make the following conclusions. A 
mixing zone increases with time quadratically at higher modes in the beginning of the process, which follows from the 
evolutionary model of instability development [3]. At a later stage, the zone growth velocity tends to a constant limiting 
value which is determined by the velocity of a bubble (ball) floating of a light liquid. The size of the bubble is 
determined by a lower harmonic developed by the given  moment (according to the Layzer’s model [4]). The  number 
« i » harmonic makes the mixing zone higher by the following value : 
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According to [3], value α* determines the amplitude, at which the exponential growth of the instability becomes slower 
due to the formation of a mushroom-shaped structure. Normally, for the 2D problem we have  *

2 3 5Dα = ÷ ,  and for 
the 3D problem,  α*

3D=10÷20. 
It is evident that at initial stage of mixing the zone width is determined by the amplitude of a linearly developing 

indestructable harmonic. At small  t  and small  *( )o oa α α<  we have 2i
o i o i

dL a k gAt a t
dt

γ= = , Li~t2, ä=γ2a   in 

accordance with a linear stage of instability at the zero initial velocity of the instability development. At larger t  we 

have .i
i

dL g
dt

υ λ=  In the Layzer's model, this velocity determines full speed of a floatable bubble lim iV gυ λ= , 

where  υ(A) is the coefficient depending on the problem geometry and the Attwood number А, for example, υ3D(1) 

=0.23. In the formula for  i
i

d L g
d t

υ λ=  the coefficient  υ  takes into account both the floatable bubble velocity and a 

higher velocity of a heavy jet dropping. For the 2D problems that coefficient is normally 0.75÷1, and for 3D problems it 
is υ ≅ 1-1.3. The zone width is determined by a contribution of all harmonics, but their contribution is different and 
changes with time. In the case of one harmonic,  L(t)=2a(t). At the given moment, the longwave perturbations may 
yield a contribution of ≈2а, while the shortwave perturbations are not so important. 

The full width will be represented in the following form: 
 

                                                                  ( ) ( ) ( ) ,i i
i

L t L t w t= ∑                                                                          (2.2) 

 
where wi(t) is the weight coefficient that determines a contribution of the given harmonic. Initially,  wi(0) is determined 
by a random phase of the given perturbation: 

                                         max min(0) cos( ) cos( )i i i i iw k x k xϕ ϕ= + − +                                                             (2.3) 

338



 
10th IWPCTM – PARIS (France) July 2006 

 

and may achieve wi(0)≅2. From the latter relation it is seen that the zone width is determined by a maximally « high » 
position of light liquid and minimally «low» position of heavy liquid. Further on, wi(t) decreases, which corresponds to 
destruction of the given instability mode due to a development of the Kelvin-Helmholtz instability [3]. The behavior of 
wi(t) can be approximately represented by a dependence: 
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where  νi   is the rate of the heavy liquid jet growth  in the RTI instability of the  "i"  harmonic.  
Values γKH   and γRT  depend on the wave vector  2 2

i i
i

k n
L

π π
λ

= =  and thereby depend on the number of the « i » 

harmonic. It is seen that the contribution into the zone width of the harmonic with the number ni decreases the faster the 
greater the number ni. If the spectrum of initial perturbations is  kiai

o=const, then  1( ) ~ ic n
iw t e− . If the initial 

perturbations correspond to the law 0 constia = , then  
2

2( ) ~ .ic n
iw t e−  At the later stages,  the contribution of higher 

harmonics is nonzero, and is to be taken into account. One may assume that a contribution of a harmonic after its 
damage into a zone width is of the order of a wavelength.  Basing on the calculation results, and using a trial-and-error 
method we can suggest a formula for the i-th harmonic weight : 
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]                                             (2.4) 

 
At a mixing stage, the high-frequency modes make a contribution into the mixing zone width. For the 2D geometry 

it is  amix≅ (3÷5)λ/2π, and for 3D, amix≅ (10÷20)λ/2π [3]. A more important conclusion is  that the main contribution 
into the mixing zone width is made by the long-wave perturbations developed by now. Because value  (γRT)it  achieves 
lesser values for these perturbations, it is easier to estimate their evolution by means of real numerical calculations or 
using the analytical models like, for example, [3]. In the end of this section, Fig.2.1 illustrates time dependence of the 
mixing zone width (the above theory is compared with the calculation results). The proposed expressions (2.1-2.4) 
describe satisfactorily the mixing zone width in the planar RTI problems.  

 

Fig.2.1. Time dependence of the mixing zone width. 

3 Numerical simulations (spherical case). 
The next stage in studying of the mixing processes in inertial thermonuclear fusion is the performance of numerical 

simulations of spherical shell compression maximally close to the the real laser ones, and an attempt to describe the 
targets by the above proposed theoretical model. 
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 A spherical shell suggests the extistence of a number of new aspects, which  essentially complicate the modeling of 
the mixing zone development: the finite time of compression, a complex initial spectrum of perturbation that contains the 
low and higher harmonics and is not always known exactly, the complexity of the shell, and an essential nonlinearity of 
the development dynamics at the late stage (the stage of a collapse), etc. 
   A series of numerical simulations with similar initial conditions has been performed using the NUT code [2]. Figure 
3.1.a demonstrates the target with several concentric spherical shells meant for different functions: the external layers (a 
foam absorber, a heavy СН ablator (not shown in the figure) and a layer of DT fuel), and the inner gas layer (the target 
was discussed in the report at the IFSA 20051 conference [5]). 

 In our task we considered the process of shell compression during the last three nanoseconds (the shell at a stage of 
collapse). The density and radii of different layers were as follows:  ablator (СН of the density of 12 g/cm3 and the radius 
rcн = 926 µm), DT fuel layer (the density, 0,5 g/cm3 and the radius rDT = 916 µm) ; the inner gas layer (the density, 
3.5*10-3 g/cm3 and the radius rin = 768 µm). The inhomogeneities were given at the boundary DT-inner gas (Fig. 3.1.b). 
At the moment t (in our task 0 ns) the СН and DT layers started to move to the center along the radius with the velocity 
of V0=300 km/s, and thus compressed the shell. 

 

                           
                       3.1.а                                                                        3.1.b   
Fig. 3.1. Spherical target at the initial moment (3.1.а) and at the beginning of simulation (3.1.b) (the density field). 
 

Figure 3.2 illustrates the simulations performed for the perturbations containing the 6-th and 15-th harmonics with 
the initial amplitudes of 4.5 and 18 µm, and the 48-th harmonic with an amplitude of 3 µm (the figure shows the 
concentration fields at time moments of 1, 1.5, 2, 2.5 ns).  

The shape of a contact boundary was given by the law: 
 

                                                         R= rin + 0 c o s ( )i i
i

a n θ∑ ,                                                                       (3.1) 

 
where  θ was the angle responsible for the location of the interface point; ni , the number of the “i”-th harmonic; а0i , the 
initial amplotude of the “i”-th harmonic. The target compression time was 3 ns. 

Next we present the diagrams for a number of target compression parameters calculated for the perturbations 
containing the 6-th and 15-th harmonic with an 18 µm amplitude (Fig. 3.3.). 

We have also paid attention to the aspects associated with the sphericity of the task. We mean the compressibility 
and convergence. Having analyzed the simulation results, one can make a conclusion that the influence of the noted ef-
fects on the instability growth is small, and, moreover, they partially compensate each other. 

Figure 3.4. presents a comparison between the obtained mixing zone width and that given by the formulas (2.1-2.4).   
The formulas (2.1-2.4), which define the width of the mixing zone, can be introduced into the 1D numerical codes 

destined for the calculation of shell compression and thermonuclear burn.   
The available simulations contain detailed information on the state of the interacting gases, the dimension of the 

mixing zone, etc. So, at the next stage of work we are planning to learn to define more accurately how the mixing effect 
influences the efficiency of a thermonuclear reaction. 
 
 
 
 
 
 
                                                 
1 Fourth International Conference on Inertial Fusion Sciences and Applications 
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                  6-th and 15-th harmonic               6-th and 15-th harmonic                  48-th harmonic 
               with the amplitude of 4.5 µm        with the amplitude of 18 µm       with the amplitude of 3 µm 

t=1нс                          

t=1.5                                                                            

 t=2нс                    

t=2.5нс          
Fig. 3.2. Results from numerical simulations (1-st column - the 6-th and 15-th harmonics with a 4.5 µm initial amplitude;  
2-nd column - 6-th and 15-th harmonics with a 18 µm initial amplitude; 3-rd column - 48-th harmonic with 3 µm initial 
amplitude). The scale of the pictures corresponding to the time moments of 2 and 2.5 ns is enlarged by approximately 3 
times as compared to the others.   
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Fig. 3.3. Temporal characteristics of compression (n= 6 and 15, а=18 µm). 
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Fig. 3.4. Mixing zone width for the 6-th and 15-th harmonic with the amplitude of 18 µm (comparison of the calculated 
data and theoretical model).    

 
Summary. 
 

A series of simulations was performed on the development of RT and RM instabilities and turbulent mixing under 
different initial conditions: the initial perturbation mode composition; the amplitudes; the gases engaged in mixing; 
different statistical realizations of similar simulations; geometry; part of our simulations corresponded to the 
development of instability in shock tubes, and the other part – to the laser compression. 

The results of numerical simulations, their processing, and the obtained relations allowed one to answer an 
important question for the LTF: the dependence of the mixing parameters on the initial conditions at thermonuclear shell 
compression. Note a weak dependence of the mixing zone width on the higher mode input revealed in our simulations (a 
large input from the higher modes slightly diminished the mixing zone width). 

Basing on the investigation of instability development in plane and spherical simulations, and taking into account 
the evolution model of instability development, we proposed the analytical expressions (2.1-2.4), which describe the 
mixing zone development with account for the initial conditions, namely, the spectrum, the perturbation amplitudes, etc.  

A comparison of the performed simulations and the proposed theory predictions brings one to a conclusion that the 
analytical expressions (2.1-2.4) agree quite satisfactorily with the simulations. 

A very important advantage of the obtained expressions lies in a possibility of their further application to the 
description of mixing processes within a rather wide range of physical parameters (verification of the theory based on 
modeling of fundamentally different regimes). 

Later on it is planned to carry out a set of simulations with account for the mixing process influence on the LTF 
shell compression and a possibility of counting the thermonuclear reactions.   
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Abstract: The Rayleigh–Taylor instability growth of laser-seeded, 3-D broadband perturbations was experimentally 
measured in the laser-accelerated, planar plastic foils. The first experimental observation showing the self-similar be-
havior of the bubble size and amplitude distributions under ablative conditions is presented. In the nonlinear regime, the 
modulation σrms grows as ασgt2, where g is the foil acceleration, t is the time, and ασ is a constant. The number of bub-
bles evolves as: N(t) ~ (ω·t·√g+C)-4 and the average size evolves as <λ>(t) ~ ω2g·t2 where C is a constant and 
ϖ=0.83±0.1 is the measured scaled bubble-merging rate. It was found that the under the assumption that αb ~ √2 σrms, 
that the growth factor αb = 0.04 and the self-similar constant is b=0.9 as predicted by the classical Rayleigh–Taylor the-
ory. 
 
1 INTRODUCTION 
 

The Rayleigh–Taylor (RT)[1,2] instability is a subject of intensive experimental and theoretical research be-
cause of its critical importance in inertial confinement fusion (ICF)[3] and astrophysics [4]. In ICF, an imploding outer 
spherical shell is pushed by an intense radiation field toward the center. The nuclear fuel inside the shell compresses 
and heats until reaching ignition conditions. The RT instability developed on the fuel–shell surface can lead to target 
disruption and the degradation of implosion performance [3]. 
 In the linear regime of the instability, small initial modulations grow exponentially in time with growth rates of 
γ =√(Α·k·g) for classical RT instability [5–7] and  γ =a √(k·g)  - β·k·Va for ablative RT instability [8,9], where k is the 
modulation wave number, g is the target acceleration, A is the Atwood number, Va is the ablation velocity, and a and β 
are constants. Most ICF-related cases involve ablative drive, in which the growth rate is stabilized by the ablation term 
β·k·Va. The growth rates of the linear RT instability have been calculated and measured in both classical [10] and abla-
tive regimes [10–14]. The first indication of nonlinear RT effects is that the modulations develop into asymmetric 
shapes of bubbles (penetration of the lighter fluid into the heavier) and spikes (penetration of the heavier fluid into the 
lighter). There are two modeling approaches for nonlinear RT instability. Modal models predict modulation growth in 
Fourier space [15,16] while bubble competition models predict modulation growth in the real space [17–24]. The bub-
ble competition approach is suit better for the very late nonlinear stage when which it is impossible to present the inter-
face as a single value function, while the Fourier space presentation hold in the early nonlinear stage. Both types of 
models predict that the average modulation size shifts to longer wavelengths as the modulations grow. In Fourier space, 
the amplitudes of the shorter-wavelength modulation saturate at lower levels, while longer-wavelength modulations 
continue to grow and achieve higher velocities before they saturate. As a result, the spectral peak of the modes in Fou-
rier space develops and shifts to longer wavelengths [25], as predicted by Haan’s model [15] and confirmed experimen-
tally by Smalyuk et al. [32]. 
 The bubble competition models predict that smaller bubbles (with smaller nonlinear velocities) are overcome 
by larger bubbles (with higher nonlinear velocities) through bubble competition – large bubble push the smaller bubble 
back from the interface front, and bubble merger processes where two bubbles become one big bubble [5,20–24].  
These models are based on the bubble merger concept and predict that the bubble size reaches self-similar behavior by 
looking at the growth of the mixing zone. These models also predict that the average size of modulations shifts to longer 
wavelengths as the modulations grow. Experiments in the turbulent regime of classical RT instability [7], supported by 
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computer simulations [5, 21–24] show that average bubble amplitudes grow as αgt2 in the highly nonlinear regime, 
where the constant α may depend on the initial conditions [24].  
 
2 EXPERIMENTAL APPROACHE  
 
 Followed Smalyuk et al.[25], in the experiment, CH targets (with thicknesses ranging from 20 to 90 µm) were 
driven by 12-ns square laser pulses at an intensity of ~5 × 1013 W/cm2 on the OMEGA Laser System [27]. In order to 
create the 12 ns pulse width, four 3 ns laser pulses where cascaded. Initial 3-D, broadband modulations were created by 
the nonuniformities of the individual laser drive beams [25, 26]. Backlighter x-rays were used to measure the growing 
target modulations. The transmitted x-rays propagated through the target and were then imaged by a pinhole array onto 
a framing camera, allowing time-resolved (with ~80 ps temporal resolution) images of the target modulations to be re-
corded with a spatial resolution of ~10 µm. Details of the experimental setup are presented in Refs. 25 and 26. Figure 
2.1 (a) shows the target and the backlighter orientation together with the intensity timing. In order to capture the insta-
bility at different time, the backlighter timing was varied. Figure 1 (b) shows the plate central portions of the recorded 
images of the target modulations. The window size is 333 µm × 333 µm. Images in Figs. 2.1 (b) I, ii, and, iii were re-
corded at different times with target distances traveled of 1, 18, and 67 µm. The light areas (higher x-ray transmission) 
represent bubbles, while the dark areas (lower x-ray transmission) represent spikes. As the modulations grow, the aver-
age bubble size shifts to longer wavelengths, big bubbles become bigger, and small bubbles disappear, as evident from 
the images in Fig.2.1 (b). 

 (a)    

 
 

(b)     
i   ii          iii 

  
Fig 2.1 (a) the experimental configuration, planar target derived by a 12 ns laser pulse that initiates the RT instability. 

The soft x-ray created by illuminating a backlighter plate the instability was monitored. (b) Three different images cap-
ture by the pinhole camera at different dustiness travelled i)  1µm, ii) 18 µm and iii) 67 µm. 

 
3 RESULTS AND ANALISYS  
 To measure bubbles characteristics such as size and amplitude, the images were processed with the watershed 
algorithm [28] to determine the bubble edges. Examples of a result of this procedure are shown in Figs. 3.1 (i), (ii), and 
(iii), where the bubble borders are superimposed on the Weiner-filtered images [26]. The bubbles near the edges of 
analysis regions were excluded from the analysis because the sizes and amplitudes of these bubbles could not be accu-
rately determined. The bubbles sizes where determined by taking the squawroot of the area of each bubble and divided 
it by π. The evolution of the distributions of bubble sizes λ and their rms amplitudes σ [corresponding to images in 
Figs. 2.1(b), i, ii, and iii] are shown in Figs. 3.1 (i), (ii) and (iii), respectively.  
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(i)       (ii)              (iii) 

 
Fig 3.1: The processed images were the bubbles borders found using watershed algorithm. 

 
As modulations grow, the number of bubbles decreases while their average size and average rms amplitude increase. 
The measured distributions of bubble sizes and amplitudes were fitted with the normal distribution from which average 
size 〈λ〉 and average rms amplitude 〈σ〉 were determined. Figures 2(c) and 2(d) show the normalized distributions as 
functions of normalized bubble size λ/<λ>  and normalized amplitude σ/<σ>  The dashed lines in Figs. 2(c) and 2(d) 
represent fits to the experimental data using normal distributions:  

( ) ( )2 2exp 1 2 2a af a a C Cσ σ σ π = − − ⋅        (1) 
for bubble amplitude and 

( ) ( )2 2exp 1 2 2f C Cσ λ λλ λ λ λ π = − − ⋅        (2) 
 

for the bubble size distributions, where Cλ = 0.24±0.01 and Ca = 0.23±0.01 are constants determined from these fits. 
Both bubble size and amplitude distributions are in the self-similar regime because the normalized distributions do not 
change in time. The self-similarity of RT growth is explicitly measured in our experiments by the evolution of bubble 
size and amplitude distributions, while in earlier simulations and experiments, the self-similarity was inferred from the 
growth of the size of the mixing zone. The dotted and dot-dashed lines in Fig. 3.2(c) are the distributions predicted from 
the 2-D and 3-D models, respectively (presented in Refs. 5, 29, and 30). As expected, the 3-D model prediction is a bet-
ter representation of the experimental results. 
 
 

 
Fig 3.2: (a) The measured bubble size distribution at three different times. (b) The measured bubble amplitude distribu-
tion at three different times. (a) The normalized bubble size distribution and, (b) The normalized bubble amplitude dis-

tribution at the same three different times. 
 
 

The evolutions of the average size 〈λ〉 and the average rms amplitude 〈σ〉 also compare very well with self-similar 
growth where these quantities are expected to grow proportionally to gt2 (g is the target acceleration and t is time). Fig-
ure 3.3 shows the measured evolution of the total number of bubbles N [Fig. 3.3 (a)] and the average bubble size 〈λ〉 
[Fig. 3.3(b)] as a function of the distance traveled by the driven target d = 0.5gt2. The distance traveled represents the 
amount of the growth because the growth factors are related to the distance traveled. Following Refs. 5, 29, and 30, we 
assume that the total number of bubbles N decreases with the scaled average merging rate ϖ according to: 
 

)(
)(

tN
t

g

dt

dN
⋅−= ϖ

λ
     (3) 

d= 1µm 

d=18µm 

d=67µm 

(a) (b) 

(d) (c) 
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The conservation of the total area of all bubbles leads to the following equation for the evolution of the average bubble 
size 〈λ〉: 
       

.
2

d g

dt

λ ϖ
λ

λ
= ⋅ ⋅

     (4) 
   
The solutions to these equations are:  

( ) ( ) 4
2N t D t g Cϖ

−
= ⋅ ⋅ +

     (5) 
and  

( ) 2 2 216 4 4,t gt g t C Cλ ϖ ϖ= ⋅ + ⋅ ⋅ +      (6) 
 

respectively. In Figs. 3.3(a) and 3.3 (b) these solutions are plotted as fits to the experimental data (solid lines). The con-
stants D and C are related to the initial average bubble size 〈λ 〉0 and the initial number of bubbles N0, respectively, as D 
= N0(2C)4 and C=2√<λ>0  From the fit to the data, it was found that N0 = 230±10 and 〈λ〉0 = 27±1 µm. The same scaled 
average merging rate ϖ = 0.83±0.1 was found (using the two fits independently) when two generations of bubble 
change, corresponding to the reduction in the number of bubbles by factor of ~4.  
 Figure 3.3 (c) shows the evolution of the modulation σrms as a function of the distance traveled. It was calcu-
lated by dividing the measured σrms of areal-density (target density multiplied by its thickness) modulations by the cal-
culated (using 1-D hydrocode LILAC [31]) target density. The solid line is the linear fit to the data without the two 
filled points, showing that the modulation σrms growing as ασgt2, where ασ=0.027±0.003 is the constant determined 
from the fit. By adapting the relation between the bubble height and the rms amplitude measured from Ofer [16] to be 

hb = √2 σrms
 , one can fined the growth scale αb to be 0.04 ± 0.004,  the self-similar constant b = <hb>/<λ> was found to 

be 0.86 ± 0.16 both as predicted from classical theory without ablation. 
 

 
Fig 3.3 (a). The numbers of bubbles vs. time. (b) The size of bubbles vs. time.  

(c) The rms amplitude of bubbles vs. time. 
 
  
The overall behaviour of the instability in the self-similar stage can be described in the σ-λ plan as follow:  At early 
stages modulations created and grow and saturate according to Haan's model, in the self-similar stage bubbles are ex-
pand and grow as a result of the competition and merger processes. Some bubbles grow larger, while others shrink and 
disappear. The number of bubbles n(t,a,λ) in the intervals of a to a + da and λ to λ + dλ at time t can be expressed as 
 

 
( ) ( )

2 2

2 2

1 1

2 2; , ,
2

a

a

a

C C

a

da d
n t a N t e e

a C C
λ

λ
λ

λ

λ
λ

π λ

   
− − − −      
   

⋅
= ⋅ ⋅ ⋅

 (7) 

(a) (b) 

(c) 
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where 〈λ〉 and N(t) evolve according to the solution to Eqs. (1) and (2), and the modulation rms amplitudes evolve as  
〈a〉 = 〈a〉0 + αb gt2. Graphical description of that behaviour presented in figure 3.4. 
  

 
Fig. 3.4. The evolution of the instability on the a-λ plane. 

 
 
4 SUMMARY  

 
In summary, the nonlinear Rayleigh–Taylor evolution under ablation conditions was measured. The evolution 

of 3-D broadband modulations was investigated in the nonlinear stage. The instability created by driving the target by 
high intensity relatively long laser pulse. The modulations were monitored using x-ray face-on radiography. By measur-
ing the individual size and amplitude of each bubble, the distributions of bubble sizes and amplitudes were constructed. 
These distributions evolve self-similarly as the target modulations grow. During this growth, the modulations shift to 
longer wavelengths as bubbles compete and merge. The number of bubbles N evolves as N(t) ~ t -4 and both the average 
bubble size and average rms amplitude grow proportionally to gt2, as predicted by the self-similar growth and scaling 
theory. From the results it was found that αb to be 0.04±0.004 and the self-similar constant to be b=0.86±0.16 as pre-
dicted in the classical (without ablation) RT case. These results suggest that at late times there is little effect of the abla-
tion. A simple phenomenological model was built to describe the complex physics of nonlinear RT evolution in the 
weakly nonlinear regime. 
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Abstract: The reshocked multi-mode Richtmyer–Meshkov instability is investigated using a three-dimensional
ninth-order weighted essentially non-oscillatory shock-capturing simulation. A two-mode initial perturbation
with superposed random noise is used to model the Mach 1.5 air/SF6 Vetter–Sturtevant shock tube experiment
[8]. The mass fraction isosurfaces and density cross-sections show the detailed structure before, during, and
after reshock. The amplification effects of reshock are quantified using the baroclinic enstrophy production,
buoyancy production, and shear production terms in the enstrophy and turbulent kinetic transport equations.
The mixing layer growth is shown to agree well with the experimentally measured growth rate before and after
reshock. The post-reshock growth rate is also in good agreement with the prediction of the Mikaelian model [5].

1 INTRODUCTION

The purpose of this research is to investigate turbulent transport in reshocked multi-mode Richtmyer–Meshkov
instability using three-dimensional ninth-order weighted essentially non-oscillatory (WENO) simulations for
the development and validation of turbulent transport and mixing models [7]. Here the high-resolution, finite-
difference, Eulerian, shock-capturing WENO method is applied to a model of the Vetter–Sturtevant Richtmyer–
Meshkov instability shock tube experiment. The numerical model of the experiment is validated by comparing
to experimental amplitude data, and the simulations are extended to longer times than in the experiment.

2 EQUATIONS SOLVED AND THE NUMERICAL METHOD

A simulation was performed using the characteristics-based finite-difference WENO method. The Euler equa-
tions were augmented by the mass fraction to track the mixing dynamics:

∂

∂t


ρ
ρ u
ρ v
ρw
ρ e
ρm

 +
∂

∂x


ρ u

ρ u2 + p
ρ u v
ρ uw

(ρ e+ p)u
ρmu

 +
∂

∂y


ρ v
ρ u v

ρ v2 + p
ρ v w

(ρ e+ p) v
ρmv

 +
∂

∂z


ρw
ρuw
ρ v w

ρw2 + p
(ρ e+ p)w
ρmw

 = 0 . (2.1)

Here, ρ is the density, u = (u, v, w) is the velocity, p is the pressure, e =
(
u2 + v2 + w2

)
/2 + p/(γ − 1) is

the total energy per unit mass, m is the mass fraction (here of the denser sulfur hexafluoride gas, SF6) and
p = ρRT is the ideal gas pressure (R is the gas constant). Lax–Friedrichs flux-splitting was used. A convex
nonlinearly-weighted combination of all polynomial flux reconstructions is used to achieve the essentially non-
oscillatory property and formally high-order accuracy in smooth flow regions. The boundary conditions were
symmetry in the directions transverse to the shock propagation and reflecting at the shock tube end wall. The
implicit numerical dissipation is a surrogate for physical dissipation. Ninth-order reconstruction was used for
its desirable properties of reducing the numerical dissipation and preserving small-scale structures [3].

3 THE MODEL OF THE INITIAL CONDITIONS

A two-mode initial perturbation with random noise was used to model the Ma = 1.5 air/SF6 Vetter–Sturtevant
[8] shock tube experiment, in which a membrane pushing on a wire mesh initially separated the gases. The
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Fig. 4.1. Visualization of the mass fraction isosurface (top row), enstrophy isosurface (middle row), and density (x, y)-

cross-section, where blue is air and red is SF6 (bottom row) at 3, 3.25, 5, and 8 ms.

initial conditions adopt the two-mode model of Cohen et al. [1], but with random noise similar to that of Hill
et al. [2],

η(y, z) = a

∣∣∣∣sin(
10πy
27

)∣∣∣∣ ∣∣∣∣sin(
10πz
27

)∣∣∣∣− b cos
(

2πy
27

)
cos

(
2πz
27

)
+ ψ(y, z) . (3.1)

The first term models the membrane pushed through the wire mesh, the second term models the mesh distortion,
and ψ(y, z) models the membrane fragmentation. The noise is superimposed on the two-mode perturbation
to break symmetry and accelerate the development of nonlinearity. Simulations were performed on a domain
[0, Lx]× [0, Ly]× [0, Lz], where Lx = 61 and Lx = Ly = 27 cm (matching the dimensions of the test section of
the experiment), on a 513×257×257 grid using a pre-shock Atwood number A− = 0.641 and initial parameters
a = 0.0675 and b = 0.00675 cm (0.25% and 0.025% of Lz, respectively).

4 INSTABILITY DYNAMICS AND THE EFFECTS OF RESHOCK

The instability dynamics and vorticity are visualized using the mass fraction and enstrophy isosurfaces on the
air (spike) side in Fig. 4.1. Reshock occurs at 3.25 ms and the reflected rarefaction wave arrives at 5 ms.
Following reshock, the instability develops complex structure while the enstrophy transforms from elongated
tubular structures into short disordered tubular structures with random orientations. The density cross-sections
illustrate the development of a well-mixed complex layer at late time.

The effects of reshock are investigated by considering key production terms in the enstrophy (Ω = ω2/2)
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Fig. 4.2. The baroclinic enstrophy production PΩ, buoyancy production Pb, and shear production Ps visualized on the

mass fraction isosurface m = 1/2 before (3 ms) and after reshock (3.25 ms).

and turbulent kinetic energy transport equations

ρ
dΩ
dt

= PΩ + SΩ + CΩ , PΩ ≡ ω

ρ
· (∇ρ×∇p) , SΩ ≡ ρω · (ω ·∇u) , CΩ ≡ −2 ρΩ ∇ · u , (4.1)

ρ
dẼ′′

dt
= Pb + Ps + T + Π , Pb ≡ −u′′j

∂p

∂xj
Ps ≡ −ρ u′′i u′′j

∂ũi

∂xj
T ≡ − ∂

∂xj

(
ρE′′u′′j + p′u′′j

)
, (4.2)

Π ≡ p′
∂u′′i
∂xi

,

where d/dt ≡ ∂/∂t+u ·∇, φ(z, t) = 1
LxLy

∫ Ly

0

∫ Lx

0
φ(x, t)dxdy and φ(x, t)′ = φ(x, t)−φ(z, t), are the Reynolds

averaged and fluctuating fields, respectively, and φ̃(z, t) = ρφ/ρ and φ(x, t)′′ = φ(x, t) − φ̃(z, t) are the Favre
averaged and fluctuating fields, respectively.

Figure 4.2 shows the baroclinic enstrophy production PΩ, buoyancy production Pb, and shear production Ps

on the mass fraction isosurface at 3 and 3.25 ms, indicating the strong amplification of these fields by reshock.
Reshock is necessary to achieve a sufficiently complex mixing layer so that applying turbulent averages is
meaningful [4, 6, 7].

5 COMPARISON OF THE MIXING LAYER WIDTH WITH EXPERIMENTAL DATA AND WITH THE
MIKAELIAN RESHOCK MODEL

The bubble and spike position `s(t) and `b(t) are defined from the mass fraction fields as the locations where
m < 0.01 and m > 0.99, respectively. The mixing layer width from the simulation, h(t) = `b(t) − `s(t), is
shown in Fig. 5.3. The growth rates dh/dt agree well with the Vetter–Sturtevant experimental measurements
of 0.4 cm/ms (before reshock) and 3.26 cm/ms (after reshock) [8]. The mixing layer width also quantitatively
agrees with the experimental data after reshock, but overpredicts the data before reshock. Smaller values
of a (requiring increased spatial resolution) may provide better quantitative agreement with the pre-reshock
amplitude data.

The post-reshock mixing layer width was also compared to the prediction of the Mikaelian [5] model

h(t) = 0.28A+
1 ∆u1 t (5.1)
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Fig. 5.3. Comparison of the mixing layer width from the simulation with the Vetter–Sturtevant experimental growth

rates and data points, and with the prediction of the Mikaelian reshock model.

in Fig. 5.3, where A+
1 is the post-reshock Atwood number, and ∆u1 is the change in velocity of the interface

after reshock. For a short time following reshock (and before the arrival of the reflected rarefaction), the
Mikaelian model predicts a growth rate in good agreement with the simulation.

6 CONCLUSIONS

A two-mode initial perturbation with random noise was constructed to model the mixing layer in the reshocked
Mach 1.5 air/SF6 Vetter–Sturtevant experiment. Random noise is needed to break symmetry and to accelerate
the development of nonlinearity. A visualization of the instability evolution through the mass fraction and
enstrophy isosurfaces, and density cross-sections was presented. The effects of reshock were quantified by
showing the amplification of the baroclinic enstrophy production, buoyancy production, and shear production
terms on the mass fraction isosurface. The enstrophy isosurface showed a qualitative change after reshock
from long, elongated tubes aligned along the direction of shock propagation to small, short tubular structures
with random orientations. The growth rate of the mixing layer before and after reshock agreed with the
experimentally measured growth rates and with the prediction of the Mikaelian reshock model [5]. The WENO
amplitude overpredicted the experimental amplitudes before reshock, but was in good agreement after reshock.

This work was performed under the auspices of the U.S. Department of Energy by the University of California
Lawrence Livermore National Laboratory under contract No. W-7405-Eng-48.
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Abstract: The validity of gradient-diffusion closures for modeling turbulent transport in multi-mode Rayleigh–
Taylor and reshocked Richtmyer–Meshkov instability-induced mixing is investigated using data from three-
dimensional spectral/tenth-order compact difference and ninth-order weighted essentially non-oscillatory sim-
ulations, respectively. Details on the numerical methods, initial and boundary conditions, and validation of
the simulations are discussed elsewhere [2, 3]. First, mean and fluctuating fields are constructed using spatial
averaging in the two periodic flow directions. Then, quantities entering eddy viscosity-type gradient-diffusion
closures, such as the turbulent kinetic energy and its dissipation rate (or turbulent frequency), and the turbu-
lent viscosity are constructed. The magnitudes of the terms in the turbulent kinetic energy transport equation
are examined across the mixing layers to identify the dominant processes. It is shown that the buoyancy (or
shock) production term is the dominant term in the transport equation, and that the shear production term is
relatively small for both the Rayleigh–Taylor and Richtmyer–Meshkov cases. Finally, a priori tests of gradient-
diffusion closures of the unclosed terms in the turbulent kinetic energy transport equation are performed by
comparing the terms constructed directly using the data to the modeled term. A simple method for estimating
the turbulent Schmidt numbers appearing in the closures is proposed. Using these turbulent Schmidt numbers,
it is shown that both the shape and magnitude of the profiles of the dominant terms in the turbulent kinetic
energy transport equation across the mixing layer are generally well captured.

1 INTRODUCTION

The purpose of this work is to investigate the mechanisms and modeling of turbulent transport in multi-mode
Rayleigh–Taylor and reshocked Richtmyer–Meshkov instability-induced mixing using three-dimensional high-
resolution numerical simulation data. The equations solved and the numerical methods used are summarized
elsewhere [2, 3]. Using the numerical simulation data validated by comparing to available experimental data,
Favre-averaged quantities used in turbulence models closed using the gradient-diffusion approximation are
computed from the simulation data. The budget of the terms in the turbulent kinetic energy transport equation
is investigated to determine which physical processes are most important to model. Finally, the unclosed
terms in the turbulent kinetic energy transport equation are modeled using standard gradient-diffusion (eddy
viscosity) closure models and are compared to the same terms computed directly from the simulation data.

2 DEFINITIONS OF AVERAGES AND THE EXACT TURBULENT KINETIC ENERGY TRANSPORT
EQUATION

As only one realization each of the Rayleigh–Taylor and Richtmyer–Meshkov unstable flows is considered,
ensemble averaging is approximated here by spatial averaging over the two periodic (homogeneous) directions
in the simulations: the directions perpendicular to gravity and the directions perpendicular to the shock
propagation. The Reynolds and Favre average of a field φ(x, t) are taken as

φ(z, t) =
1

Lx Ly

∫ Ly

0

∫ Lx

0

φ(x, t) dxdy , φ̃(z, t) =
ρ φ

ρ
(2.1)

with corresponding fluctuations

φ(x, t)′ = φ(x, t)− φ(z, t) , φ(x, t)′′ = φ(x, t)− φ̃(z, t) . (2.2)
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Fig. 3.1. The budget of the terms in the turbulent kinetic energy equation at τ = 1 for the Rayleigh–Taylor flow (left)

and at 5 ms for the reshocked Richtmyer–Meshkov flow (right). The buoyancy (shock) production term Pb, the shear

production term Ps, the turbulent diffusion term T , and the turbulent kinetic energy dissipation term D are shown

using a solid, dash-dot, dashed, and dotted line, respectively.

Here, Lx and Ly are the lengths of the domain in the periodic directions.
The exact, unclosed turbulent kinetic energy (Ẽ′′ = ũ′′2/2) transport equation is

ρ
dẼ′′

dt
= Pb + Ps + T + D + Π , (2.3)

where d/dt = ∂/∂t + ũj∂/∂xj and the buoyancy (or shock) production, shear production, turbulent diffusion,
turbulent dissipation, and pressure-dilatation terms are

Pb ≡ −u′′
j

(
∂p

∂xj
− ∂σ̃ij

∂xi

)
, Ps ≡ −ρ u′′

i u′′
j

∂ũi

∂xj
, T ≡ − ∂

∂xj

(
ρ E′′ u′′

j + p′ u′′
j − u′′

i σ′′
ij

)
, (2.4)

D ≡ −σ′′
ij

∂u′′
i

∂xj
, Π ≡ p′

∂u′′
j

∂xj
,

respectively. In the shock-capturing simulation of the Richtmyer–Meshkov instability, viscous terms are not
explicitly included, so that σ̃ij = σ′′

ij = 0 formally in Pb and T . The terms involving σ̃ij and σ′′
ij are also

very small in the Rayleigh–Taylor simulation (except in D), and are not considered further. The turbulent
dissipation D is computed explicitly in the Rayleigh–Taylor case, but can only be modeled in the Richtmyer–
Meshkov case.

3 BUDGET OF TERMS IN THE EXACT TURBULENT KINETIC ENERGY TRANSPORT EQUATION

The budget of terms in the exact turbulent kinetic energy transport equation is considered here for both the
Rayleigh–Taylor and Richtmyer–Meshkov flow cases to determine which terms are dominant in these instabil-
ities. For each term, the profile across the mixing layer is shown, i.e., the term in (2.3) integrated over the
periodic directions using the Favre and Reynolds average definitions. The coordinate in the direction of gravity
or the shock is scaled by the mixing layer width h(t). In addition, in the Richtmyer–Meshkov flow case, the
coordinate is recentered by the midpoint, xmid, between the bubble and spike fronts.

3.1 Rayleigh–Taylor Unstable Flow

The budget of terms in the turbulent kinetic energy transport equation (2.3) across the mixing layer is shown in
Fig. 3.1 at time τ = 1, where τ = t/

√
gAH (see [3] for further details of the simulation). It is evident that the
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buoyancy production term is dominant, with additional significant contributions from the turbulent diffusion
and dissipation terms. The shear production term is nearly zero, as expected in a flow with either a nearly
constant mean velocity or zero mean velocity. The turbulent diffusion is both positive and negative over the
layer, with zero integral, indicating that this term redistributes turbulent kinetic energy conservatively within
the layer. The buoyancy production and dissipation terms are positive everywhere, and are peaked near the
centerplane of the layer, z = 0. The relative importance of these terms and the trends are also true for earlier
times (not shown here).

3.2 Richtmyer–Meshkov Unstable Flow

The budget of terms in the turbulent kinetic energy transport equation (2.3) across the mixing layer is shown in
Fig. 3.1 at 5 ms (see [2] for further details of the simulation). In the absence of explicit molecular dissipation,
the dissipation term is modeled as in the Ẽ′′-ω̃′′ model [4]

D = −ρ Ẽ′′ ω̃′′ , (3.1)

where ω̃′′ =
√

2Ω̃′′ is the turbulent frequency. The shock production term dominates the other terms, and has
largest (negative) value near the centerplane of the mixing layer. As in the Rayleigh–Taylor case, the turbulent
diffusion and dissipation terms also contribute significantly. The shear production is oscillatory and averages
to nearly zero, as expected in a flow with a nearly constant mean velocity. The turbulent diffusion is both
positive and negative over the layer, with zero integral, indicating that this term redistributes turbulent kinetic
energy conservatively within the layer. The dissipation term is positive everywhere, and is peaked near the
centerplane of the layer.

4 A PRIORI ANALYSIS OF THE GRADIENT-DIFFUSION APPROXIMATION

In the a priori analysis of the gradient-diffusion (eddy viscosity) approximation for closing the terms in the
exact turbulent kinetic energy transport equation, the profiles of the closed terms across the mixing layer
are computed using the models summarized below. Modeled terms were constructed from the appropriately
averaged simulation data. The model predictions and the directly computed (unclosed) terms are compared
to evaluate the predictive capability of the gradient-diffusion closures of the key terms in the turbulent kinetic
energy equation.

4.1 The Modeled Turbulent Kinetic Energy Transport Equation

Using the gradient-diffusion hypothesis, the modeled terms (2.4) are given by the algebraic closures [1]

Pb = − νt

σρ ρ

∂ρ

∂xj

∂p

∂xj
, (4.1)

Ps = −
[
2
3

ρ Ẽ′′ δij − 2 µt

(
S̃ij −

δij

3
∂ũk

∂xk

)]
∂ũi

∂xj
, (4.2)

T =
∂

∂xj

(
µt

σk

∂Ẽ′′

∂xj

)
, (4.3)

D = −ρ ε̃′′ , (4.4)

where S̃ij = (1/2)(∂ũi/∂xj + ∂ũj/∂xi) is the mean strain-rate tensor, ε̃′′ is the turbulent kinetic energy dis-
sipation rate per unit mass, the pressure-dilatation term Π and the pressure-flux p′u′′

j contribution to T are
not considered in the current study, and σρ and σk are dimensionless turbulent Schmidt numbers. With the
definitions of the Favre and Reynolds averages, these terms are profiles across the mixing layer depending only
on the coordinate in the inhomogeneous direction and on time. In the above expressions,

νt =

{
0.09(Ẽ′′)2/ε̃′′ for Rayleigh–Taylor flow
Ẽ′′/ω̃′′ for Richtmyer–Meshkov flow

(4.5)
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Fig. 4.2. The turbulent kinetic energy fE′′, turbulent kinetic energy dissipation rate eε′′, and turbulent viscosity νt at

τ = 1 for the Rayleigh–Taylor flow (top) and at 5 ms for the Richtmyer–Meshkov flow (bottom).

is the turbulent viscosity (µt = ρνt).
The turbulent kinetic energy, turbulent kinetic energy dissipation rate, and turbulent viscosity profiles

across the mixing layer are shown for the Rayleigh–Taylor and Richtmyer–Meshkov flows in Fig. 4.2. For
the Rayleigh–Taylor case, all three quantities are peaked near the center of the mixing layer. Note that the
turbulent viscosity is considerably larger than the molecular viscosity ν ≈ 0.1 cm2/s. In order to obtain better
correlation between the modeled and directly computed term, the time-dependent turbulent Schmidt numbers
were first calculated by algebraically solving for them in Eqs. (4.1) and (4.3) and integrating over the layer
for both the Rayleigh–Taylor and Richtmyer–Meshkov flows. The resulting time-dependent values of σρ and
σk were then used in the closures. Note that this rescaling of the terms does not change their shape, but only
adjusts their magnitude.

4.2 Rayleigh–Taylor unstable flow

In the Rayleigh–Taylor flow, it was found that σρ approaches a value of ∼ 0.1, while σk approaches unity at
the latest time in the simulation. The profiles are shown as a function of z/h(t), where z is the coordinate
direction parallel to gravity and h(t) is the mixing layer width. Thus, the mixing layer is contained within
z/h(t) ∈ [−0.5, 0.5]. As seen in Fig. 4.3, the overall agreement between the model and DNS data for w′′ is
good. In particular, the shape and magnitude are generally well captured. However, the figure shows that
the gradient-diffusion approximation does not completely capture the kinetic energy transfer across the layer.
The large-amplitude excursions in the model are a consequence of the poor statistical convergence of the mean
density and turbulent kinetic energy gradients due to the limited spatial resolution of the data.

4.3 Richtmyer–Meshkov unstable flow

In the Richtmyer–Meshkov flow, it was found that σρ and σk both approach a value of ∼ 0.1 in the simulation.
The profiles are shown as a function of (x− xmid)/h(t), where x is the coordinate direction parallel to the shock
propagation, xmid is the midpoint of the layer, and h(t) is the mixing layer width. Thus, the mixing layer is
contained within (x− xmid)/h(t) ∈ [−0.5, 0.5]. As shown in Fig. 4.3, the Reynolds-averaged Favre fluctuating
velocity u′′ is in good agreement with the model up to the interaction of the layer with the reflected rarefaction
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Fig. 4.3. Comparison of the computed and modeled averaged Favre fluctuating velocity and turbulent diffusion, T ,

at τ = 1 for the Rayleigh–Taylor flow (top) and at 5 ms for the Richtmyer–Meshkov flow (bottom). The model and

simulation results are shown using a solid and dotted line, respectively.

at ∼ 5 ms. The turbulent kinetic energy diffusion shown in Fig. 4.3 is also in good agreement with the model
up to the interaction with the reflected rarefaction. Both quantities exhibit large-amplitude excursions in the
model due to the poor statistical convergence of the mean density and turbulent kinetic energy gradients.

5 CONCLUSIONS

Using spatially-averaged data from numerical simulation models of the Texas A&M University water channel
Rayleigh–Taylor experiment [3] and the reshocked Mach 1.5 air/SF6 Vetter–Sturtevant Richtmyer–Meshkov
instability experiment [2], it was shown that: (1) the buoyancy (shock) production, turbulent dissipation, and
turbulent diffusion terms are dominant, while the shear production term is nearly zero in Rayleigh–Taylor flow
and less important than the other terms in the Richtmyer–Meshkov flow; (2) using spatial averaging to define
Favre and Reynolds averaged and fluctuating fields, it is possible to compute quantities (such as the turbu-
lent viscosity) entering gradient-diffusion turbulence closures, and; (3) using adjusted values of the turbulent
Schmidt numbers (smaller than typically used in compressible and stratified Reynolds-averaged turbulent flow
modeling), the gradient-diffusion models for the key terms in the turbulent kinetic energy transport equation
are in reasonable qualitative and quantitative agreement with the data in a priori comparisons. While the
gradient-diffusion approximation cannot correctly capture the anisotropy of the Reynolds stress tensor compo-
nents in these flows, this approximation is evidently quite reasonable for most of the important terms in the
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turbulent kinetic energy balance. The only term in the turbulent kinetic energy equation that requires the
Reynolds stress tensor is the shear production (4.2): this term is generally of little importance in the overall
energy balance in both Rayleigh–Taylor and Richtmyer–Meshkov instability-induced turbulence.

This investigation demonstrates that high-resolution simulations can be used to provide essential data
concerning turbulent transport and mixing processes in three-dimensional Rayleigh–Taylor and reshocked
Richtmyer–Meshkov instability. In particular, simulations provide quantities not presently possible (or dif-
ficult) to measure experimentally, such as the turbulent Schmidt numbers.

Nicholas Mueschke acknowledges support by the National Nuclear Security Administration under the Stew-
ardship Science Academic Alliances program through DOE Research Grant #DE-FG03-02NA00060. This
work was also performed under the auspices of the U.S. Department of Energy by the University of California
Lawrence Livermore National Laboratory under contract No. W-7405-Eng-48.
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Abstract: A spectral/compact finite-difference method with a third-order Adams–Bashforth–Moulton time-
evolution scheme is used to perform a direct numerical simulation (DNS) of Rayleigh–Taylor flow. The initial
conditions are modeled by parameterizing the multi-mode velocity and density perturbations measured just off
of the splitter plate in water channel experiments. Parameters in the DNS are chosen to match the experiment
as closely as possible. The early-time transition from a weakly-nonlinear to a strongly-nonlinear state, as well
as the onset of turbulence, is examined by comparing the DNS and experimental results. The mixing layer
width, molecular mixing parameter, vertical velocity variance, and density variance spectrum obtained from
the DNS are shown to be in good agreement with the corresponding experimental values.

1 INTRODUCTION

The purpose of this research is to elucidate the physics of turbulent transport, and transitional dynam-
ics in Rayleigh–Taylor instability-driven mixing layers using coupled experiments and high-resolution three-
dimensional direct numerical simulations (DNS). To accomplish this, experimental measurements characterizing
the initial conditions and the evolution of various large-scale and turbulence statistics were performed within a
small Atwood number, incompressible, miscible Rayleigh–Taylor mixing layer [1,2]. A DNS model of the experi-
ment was formulated using parameters that closely correspond to the experiment and experimentally-measured
initial density and velocity perturbations. Data from this DNS was also used to investigate the relative im-
portance of terms in the turbulent kinetic energy transport equation and the validity of the gradient-diffusion
approximation in modeling these terms [3].

2 EXPERIMENTAL FOUNDATION

Measurements were taken in an open-loop water channel facility at Texas A&M University. A schematic of
the water channel and the associated diagnostics can be found elsewhere [1,2]. An adverse density strat-
ification was created by heating the bottom water stream. The temperature difference (∆T ≈ 5◦C) cre-
ated a density difference through thermal expansion of the bottom stream, resulting in an Atwood number
A = (ρ1 − ρ2)/(ρ1 + ρ2) ≈ 7.5× 10−4. Downstream distance, x, is converted to time using Taylor’s hypothesis
and normalized such that τ = (x/Um)

√
gA/H, where Um = 4.5 cm/s is the mean velocity of the water streams,

g = 981 cm/s2, and H = 32 cm is the height of the channel.

3 EQUATIONS SOLVED AND THE NUMERICAL METHOD

The DNS uses a hybrid spectral and tenth-order compact differencing spatial discretization scheme to solve the
conservation of mass, momentum, and mass fraction evolution equations [4]:

∂ρ

∂t
+

∂

∂xj
(ρ uj) = 0 , (3.1)

∂

∂t
(ρ ui) +

∂

∂xj
(ρ ui uj) = ρ gi −

∂p

∂xi
+

∂σij

∂xj
, (3.2)

∂

∂t
(ρ mr) +

∂

∂xj
(ρ mr uj) =

∂

∂xj

(
ρ D

∂mr

∂xj

)
, (3.3)
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Fig. 4.1. The initial one-dimensional spectra for the DNS. Left: interfacial perturbations in the x-direction. Middle:

interfacial perturbations in the y-direction. Right: vertical velocity fluctuations at the centerplane of mixing layer in

the x-direction.

where ρ is the density, ui is the velocity, gi is gravity, p is the pressure, σij = µ (∂ui/∂xj + ∂uj/∂xi) −
(2/3)µδij∂uk/∂xk is the viscous stress tensor [with µ = ρν the dynamic viscosity and ν = (µ1 + µ2)/(ρ1 + ρ2)
the constant kinematic viscosity], mr is the mass fraction of fluid r = 1, 2, and D is the constant mass diffusivity.
Time integration is performed using a third-order Adams–Bashforth–Moulton predictor-corrector scheme. The
physical and numerical parameters are given in Table 3.1. Periodicity is assumed in the x and y directions.

Parameter Value
ρ1 0.9986 g/cm3

ρ2 0.9970 g/cm3

A 7.5× 10−4

gz −981 cm/s2

µ1 0.009 g/(cm s)
µ2 0.011 g/(cm s)

Pr (ν/D in DNS) 7
Lx × Ly × Lz 16 cm ×10 cm ×16 cm
Nx ×Ny ×Nz 384× 240× 512

Table 3.1. Parameters used in the DNS of the water channel experiment.

4 THE MODEL OF THE INITIAL CONDITIONS

The initial fluid interface was parameterized by orthogonal perturbations in the x- and y-directions:

ζ(x, y) =
∑
kx

ζ̂x(kx) eikxx +
∑
ky

ζ̂y(ky) eikyy , (4.1)

where kx and ky are the perturbation wavenumbers. The initial velocity was constructed from a potential
formulation, where the potential field is perturbed to give the measured initial vertical velocity fluctuations,

φr(x, z) =
∑
kx

ŵ(kx)
kx

sin [kx x + ϕ(kx)] e−kx|z| , (4.2)

where ϕ(kx) are the phases. The initial velocity field is the gradient of the potential field. In Eqs. (4.1)
and (4.2), the perturbation amplitudes ζ̂x(kx), ζ̂y(ky), and ŵ(kx) are taken directly from the corresponding
experimentally-measured one-dimensional spectra [2]. The measured initial interfacial and velocity spectra
from the water channel [1,2] are shown in Fig. 4.1 to illustrate the high degree of anisotropy at the onset of
the instability.
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Fig. 5.2. The volume fraction f1 = 0.5 isosurface at τ = 0.25, 0.50, 0.75, 1.00.

Fig. 5.3. The evolution of the bubble and spike fronts, hb and hs, and integral-scale Reynolds numbers, Re.

5 COMPARISON OF DNS RESULTS WITH EXPERIMENTAL DATA

5.1 Mixing Layer Growth

The evolution of the f1 = 0.5 volume fraction isosurface is shown in Fig. 5.2. Qualitatively, the mixing layer
growth is dominated by the initial velocity perturbations in the x-direction. The early (τ < 0.5) structure of
the mixing layer is predominantly two-dimensional, as observed in the experiments. For τ > 0.5, perturbations
to the initial density interface become important as the mixing layer dynamics become highly-nonlinear and
more three-dimensional structure develops.

The mixing layer width is measured by the 5–95% thresholds of the volume fraction profiles. The evolution
of the bubble and spike front penetrations is shown in Fig. 5.3. The DNS agrees fairly well with the mixing layer
growth measurements of Snider [5] and Wilson [6]; however, the DNS grows slightly faster than the experiment,
which may be due to the lack of statistical convergence in longer wavelengths. As the mixing layer develops,
the dominant structures determining its growth become larger, and thus fewer structures exist within the finite
computational domain.

Figure 5.3 also shows the evolution of the integral-scale Reynolds numbers of the DNS, where Re = UL/ν
and U and L are characteristic velocity and lengthscales, respectively. The mixing layer width h(t) = hb(t) +
hs(t) is chosen as the lengthscale for all of the Reynolds numbers shown. Various velocity scales have been
used, including the total penetration rate of the mixing layer dh/dt, the terminal velocity of the dominant
bubble diameter v∞, the rms centerplane vertical velocity fluctuations w′2, and a velocity scale based upon the
conversion of potential energy into kinetic energy. Depending upon the velocity scale used, the final Reynolds
number achieved in the DNS ranges from 1200–2000.

5.2 Turbulence and Mixing Statistics

In addition to comparisons of integral-scale quantities, turbulence and mixing statistics are also compared
between the DNS and experiment. First, the degree of molecular mixing between the two fluids at the cen-
terplane of the mixing layer, θ(z, t) = 1 − f ′21 /(f1 f2), is compared, where fr is the volume fraction of fluid r
(all averages are taken at the centerplane). A value θ = 1 indicates that the fluids are completely mixed, and
θ = 0 indicates complete segregation. Values from the DNS and experiment are shown in Fig. 5.4. The DNS
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Fig. 5.4. Comparison of DNS results (solid lines) with the experimental measurements of θ, the normalized vertical

velocity variance, and the normalized density variance spectrum. Error bars are shown on the measurements of θ and

the normalized vertical velocity variance.

follows the experimentally measured trends closely, but underpredicts the total amount of mixed fluid. This
may be associated with the method of implementing the initial velocity conditions and how energy from the
initial spectrum is distributed among the discrete modes that can be supported on the computational grid.

The vertical velocity fluctuations at the centerplane of the mixing layer w′2/(AgH), and the one-dimensional
energy spectrum of the centerplane vertical velocity fluctuations Ew(kx)/

(
AgH2

)
is shown at τ = 0.92 from the

DNS and experiment in Fig. 5.4. Both quantities compare very well. In particular, the DNS and experimental
spectra agree quite well over the entire range of scales that overlap.

6 CONCLUSIONS

A DNS of a small Atwood number, multi-mode Rayleigh–Taylor mixing layer was initialized using interfacial and
velocity perturbations parameterized from experimental measurements. Results from the DNS and experiment
showed favorable agreement. Differences are attributed to details in the method of parameterizing the initial
conditions, and the lack of statistical convergence at late time due to a limited computational domain size.
Both of these are strongly related to the inclusion of longer wavelengths, which affect the integral-scale and
turbulence statistics compared. A transition to highly-nonlinear dynamics was observed at τ ≈ 0.4, which was
seen in the rapid increase of vertical velocity fluctuations and the increase in the degree of molecular mixing.
This transition point and the magnitudes of w′2 and θ at this point were observed to be a function of the exact
implementation of the initial conditions. Accordingly, higher resolution DNS investigating the effects of longer
wavelengths on the quantities considered here are in progress.

This research was supported by the National Nuclear Security Administration under the Stewardship Sci-
ence Academic Alliances program through DOE Research Grant #DE-FG03-02NA00060. This work was also
performed under the auspices of the U.S. Department of Energy by the University of California Lawrence
Livermore National Laboratory under contract No. W-7405-Eng-48.
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Abstract: The second order turbulence model proposed in [4] is extended by deriving equations for the
concentration fluxes, variances, and for the concentration-density correlations. For this purpose, a probability
density function (PDF) approach is used, in order to preserve the self-coherency of the model, and reduce the
number of additional coefficients.

The properties of the extended model are assessed on the gas accelerator configuration studied in [6].
Besides, a potential shock tube experiment is proposed. Both applications aim to emphasize the effects of
counter-gradient tranport.

1 INTRODUCTION

Turbulence in variable density flows has gained an increasing interest because of its importance in various
industrial and environmental applications [2, 8]. Within this framework, shock tube and gas accelerator ex-
periments are challenging flows for turbulence model designers because they emphasize the effects of density
variations due to mixing as well as compressibility.

Shock tube and gas accelerator experiments are most often used to study instabilities at fluid interfaces, such
as Richtmyer-Meshkov instabilities (RMI), or Rayleigh-Taylor instabilities (RTI). However, instabilities are not
the only hydrodynamic processes which can be encountered in these experiments. For instance, in shock tubes,
the impact of a rarefaction wave on a turbulent mixing zone can lead to a stable stratification, in which the
acceleration and the density gradient are directed in the same direction. Similarly, in gas accelerator devices,
acceleration can be chosen so as to create a stably stratified environment. Stably stratified turbulent flows
have been extensively analyzed in other fields [5], and have been shown to lead to counter-gradient transport.
As a result, the simulation of shock tube and gas accelerator experiments requires a turbulent model capable
of accounting for two regimes: a regime dominated by RMI/RTI, but also a regime corresponding to stably
stratified turbulence with potential counter-gradient transport.

Grégoire, Souffland and Gauthier [4] have developed a reliable and robust second order turbulent model
with the aim of modeling RMI/RTI generated turbulence. This model is hereafter named GSG model, and will
serve as a reference model throughout this paper. This model addresses the issue of compressibility and density
fluctuations by introducing transport equations for the turbulent mass flux and the density variance. However,
the GSG model deals with the crucial question of modeling the concentration fluxes with a simple gradient
diffusion hypothesis. Consequently, it cannot account for counter-gradient situations for the concentrations.

Thus, the objective of this work is to extend the GSG model by adding to it modeled transport equations for
the concentration fluxes, but also for the concentration variances and for the density-concentration correlation.

The derivation of additional equations is constrained by two requirements: the new models have to be
coherent with those already defined, and they should introduce a number of additional constants as small
as possible. In order to ensure those constraints, we base ourselves on a probability density function (PDF)
approach. Following the methodology first proposed by Pope [11], we establish stochastic models for the density
and the velocity, coherent with the GSG model. Then, we add a stochastic model for the concentrations. As
a result, we obtain a PDF model, which, by construction, is compatible with the GSG model. Finally, we
derive, from this PDF model, the desired equations for the concentration correlations. By following this path,
we ensure coherency between all the closures. Indeed, they all originate from the same PDF model. Besides,
the number of constants is fixed once the PDF model has been set. Only the PDF model constants appear in
the additional equations for the concentration correlations.

The new model is then confronted against the gas accelerator experiment proposed in [6], in which both a
stable and an unstable regime are encountered. Finally, a shock tube configuration is proposed with the aim
of emphasizing the effects of stable stratification and counter-gradient transport. Such a configuration might
be studied experimentally.
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2 OVERVIEW OF THE GSG MODEL

The GSG model [4] has been designed to solve compressible gaseous mixtures in which density fluctuations
are significant, even if the turbulence remains weakly compressible. A crucial issue for this class of flows is the
additional production of turbulent kinetic energy due to density gradients. To address this point, authors in [4]
chose to emphasize the correlations involved in the turbulent energy production. Thus, the GSG model solves
equations for the turbulent mass flux u′′

i
and for the density variance ρ′2, in addition to the usual equations for

the mean density ρ, velocity ˜U , energy ẽ, mass fraction c̃α, Reynolds stress tensor ˜Rij , and dissipation rate ε̃.
Note that, throughout this paper, Q and Q′ will respectively denote the Reynolds average and fluctuation of a
quantity Q, and ˜Q and Q′′ its Favre average and fluctuation.

The Reynolds stress equation is based on the LRR proposal [7], as modified in [1] to account for a redistri-
bution of the enthalpy production. The dissipation rate equation is also modified to include this supplementary
effect. The other equations are closed with standard procedures devised for passive scalar transport equations.
The complete model can be found in [4]. Here, we only detail the equations for the second order correlations

u′′

i
, ρ′2, and ˜Rij :

D ˜Rij

Dt
=DR

ij + PR

Sij
+ PR

Hij
+ ΦR

ij − ER

ij (2.1)

Du′′

i

Dt
=Du

i + Pu

Si
+ Pu

Hi
+ Φu

i − Eu

i (2.2)

Dρ′2

Dt
=Dρ + Pρ

S
+ Pρ

H
+ Φρ − Eρ (2.3)

In equations (2.1)-(2.3), the D# terms correspond to turbulent diffusion, and are modeled with a tensorial

gradient diffusion hypothesis. P#

S
and P#

H
are the shear and enthalpic production terms. Their expressions are

not detailed here, but can be found in [4]. The terms denoted by Φ# − E# correspond to redistribution and
dissipation. They are the terms of interest in this article, and are modeled as:

ΦR

ij − ER

ij = − γR

S (PR

Sij
−

1

3
PR

Skk
δij) − γR

H(PR

Hij
−

1

3
PR

Hkk
δij) − γR

ω ω( ˜Rij −
1

3
˜Rkkδij) −

2

3
ε̃δij (2.4)

Φu

i − Eu

i = − γu

SPu

Si
− γu

H1

˜Rik

1

ρ

∂ρ

∂xk

+ γu

H2

ρ′2

ρ2

1

ρ

∂P

∂xi

− γu

ωωu′′

i
(2.5)

Φρ − Eρ = − γρ

S
Pρ

S
− γρ

H
Pρ

H
− γρ

ω
ωρ′2 (2.6)

Φε − Eε = − γε

ω
ωε̃ (2.7)

ω = ε̃/˜k is the mean turbulent frequency, and ˜k = 1

2

˜Rkk is the turbulent kinetic energy. γ#

ω
, γ#

S
and γ#

H
are

constants, which values are given in table 2.1.

γR

S
γR

H
γR

ω γu

S
γu

H1
γu

H2
γu

ω γρ

S
γρ

H
γρ

ω

Coeff. used in [4] 0.6 0.3 1.8 0.3 0.3 0.3 3 0 0 3
Coeff. used in this article 0.6 0.3 1.8 0.6 0.15 0.3 2.4 0 0.15 3

Table 2.1. Model coefficients for the density-velocity correlations

3 PDF MODEL COHERENT WITH THE GSG MODEL

In this section, we derive a PDF model which yields redistribution and dissipation terms coherent with those
proposed in the GSG model for the Reynolds stresses, for the turbulent mass flux, and for the density variance.

The models that we will examine for the velocity, concentration and density fields will only involve the
energy through its mean value. Consequently, they do not require the explicit specification of the model for
the energy and can be detailed without it. The model for the energy, though essential, is beyond the scope of
this study and will be described in a further work.
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The PDF model is hereafter expressed as a set of stochastic partial differential equations (SPDEs) (see [12]
for more details on SPDEs). These SPDEs govern the evolution of stochastic velocity, density and concentration
fields, respectively noted U∗

i
, ρ∗ and c∗α.

For the stochastic velocity field, the effects of the fluctuating pressure and of the molecular transport are
closed with a Generalized Langevin model (GLM) [10], modified in order to account for variable density effects.
A linear redistribution of the density fluctuations is indeed added to the classical expression of the GLM. For
the stochastic density field, the fluctuating velocity divergence is closed by using a simple linear relaxation
model based on density and velocity. Finally, for the stochastic concentration field, the effects of molecular
mixing are closed with the Interaction by Exchange with the Mean (IEM) model modified in order to account
for velocity fluctuations. The resulting model resembles the one proposed in [9], but with the addition of a
bounding function, in order to preserve physical values of the concentration. As a result, the following SPDEs
are obtained for U∗

i
, ρ∗ and c∗

α
:

DU∗

i

Dt
= − 1

ρ

∂P

∂xi

+ Gik

(

U∗

k − ˜Uk

)

− CH

1

ρ

∂P

∂xi

ρ∗ − ρ

ρ∗
+
√

C0ε̃Ẇi (3.1)

Dρ∗

Dt
= − ρ∗div U − ρ∗



Cρ

1
ω

(ρ∗ − ρ)
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α
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j
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(3.3)

Wi are independent standard Brownian processes and Ẇi are their time derivatives. b(c) is a bounding founction
defined by: b(c) = c (1 − c)/(c̃ (1 − c̃)). Gik , CH , C0, Cρ

1
,Cρ

2
, Cc

1
and Cc

2
are model parameters, and are set in

order to make the PDF and GSG models coherent.
From SPDEs (3.1)-(3.2), we can derive closed equations for the Reynolds stresses, the mass flux and the

density variance. Strict equivalence cannot be achieved between these equations and the GSG model. Still,
we can ensure some coherency between the two. Thus, we require that the Reynolds stress closures must be
identical in both approaches. Besides, we impose that the dissipation term in the density variance equation
must be the same. Finally, we note that, in the GSG model, the redistribution term linked to mean density
gradients is null in the density variance equation and is piloted by γu

H1
in the mass flux equation. In the PDF

model, we decide to take an intermediate averaged value. With these conditions, we obtain:
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,
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1
=
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2
γρ

ω and Cρ

2
=

1

2

(

γρ

H
+ γu

H1

)

(3.4)

The coefficients for the density-velocity correlation closures deduced from the PDF model are given in the
second line of table 2.1. They are the ones used in this article. Note that the model is realizable when C0 > 0.
This condition can be fulfilled using, for instance, the same procedure as in [3].

As for the micro-mixing model, we choose a standard value for Cc
1

[10], and set Cc
2

so that the diffusion

coefficient Cd =
1−C

c
2

Cc
1
+

1

2
γR

ω

, meaningfull in the limit ω → ∞, is equal to 0.18:

Cc

1
= 1.5 and Cc

2
= 0.55 (3.5)

4 EQUATIONS FOR THE CONCENTRATION CORRELATIONS

From SPDEs (3.1)-(3.3), we derive the following evolutions for the concentration correlations:

D ˜u′′

i
c′′
α

Dt
= Dα

i
+ Pα

Si
+ Pα

Hi
+ Pα

Gi
+ Φα

i
− Eα

i
(4.1)

Dc′′α
Dt

= Dρα + Pρα

S
+ Pρα

H
+ Pρα

G
+ Φρα − Eρα (4.2)
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D ˜c′′αc′′
β

Dt
= Dαβ + Pαβ

S
+ Pαβ

H
+ Pαβ

G
+ Φαβ − Eαβ (4.3)

where the D# terms correspond to turbulent diffusion, and are modeled with a tensorial gradient diffusion
hypothesis. P#, P#

H
, P#

G
are the shear, enthalpic and gradient production terms, and are treated exactly.

Their expressions are not detailed here, but can be found for instance in [1]. The terms denoted by Φ# − E#

correspond to redistribution and dissipation. Their expressions are directly obtained from the PDF model:
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(4.5)

Φαβ − Eαβ = − γv
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G
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ωω ˜c′′αc′′
β

(4.6)

The coefficients are also deduced from the PDF model:
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+
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2
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ω (4.8)

γv

G = Cc

2
, γv

ω = 2Cc

1
(4.9)

The coefficients values are recapitulated in table 4.2. By construction, equations (4.1)-(4.3) are compatible with
the remaining of the GSG model, when using the modified set of model parameters deduced from the PDF
analysis (2nd line of table 2.1). Indeed, all the closures can then be derived from the same PDF model. Besides,
the number of constants is fixed once the PDF model has been set. Only the PDF model constants appear
in the equations for the concentration correlations. Thus, only 2 additional constants have been introduced in
the extended GSG model (Cc

#
), whereas 9 constants should have been fixed otherwise.

γc

S
γc

H
γc

G
γc

ω γcp

H
γcp

G
γcp

ω γv

G
γv

ω

0.6 0.3 0.55 2.4 0.15 0.55 3. 0.55 3

Table 4.2. Model coefficients for the concentration correlations

5 EXPERIMENT BY KUCHERENKO ET AL.

The model derived in the previous section is now applied to the experiment proposed by Kucherenko et al. [6].
The experimental set-up consists in a gas accelerator device, in which a vial containing two fluids with densities
ρ1 = 2.04 g/cm3 and ρ2 = 0.69 g/cm3 is placed. The vial undergoes a variable acceleration a(t) with two main
stages. During the first stage, from t = 0 to t = t∗ = 8.2 ms, the acceleration is such that the stratification
is unstable and Rayleigh-Taylor instabilities develop. During the second stage, the acceleration is reversed, so
that the stratification becomes stable and a separation process occur.

Figure 5.1 shows the evolution of the length of the mixing zone in the light fluid Ll obtained from the
experiment, and from calculations performed with two variants of the GSG model. The standard GSG model
refers to the GSG model with a gradient diffusion hypothesis for closing the concentration flux. The extended
GSG model corresponds to the GSG model with the additional equations derived in this article.

We observe that during the unstable phase, both models yield a similar increase of Ll. Besides, the length
obtained at the end of the unstable phase is close to the experimental value. Differences become significant
in the stable phase. In the experiment, Ll first stagnates and eventually decreases. On the contrary, the
standard GSG model predicts a continuous increase of Ll. This is the only behaviour that can be expected
from a diffusion model. As for the extended GSG model, it yields a stagnation of the mixing length followed
by a slight decrease. This behaviour is qualitatively coherent with experimental observations, but, from a
quantitative point of view, differences remain. They could be explained by the fact the fluids are treated in
the calculations as perfect gases, whereas they are liquids in the experiment.

Figure 5.2 shows a profile of the scalar flux at time t = 0.0165s during the second phase. It can be seen
that the extended GSG model predicts significant counter-gradient transport, while the standard GSG model
cannot, by definition, predict it. Counter-gradient is at the origin of the mixing length stagnation and decrease.

366



10th IWPCTM – PARIS (FRANCE) July 2006

 0

 0.5

 1

 1.5

 2

 2.5

 3

 3.5

 4

 0  0.005  0.01  0.015  0.02  0.025
time (s)

Extended GSG
Standard GSG

Experiment

P
S
fra

g
rep

la
cem

en
ts

L
l
(c

m
)

Fig. 5.1. Evolution of the length of the mixing zone in the light fluid

-4

-2

 0

 2

 4

-3 -2 -1  0  1  2  3

M
as

s 
fra

ct
io

n 
flu

x 
(c

m
/s

)

Extended GSG
Standard GSG

P
S
fra

g
rep

la
cem

en
ts

x − x0 (cm)

Fig. 5.2. Profile of the normalized scalar flux at time t = 0.0165s (x0 is the center of the mixing zone)

6 POTENTIAL SHOCK TUBE EXPERIMENT

In this section, we suggest a configuration that could be studied experimentally in a shock tube. This config-
uration aims at emphasizing the effects of counter-gradient transport. It could constitute a good validation
benchmark for models used to predict RMI/RTI driven turbulence as well as stably stratified turbulence.

The principle of the experiment is the following. In a shock tube, a shock is generated by a high-pressure
chamber and travels from a light fluid to a heavy fluid. Meanwhile, a rarefaction wave is generated in the
high pressure chamber, and is reflected at the rear of the shock tube. The reflected wave follows the shock
at a distance which can be controlled by the high pressure chamber length. When the shock impacts the
interface between the two fluids, a mixing zone is generated and becomes turbulent. This mixing zone is in
turn impacted by the reflected rarefaction wave. This second interaction corresponds to a situation of stably
stratified turbulence, and may lead to counter-gradient transport.

Such a configuration has been studied numerically with the characteristics summarized on figure 6.3.
Counter-gradient is indeed predicted by the extended GSG model, leading to strong differences with the stan-
dard GSG model. The evolution of the mixing length is shown on figure 6.3. Note that the rarefaction wave
impacts the mixing zone at t = 5.8 ms. Thus, this potential experiment should have the ability to discriminate
models in the case of stably stratified turbulence.
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Fig. 6.3. Potential shock tube experiment: set up (a) and mixing length evolution (b)

7 CONCLUSIONS

In this work, we extend the GSG second order turbulence model [4] by formulating equations for the concentra-
tion correlations. A PDF model stochastically equivalent to the existing GSG model is derived, and completed
with a stochastic concentration equation. Then, concentration correlation equations are deduced. The interest
of this method is to preserve the self-coherency of the second order model. In particular, the new closures in
the concentration flux equations are found to be dependent on the ones used in the Reynolds stress equation.

The extended GSG model is then applied to the experimental configuration studied by Kucherenko et al [6].
It is shown that the model has the ability to predict the transition from gradient to counter-gradient transport
observed in this experiment. Finally, an experimental shock-tube configuration is proposed in order to validate
further the model.

As a side consequence of this work, we also derived a PDF model (eq. (3.1)-(3.3)) suitable for computing
turbulent flows with strong density and pressure variations, as well as stably stratified turbulent flows with
counter-gradient situations. This model contains an equation for a stochastic density, and a Langevin model
with an explicit dependence on density.
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Abstract :  
We describe the morphological descriptors known as Minkowski Functionals (MFs) on a shock-induced mixing prob-
lem.  MFs allow accurate and compact characterization of complex images[1]..  MFs characterize connectivity, size, 
and shape of disordered structures [2,9]. They possess several desirable properties, such as additivity, smoothness, and a 
direct relationship to certain physical properties. The scalar MFs that we describe can be extended to a moment-based 
tensor form that allows more thorough image descriptions. We apply MFs to experimental data for shock-induced mix-
ing experiments conducted at the LANL shock tube facility. Those experiments, using low Mach number shock waves 
in air to induce the Richtmyer-Meshkov instability on air-SF6 interfaces, provide high-resolution, quantitative planar 
laser-induced fluorescence (PLIF) images. We describe MFs and use them to quantify experimental PLIF images of 
shock-induced mixing.  This method can be used as a tool for validation, i.e., the quantitative comparison of simulation 
results against experimental data. 
 
1 INTRODUCTION  
 
Turbulent mixing plays a critical role in many important physical situations, from combustion to multi-phase flow. 
Questions about how a shock front evolves from a simple form to the more intricate ones seen in later stages are diffi-
cult to answer; even more vexing are those questions that deal with the break up of a coherent front into disconnected 
regions of turbulent mixing.  Our experimental data set consists of 11 PLIF (pulse laser induced fluorescence) images of 
a SF6 shock front that mixes with the ambient air.  Treating those images as a series of approximately concentric level 
sets, we reduce the images to a series of silhouettes.  We apply metrics derived from consideration of integral geometry 
called the Minkowski Functionals (MFs) to characterize these shapes and thereby reduce the evolution of the shape into 
a time series for each of the 3 MF's.    
 
2 EXPERIMENT and DATA  
 
The shock-tube facility at LANL, depicted in Fig.2.1, provides high-resolution experimental data that captures the evo-
lution of Richtmyer-Meshkov instability and the transition to turbulence in a low Mach number (≈1.2) shock-driven air/ 
SF6 interface. See the works of Prestridge et al. [11,16], and references contained therein for a description of the ex-
perimental facilities, diagnostics, and data.  We focus on the shock-accelerated evolution of a cylinder of SF6 [12}.  The 
shock-induced instability evolves from an ordered, vorticity-driven structure to a significantly disordered, transitionally 
turbulent structure in first 1200 µs subsequent to the shock-cylinder interaction.  During this evolution, both baroclinic 
(e.g., Richtmyer-Meshkov) and shear-driven (e.g., Kelvin-Helmholtz) instabilities act on different parts of the structure 
at different times.   
um, high) concentrations levels.  It is these contours that will be subjected to the MF analysis.  
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Fig. 2.1. Schematic of the LANL shock-tube experimental facility.  
 

 
 
 
 
 
 
 
 
 
Fig. 2.2. contains PLIF images of the experimental concentration of the SF6 for a series of experiments. In these images, the 

shock travels from top-to-bottom. The initial condition schematic (far left, top row) depicts an idealized horizontal “slice” 
through the vertical gas cylinder before shock passage. As time progresses (top row, from left to right), the early-time pri-
mary instability gives way to later-time secondary instability in the pseudo-color, quantitative PLIF images.  The bottom 
row contains images, at each of the post-shock times, of contours associated with three (low, medi um and high) levels. 

 
3 MINKOWSKI FUNCTIONALS 
 
The Minkowski functionals are defined in terms of parallel bodies, that is, the set of all points within a fixed distance of 
the body in question (hence the term parallel). Despite the somewhat daunting notation and language used to define the 
MFs, the MFs in 2 and 3 space are very simple, as seen in Table.   What is really important about the MFs are their very 
useful properties.  First, they are very small in number; to describe an object in d-dimensions, there are only(d+1) MFs 
needed.  Furthermore, according to the very elegant Hadwiger’s Theorem[1,2,3,13], any additive measure of shape can 
be described as a linear combination of the MFs, in any d-dimensional space.  Third, the MFs are additive, in the sense 
that the MFs of a composite body are the sum of the components, minus the MFs of the shared regions, particularly 
important for treating aggregate material[9,10].  This not only means that the MFs can be used to describe how a body 
can split and join, it also means that there is no loss of functionality in going from continuous data to gridded (for ex-
ample, using pixels or voxels[4]).  It also means that the computation of the MFs is both easy and readily adaptable to 
distributed and parallel processing[7].  The MFs have the nice property of being independent of position and  orienta-
tion, although knowledge of these parameters can be retrieved by computing the standard spatial moments of the 
MFs.[2].  

        
For bodies in d , the intrinsic volume ( )dV K  is increased when the original body is extended to a parallel body by an 
amount ε according to Steiner’s Formula : 
 
  (1.1) 
 
 
where iκ is the volume of the unit ball d

rB in d-space and the ( )iV K  are the (d+1) Minkowski functionals for objects 
in d-space. 
 
This formula establishes the finite (d+1) number of functionals for an object in d-dimensions, although it does not make 
clear how to compute them or their significance.  The complete mathematical derivation of both the functionals and an 
algorithm to compute them from this expansion is given by Klenk, et al. [7], but the problem can be simplified much 
further by writing the functionals themselves as integrals.   
  (1.2) 
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where the iR  are the radii of curvature and the iΘ are the coefficients in the polynomial expansion  
 
  (1.3) 
 
 
 
 
As integrals in this form, the MFs clearly have both a physical significance and physical units, in addition to the obvi-
ous geometric interpretation.  Furthermore, written as integrals over the surface or across the volume, the MFs have an 
obvious relationship to the volume integrals and surface integrals that are so common in computing forces, moments, 
and energies, as well as energy exchanges and fluxes through the surface integrals, thereby becoming meaningful in the 
sense of the underlying physics. Readers interested in the details of the mathematics and derivation are directed to the 
excellent summaries provided elsewhere [1,9,10,13]. 
 

Minkowski Functional Order 2-D, Plane Object 3D, Volume Object 
0 No. of Distinct Objects Euler Number 
1 Area (A) Volume (V) 
2 Perimeter (L) Surface Area (S) 
3 N/A Mean Curvature (H) 

Table 1Minkowski Functionals for 2 and 3-Dimensions 

The simple geometric interpretation of the 2-D (planar) MFs almost obviates the computational issue; but as in any 
conversion from an abstract integral to a numerical value, the devil is in the details.  The computation is much simpli-
fied by converting the volume integrals into surface or line integrals using Stokes' Theorem, as described best in 
[6,15,16].   
 
     
4 RESULTS 
 
The results of this analysis are depicted in Fig. 4.1.  In each of these plots, the functional is plots along the ordinate with 
time along the abscissa. The left plot shows the evolution of connectivity; the middle plot shows the area, and the right 
plot shows the perimeter.   For the connectivity (left plot), the early times have a single structure (cf. Fig. 2.2), so M0 = 
1; at late times, however, the low concentration (red) consists of many “islands”, while the medium (blue) and high 
(black) concentrations have fewer “islands.”  For the area (middle plot), the low concentration (red) grows with time, 
while the medium concentration (blue) is erratic for t > 650 µs and the high conc. (black) decreases for t > 650 µs.  The 
perimeter (right plot) for the low concentration (red) grows with time, while the medium (blue) and high (black) con-
centrations decrease for t > 650µs (Kumar et al. [8] discuss a perimeter analysis of the two-cylinder case).   
 
 
   
 
 
 
 
 
 
 
 
 

Fig. 4.1. MF for the shock-tube data of Fig. 3.2:  M0 connectivity (left), M1 area (middle), M2 perimeter (right).  
 
5 DISCUSSION 
 
 
 The results of applying the MF methodology to the data are shown in Fig. 4.1.   Note that we applied a completely gen-
eral metric to the data, yet even so, the measures confirm one’s intuition, and, most important, they efficiently and ef-
fectively convert one’s qualitative sense of the gross features of the mixing into numbers and trends.  In fact, by looking 
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not just at one contour value of concentration but three, further details about the interaction of mixing and dissipation 
become more apparent and open to analysis.   
   
   
6 Future Work 
 
 
The MFs possess properties that can quantify complex mixing flows, and given their signature properties of  additivity, 
motion-invariance, and continuity, they can be used to compute features of both the coherent stage of mixing as well as 
the more dispersed and diffuse later stages.  The transition to 3-dimensional data is clear; even the apparently more 
complicated definition of curvature for a flat faced polyhedra has been adequately dealt with by the practitioners of 
animation and surface simplification [5], and thus presents no problem.  
 
The MFs can be extended to reveal information about location and orientation of bodies using simple spatial moments 
[moments] and can be computed without even adding new loops by applying Stokes' Theorem again and integrating 
inductively by parts [15,16] .   
 
Finally, the ease of computation of the MFs will facilitate the statistical analysis of the MFs that is so necessary before 
they can actually be used to make comparisons or defensible inferences.   
 
 We believe that the MFs offer a powerful mathematical and physics tool that will accelerate the analysis of numerical 
simulations for these cylinder experiments (for quantitative validation), as well as for new turbulent mixing experiments 
and simulations 
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Abstract: For accelerated, incompressible, ideal elastoplastic plates of finite thickness with a preformed sinusoidal 
perturbation at the interface, we investigate the spatiotemporal evolution of the stress tensor to construct the boundaries 
that demarcate the transition between elastically stable modes and the onset of stable dynamic plastic flow. 
 
1  INTRODUCTION 
 

In accelerated solids, one has to distinguish between two kinds of phenomena both of which lead to dynamic 
plastic deformation and are oftentimes perceived as one and the same under the name of ‘instability growth.’ First, there 
is the exponential growth of modes whose cutoff and most-unstable wavelengths are determined by the elastic behavior 
of the medium (elastically unstable modes) [1]. Second, there is the plastic deformation of small initial material pertur-
bations in elastically stable oscillatory configurations whose onset depends on the yield stress of the medium. The first 
falls into the category of dynamic elastic stability problems known as Rayleigh-Taylor instability (RTI) in solids. How-
ever, the second is a stable dynamic plastic flow problem for which there is no counterpart in fluids and is often con-
fused with a stability problem. Instability of a system is the transition from a basic state into a different one that arises 
because the system is unable to dampen down small perturbations in the field variables, which is not the case when the 
elastic limit is reached in a solid undergoing stable oscillations. In the literature on accelerated solids, the usage of the 
term ‘instability’ to describe the onset of dynamic plastic flow and sustained flow in the plastic regime that originated 
from an elastically stable state is ubiquitous [2-11]. This has also led some investigators to think about the process of 
stable oscillatory plastic deformation of interfacial disturbances as if it were the result of a ‘growth rate’ process akin to 
the RTI.  
 
 
2  MOST UNSTABLE ELASTIC DISTURBANCES 
 

The dispersion relation for an elastic plate of finite thickness [12] in dimensionless variables is 
 

   

  

! 

"(#;$ ,% ) =$ 2 16$ 4(#2 +$ 2) &# 4[ ] +

+ (#2 + 2$ 2)2 (#2 + 2$ 2)2 & 8$ 3' coth%$ coth'% & csch%$ csch'%( )[ ] = 0
   (2.1) 

 
where the dimensionless growth rate and wave number are     
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" =# a (G $)1/ 2 and     
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 that corresponds to a maximum value of the growth rate 
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.  Disturbances that nei-
ther grow nor decay are neutral (  
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" = 0) and demarcate the elastic stability boundary corresponding to the cutoff pertur-
bations of dimensionless wave number 
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c
.  A relationship between 
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 and 
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"  can be derived from Eq. 2.1 
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Figure 2.1a shows the most-unstable and the cutoff wavelengths as a function of the plate thickness, both sca-

led with the cutoff wavelength for an infinitely thick plate 
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"
c#  (    
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= 4"G #a ) [6,13,14].  In this figure, the abscissa 
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h "
c#  and the ordinate 
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1 2" , respectively. For 
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h "
c# > 2.55 , 
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"
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 is 
practically constant and larger than twice 

  

! 

"
c
 (

    

! 

"
m
"

c
= 2.2159 ).  It is interesting to note that the largest perturbation 
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wavelength (
    

! 

"
m
"

c# = 2.2654) that can maximize the growth rate corresponds to a finite thickness plate 
(
    

! 

h "
c# = 0.8380 , at which the maximum occurs). This is surprising, since the largest 

  

! 

"
c
 corresponds to an infinitely 

thick plate (dotted line in Fig. 2.1a). Figure 2.1b shows that 
  

! 

"
m  is bound between two asymptotes (
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"
m

= 1 2 as 
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h "
c# $ 0 , and 
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"
m

= 0.3119  as 
  

! 

h "
c# $#) and decreases as 

  

! 

h "
c#  increases (the abscissa in Fig. 2.1b has been ex-

tended to show the bounding asymptotes). In practice, disturbances on a solid plate may arise from different sources, 
such as the system or device that imparts the acceleration or they could be preformed on the solid intentionally or as 
part of the manufacturing process. However, whether or not a particular disturbance wavelength is destabilizing will al-
so depend on the lateral dimensions of the solid.  

 

  
           a)         b) 
Fig. 2.1  Dimensionless most-unstable wavelengths and growth rates.  a) 
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c#  as a function of the di-
mensionless plate thickness 
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c# , b) 

  

! 

"
m  as a function of 
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3 STABLE OSCILLATORY MODES 
 
 We consider the dynamics of plates of thickness   
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h , with a preformed sinusoidal perturbation at the interface of 
small amplitude   
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a . Plohr and Sharp [12] derived the governing equations that describe the mo-
tion of this system, obtained the Laplace transform of the stream function       
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the solutions for the displacement at the interface and the vorticity distribution. However, they did not present any nu-
merical results and did not investigate the onset of plastic flow. In order to shed some light into the spatiotemporal be-
havior of stable oscillatory modes and to understand how the onset of plastic flow unfolds, we derive the deviatoric 
stress tensor   
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S  explicitly and compute the effective stress as a function of the controlling parameters.  We introduce the 
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To facilitate the graphical visualization of the effective stress, the time variable can be eliminated by integration over 
time to obtain the root-mean-square (RMS) of the effective stress 
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Since the components of the stress tensor are not time-periodic and neither is the effective stress, the time integral in Eq. 
3.2 must be carried out to infinity. Figure 3.1a shows the distribution of 

  

! 

seff rms

 along the plate thickness 

! 

"  at different 
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horizontal locations   

! 

z  for   
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" = 0.01 and 
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" z = # / 2, 
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"  but decreasing 
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" "
c#  to   

! 

0.00167 , Fig. 3.1b shows dramatic changes when compared to the distribution in Fig. 3.1a. 
 

 
          a)                  b) 
Fig. 3.1.  Spatial variation of the root-mean-square of the effective stress 
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4  ONSET OF PLASTIC FLOW  
 

We define the onset of plastic flow boundaries     

! 

"
cr

(# ,$ )  as the locus of states for which the absolute maximum 
of the effective stress reaches the yield stress of the solid along the lower plate boundary during the initial transient, 
which in terms of dimensionless variables can be represented as 
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We compare the boundaries     
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(# ,$ )  (see Eq. 4.1) based on the exact stress tensor from Eq. 3.1, with the equation 
developed by Nizovtsev and Raevskii [5], which in our dimensionless variables is 
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Figure 4.1a shows that for   

! 

" = 10 the discrepancy between Eq. 4.2 and the exact result 4.1 is not only substan-
tial but also misses the cutoff, which occurs at 
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c
"

c# = 0.998 , and a region that is not monotonic and varies rapidly 
(in this instance, four main regions of different behavior comprise 
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). Equation 4.2 predicts that the largest amplitude 
disturbance is always at   
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" = 0  regardless of thickness and that the susceptibility to the onset of plastic flow decreases 
uniformly as the wavelength decreases from 
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 to 0.  This assertion holds only for thin plates. For instance, for   
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Large plastic deformations lie in a different regime from the values predicted by either 
  

! 

"
NR

 or 
  

! 

"
cr

.  Yet, Eq. 
4.2 has been used to compare with experiments and simulations where plastic deformations have more than doubled 
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their initial amplitude [5,6,9-12,14], and it has also been argued that experiments are in reasonable agreement with 
  

! 

"
NR

. 
The metric used to ascertain ‘instability’ hinged on large deformations, which are incompatible with the postulates of 
Eq. 4.2. To make such comparisons consistent a criterion based on a prescribed large plastic deformation must be for-
mulated.   
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Fig. 4.1.  Onset of plastic flow boundary curves represented in terms of the critical dimensionless amplitude 
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and 
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 for 
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" =10.  b) Exact boundaries 
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 for 
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5  SUMMARY 

For elastically unstable accelerated plates, we calculated the most-unstable modes and determined that the lar-
gest perturbation wavelength that can maximize the growth rate corresponds to a finite thickness plate. By examining 
the exact solution of accelerated elastic plates of arbitrary thickness, we computed the temporal evolution of the stress 
tensor, which led to the construction of the boundaries 

  

! 

"
cr  that demarcate the transition from elastically stable oscillato-

ry modes to the onset of stable plastic flow.  Earlier estimates of these boundaries using the thin-plate approximation 
and its variants differ substantially from the present results.  In the zero wavelength limit, we found that when the onset 
is reached the amplitude disturbance satisfies 

    

! 

" a#h
cr

2Y =0.693 , regardless of plate thickness.   
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Abstract: This paper investigates ability of a Lagrange-remap method (Turmoil) and a Godunov method
(CNS3D) to capture the growth of unstable modes and complex turbulent mixing. They are compared through
simulations of a single mode Richtmyer-Meshkov instability, and the half-height experiment of Holder et al.
(IWPCTM9,2004). It is shown that both codes agree well with experiment and theory in terms of growth of the
mixing layer and ability to capture principal flow features. CNS3D captures shock waves with no oscillations,
however Turmoil allows the grows of smaller perturbations as the dissipation is not Mach number dependent

1 INTRODUCTION

The Richtmyer Meshkov instability (RMI) develops as a shock wave passes through a perturbed interface
between two different materials or gases [8]. This instability is of fundamental importance in the understanding
of inertial confinement fusion [13] and supernovae [1]. Numerical codes for the simulation of such complex flows
are typically calibrated against theoretical, experimental, or previous numerical studies. The solution gained
when simulating flow instabilities depends greatly on the numerical schemes used, thus it is important to
establish the independence of certain reference results from the choice of numerical scheme.

This paper investigates the influence of numerical method and grid resolution on the growth of a three
dimensional single mode planar RMI. The test case adopted is that of Li and Zhang [7]. Using these initial
conditions the solution in the linear and non-linear regime is compared to theoretical solutions developed in
Zhang and Sohn [14] and Richtmyer [8]. The same numerical methods are then employed to simulate the
half-height experiment [6], a turbulent mixing experiment involving Richtmyer-Meshkov and Kelvin-Helmholtz
instabilities. In the final section conclusions are drawn about the relative performance of each scheme.

2 NUMERICAL METHODS

Two significantly different numerical methods are employed. CNS3D is a finite volume Godunov method using
a characteristics based Riemann solver [4], where second order accuracy is achieved through van Leer’s MUSCL
limiting technique [10] and the Total Enthalpy Conservation of the Mixture model is employed to model the
gas mixture [11]. Time advancement is achieved using a 3rd order Runge Kutta method [9]. Turmoil uses
a Lagrange-remap method [12]. A finite difference technique with quadratic artificial viscosity is used in the
Lagrange phase and a third order van Leer monotonic advection method is used in the remap phase. For
turbulent mixing problems a mass fraction advection equation is used for gas mixtures [13]. For shock tube
applications the x-direction mesh (the direction of shock propagation) moves with the mean x-velocity i.e a
semi-Lagrangian calculation is performed. Although the experiment is turbulent, the simulations do not have
an explicit subgrid model and are thus classed as Implicit Large-Eddy Simulation (ILES) [3]. This is a class of
structural subgrid models, where the dissipation inherent within the solution of the Riemann problem or the
remap phase is employed to remove the turbulent kinetic energy from the resolved scales in a manner similar
to that of a turbulence model.

3 SINGLE MODE RM

3.1 Initialisation

The initialisation for the single mode problem is identical to that used in Li and Zhang [7]. The size of the
computational domain is 6 × 1 × 1 and the boundary conditions are periodic in the y and z directions with
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an extended one dimensional domain in the x direction to reduce the effects of reflected waves. The incident
shock Mach number is 1.5 and travels in the positive x direction. The initial interface perturbation is defined
as a = a0(cos(ky) + cos(kz)) where k = 2π and ka0 = 0.238. The fluids have a density ratio ρ1/ρ2 = 1/5, and
γ1 = γ2 = 1.4. Several grid resolutions have been employed, 30×5×5, 60×10×10, 120×20×20, 240×40×40
and 480 × 80 × 80. In presenting the results, all lengths are non-dimensionalised by the wavelength of the
initial perturbation, and times by the wavelength and post-shock interface velocity. All theoretical results are
computed using the post-shock Atwood number A+ = 0.65, and the post-shock amplitude a+

0
= 0.43. Figure

3.1 shows the time development of the instability at the maximum grid resolution using CNS3D, through the
linear and non-linear growth of the instability. It can be seen that the growth of the instability is dominated
by the ring vortex structure as also seen in experimental studies [2].

(a) t = 0 (b) t = 3.0 (c) t = 6.3 (d) t = 12.9

Fig. 3.1. Isosurfaces of constant volume fraction = 0.5 illustrating the development of the single mode RMI using

CNS3D at the highest grid resolution

3.2 Results and Discussion
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Fig. 3.2. Grid converged mixing layer widths

Figure 3.2 a) and b) show the grid converged mixing layer width compared to nonlinear theory [14] by
Zhang and Sohn and linear by Richtmyer [8], and bubble and spike size as a function of time. It is clear that
there is excellent agreement between the two numerical methods at both early and late times. The results of
Li and Zhang [7] appear to grow more slowly, however, comparing their images it appears that the numerical
scheme is more dissipative, and hence the simulation is under-resolved. The mixing layer width grows more
rapidly than predicted by linear theory, however it is an excellent match for the non-linear theory of Zhang
and Sohn [14] up to a non-dimensional time of about 2.5. After this time the growth is dominated by the
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strong vortex ring which self-convects at a constant velocity. The dominance of this coherent structure causes
the departure from non-linear theory, which depends on 1/t2 at late time. The behaviour over the time-scales
considered within this study match a power law of τ 0.55, where τ is the non-dimensional time.
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Fig. 3.3. Development of the mixing layer widths as a function of grid resolution and numerical method

The bubble and spike widths are also in excellent agreement. Given these initial conditions the spike exhibits
continued growth due to the vortex ring, however bubble growth stagnates very rapidly. At very late time the
bubble begins to grow again due to interaction with the developing turbulent mixing layer. In addition to the
plots shown, identical runs using CNS3D with several different limiting methods (van Albada, Minmod, a third
order limiter) have resulted in the same growth rates, as have simulations using a Roe scheme.

Figures 3.3a) and b) show the development of the mixing width as a function of mesh resolution for both
numerical methods. The total width of the mixing layer reaches an approximately converged solution for 10
cells for Turmoil and 20 cells for CNS3D. The growth of the bubble and spike at the lower resolutions is shown
in Figure 3.4 a) and b) for both numerical methods. The bubble growth is captured more accurately at low
resolution using the Godunov method than the Lagrange-remap method. However, as resolution increases the
Lagrange-remap method performs better. Examining the spike growth it can be seen that this is consistently
underestimated at low resolutions as the numerical scheme damps the strength of the ring vortex. If the grid
resolution is too low then the total circulation is too low and thus the vortex ring does not advect itself at the
correct velocity. The Godunov scheme removes kinetic energy more rapidly than the Lagrang-remap scheme,
leading to a weaker vortex at a given grid size (when under-resolved).

Time t u0 / λ

B
ub

bl
e

he
ig

ht
h B

/λ

0 5 10 150

0.2

0.4

0.6

5 CNS3D
10 CNS3D
20 CNS3D
5 TURMOIL
10 TURMOIL
20 TURMOIL

(a) Bubble

Time t u0 / λ

S
pi

ke
he

ig
ht

h S
/λ

0 2 4 6 8 10 12 140

0.5

1

1.5

2 5 CNS3D
10 CNS3D
20 CNS3D
5 TURMOIL
10 TURMOIL
20 TURMOIL

(b) Spike

Fig. 3.4. Development of the bubble and spike as a function of grid resolution and numerical method
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Turmoil captures the growth rates in fewer cells as the dissipation inherent within the numerical scheme
does not have a Mach number dependence. It is well known that at low Mach numbers Godunov schemes
can be excessively dissipative [5]. Once the shock wave has passed, the maximum Mach number is 0.1, and
decreases significantly with time. The Godunov schemes dissipate more heavily thus impeding the development
of the vortex ring at low resolutions. This also changes the shape of the spike, in the Lagrange-remap schemes
the spike is flatter at late times, whereas the Godunov method predicts a more spherical shape.

4 HALF-HEIGHT EXPERIMENT

4.1 Initialisation

The half-height experiment consists of a Mach 1.26 shock wave in air passing through a block of SF6 filling half
the shock tube. A schematic of the initial condition can be seen in Figure 4.5 (see [6] for more details). As the
shock wave travels passes through the SF6 it travels more rapidly through the air than the block, creating a
strong Kelvin-Helmholtz shear and a complex series of reflected and transmitted shock waves. The main shock
front reflects off the back wall of the shock tube and passes back through the mixing zone bringing it to a rest,
and further increasing the mixing rate.

Fig. 4.5. Schematic of the half-height experiment, note that the shock tube is 100mm deep

The total domain size (initially in the case of the semi-Lagrangian code) extends from −0.45m to 0.35m in
x, where x = 0 at the left SF6 interface, and takes the shock tube dimensions in the other two directions. The
mesh sizes chosen were 600× 160× 320 for CNS3D and 640× 160× 320 for Turmoil. The effects of grid size
were investigated using a coarse resolution grid of 300 × 80 × 160 with CNS3D, and a fine resolution grid of
1280× 320× 640 with Turmoil. The boundary conditions are free slip walls in the z direction, with supersonic
inlet and free slip wall in the left and right x direction. The y direction boundary conditions are periodic.
Turmoil employs a one dimensional domain in the x direction instead of the inlet condition to allow waves to
exit the domain without reflection. The drain hole was not modelled in TUMOIL3D as it was considered not
to have a large effect on the turbulent mixing of the primary vortex. The initial perturbation imparted on the
vertical gas interface by the membrane was modelled as a summation of random modes with RMS amplitude
of 0.1mm at wavelengths between 5mm to 50mm satisfying a power spectra proportional to the wavenumber of
the mode. The density of SF6 and air were 6.34kg/m3 and 1.153kg/m3, and the Ratios of specific heats 1.076
and 1.4 respectively.

4.2 Results and Discussion

A comparison of the results from both codes and experiment at several different time instants are shown in
Figure 4.6. At the first two time instants the shock wave is passing through the SF6 block and the beginnings of
the Kelvin-Helmholtz roll up is seen. Both simulations and the experimental images agree extremely well. The
first differences can be seen at 1ms, where the higher resolution of Turmoil permits the growth of an unstable
mode on the primary vortex generated by the Kelvin-Helmholtz instability, whereas CNS3D has damped this
motion. In this frame the refracted shock wave converges at the lower right hand side of the block creating
a high pressure, velocity and density region which leads to the visible ‘bump’ in numerical and experimental
images.
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At 2ms the reflected shock has passed through the ‘bump’ creating an almost single mode quasi-two-
dimensional Richtmyer-Meshkov mushroom shaped spike. Also visible in experiment and simulations is the
growth of an instability in the outer arm of the primary vortex. This is in almost the same position in experiment
and simulation. At 3ms the simulations show that the mushroom shaped feature is pointed upwards, however
in the experiment it is more horizontal. This is caused by the drain hole which acts as a supersonic jet exiting
to atmospheric pressure, entraining the mushroom shaped perturbation. The primary vortex reaches the top
of the shock tube at 3ms in both experiment and simulations, indicating that the growth of the length scales
present in the experiment are captured well.

In comparing the two codes it is observed that the Godunov method captures the shock wave more accurately
(without oscillations), however the Lagrange-remap method is generally less dissipative and allows the formation
of many small scale features. The Turmoil simulation has approximately double the resolved turbulent kinetic
energy at a given time instant. However, both codes predict the location of maximum plane averaged turbulent
kinetic energy at 3ms to be at x = 0.24 ± 0.005m. Convergence of the results has been examined via a
simulation run at resolution 1280 × 320 × 640 using Turmoil. It was found that profiles of plane averaged
mixing (< f1 >< f2 >) and molecular mixing (< f1f2 >) agree to within 15% for all simulations.

5 CONCLUSIONS

The converged growth rates of the single mode Richtmyer-Meshkov instability have been shown to be in good
agreement with the theory of Zhang and Sohn [14] until the growth is dominated by the coherent ring vortex.
Bubble growth stagnates very rapidly after the early non-linear stage, whereas the spike continues to grow due
to self advection of the vortex ring. Comparing the two codes employed, the Godunov scheme requires more
cells to resolve a single mode due to the Mach number dependence of numerical dissipation. The dissipation
within the Lagrange-remap code is Mach uniform and hence the low Mach features of the mixing layer are
better resolved. This is also reflected in simulations of the half-height mixing experiment, where both codes
agree very well with experimental images, but Turmoil permits the evolution of relatively low Mach number
modes.
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(a) 0.20ms

(b) 0.37ms

(c) 1ms

(d) 2ms

(e) 3ms

(f) 4ms

Fig. 4.6. Comparison of experimental images (left, c©British Crown Copyright 2006/MOD) and SF6 density (kg/m3)

for Turmoil at 640 × 160 × 320 (centre) and CNS3D (right) at 600 × 160 × 320
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Abstract : We have derived two models in order to predict the nonlinear growth of the Richtmyer-Meshkov instability 
(IRM). Comparisons with experimental, numerical and other theoretical results are presented. 
 
1 INTRODUCTION 
 

The IRM occurs at the interface between two materials at the passage of a shock wave. Any perturbation of this in-
terface first grows linearly, then nonlinearly; at late time, complex structures appear at the interface which then reaches 
a pre-turbulent regime. The nonlinear regime of the IRM, in the planar geometry, has been studied by numerous authors 
who derived algebraic solutions [1-3]. These ones have a limited range of validity due to a secular behaviour which 
leads to a divergence of the series in time. As a result, only the weakly nonlinear stage of the IRM can be studied by 
these methods. Others authors use boundary integral methods [4] which derivation is complex, or generalized Layzer-
type solutions [5-8] which focus on the bubble and the spike.  

In this paper, we present attempts to derive two tractable models to predict nonlinear IRM. The first one still uses 
algebraic solutions but some hypotheses allow to remove the secularity and therefore to study the nonlinear regime. It 
describes a single mode interface but deals with two fluid interface. The second one rewrites former work [9] using con-
formal mapping and Fourier transforms. It deals with a multimode interface but, at this time, only one fluid is consid-
ered. 

The paper is organized as follows. In Sec. 2, we summarize the derivations of theses two nonlinear theories. In Sec. 
3, some comparisons between our models and direct numerical simulation [10], experiments [11] and other models [6-
8] are presented. 
 
2 THEORETICAL DERIVATIONS  

 
We consider a single-mode sinusoidal perturbation, described by ( )txz ,η=  between two gases (see Fig.2.1). The fluids 

are considered inviscid and incompressible. The flow is supposed irrotational and 
the velocity in each fluid derives from a potential. The Atwood number is defined 
as ( ) ( )ρρρρ +−= '/'At . The equations that have to be solved are the Laplacian 
equation for the potentials Φ, the motion equation of the interface in each fluid, 
and the Bernoulli’s equation at the interface. In order to simplify these equations, 
we use the following change of variable: 

  tTtxzZxX =−== ),,(, η ,   (2.1)    
 
which leads to a new set of equations. In a previous model [3], which used pertur-
bation methods, the interface and the velocity potentials were written as: 

( ) ( )( ) ( ) ( )( )��
∞

=

∞

=
Φ=Φ=

11
,,,,,,,

n

n

n

n tzxtzxtxtx ηη , where ( )nη  and ( )nΦ are propor-

tional to the non-dimensional time, tka στ 0= , to the power n and n-1, respectively. The parameters 0a , k , σ0a , are 
the post-shocked amplitude of the perturbation, its wave number, and the initial growth rate of the instability, respec-
tively. Perturbation methods lead to divergent results for 1≈τ . In order to build a new approach, we use the following 

expression for the interface: ( ) ( )�
∞

=
=

1
cos,

i
i kXTATXη , where the )(TAi are supposed to be continuous monotonic 

 
Fig. 2.1: Sketch of the configuration 
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functions of time. For the classical perturbation method, the main hypothesis was: ...321 >>>>>> AAA With the new 
model, this hypothesis evolves with τ : as τ grows, the )(TAi  become of the same order. Let us remark that the pertur-
bation method is exact for 1<τ ; so, classical and new approaches must match asymptotically for 1=τ . 
 
In order to solve the set of equations, several hypotheses are made: 
- the potential velocities are written as in Eqs. 2.2 
 

 
 
 
 
 

 (2.2) 
 
 
 
 
 

(2.3) 
 

- the dynamics of the interface is controlled by the iiB , (see Eqs.2.2). These hypotheses lead to Eqs.2.3 for the motion 
equation, and Eqs.2.4 from the Bernoulli’s equations (parameters (i) are expressed in the first 3 expressions of Eqs.2.4). 
- the jiB , are computed in order to cancel the terms leading to divergent solutions 
As divergent terms, or terms leading to unphysical behaviour of the solutions are cancelled out by the jiB , , the set of 
equations is expanded and simplified. The following system is obtained when three harmonics are considered:  

 
 
 
 
 
 
 
 
 
 

(2.4) 
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As we suppose that the dynamics of the instability is “led” by the iiB , , we will hereafter refer to this model as the lead-
ing term model. 
The solutions of Eqs.2.4 are obtained numerically with symbolic computation software and lead to saturated growths of 
each harmonics, as shown for At=1in Fig.2.2. However, such results are not exact solutions of the initial problem: once 
put back in the initial system of Laplacian, motion and Bernoulli equations, some residues remain. It has been checked 
that these residues tend toward zero with time. So we are confident that the Eqs. 2.4 give a solution which tends to and 
approximates the exact solution.  
The other model which has been derived studies nonlinear IRM via conformal mapping [9]. Only one incompressible 
fluid is considered. The initial set of equations is solved on a circle by conformal transforms of the physical interface 
(see Fig. 2.3) and potentials. Unfortunately, as this mapping is estimated through Fourier transforms, aliasing errors oc-
cur and the estimated solution diverges. Application of anti-aliasing filters is under progress. 
 
3 VALIDATION OF THE MODELS AND QUANTITATIVE RESULTS 
 

Simulations of a shock tube experiment [11] have been carried out by the CEA hydro-code TRICLADE [10]. The 
post-shocked Atwood number is 0.635. Gases are a mix of air and acetone, and SF6. The Mach number of the incident 
shock wave is 1.3. The initial perturbation is a single-mode sinusoidal. In Fig.3.1, we present a comparison between re-
sults from TRICLADE and two theoretical models: perturbation method and leading term model. It can be noticed that 
the perturbation method [3] over-estimates numerical data before the secularity; this could indicate that the range of va-
lidity of this theory is shorter than anticipated with the rule 1≈τ . On the other hand, the leading term nonlinear model, 
once initiated with numerical data, predicts a growth which only slightly over-estimates the simulation, even far beyond 
the weakly nonlinear regime. Let us remark that both numerical and leading term results are in good agreement with the 
experimental data presented in [12]. 
 

Bubble and spike 
velocities are now 
studied by com-
parisons between 
numerical simula-
tion [10] (At=0.99) 
and our models for 
At=1. The results 
are presented in 
Fig. 3.2. For the 
bubble velocity, 
both models show 
good agreement 
with the numerical 
simulation in their 
respective range of 
validity, i.e., before 
aliasing for con-

formal mapping model and for ka(t) > 1 for leading term model. For the spike velocity, the range of validity is very 
small for the conformal mapping model; this is not the case for the other model which under-estimates slightly the nu-
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Fig. 2.2: Growth of harmonics from Eq. 2.4. 
Asymptotic matching with perturbation theory 
(dotted lines) is done for 1≈τ . At=1. 
 

Fig. 2.3: Principle of the conformal mapping solution. At=1. 
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Fig. 3.1: Half peak-to-valley amplitude for 
simulation (symbols), perturbation theory (dashed-
dotted line) and leading term model (full line). 
At=0.635. 
 

Fig. 3.2: Bubble and spike velocities for simulation 
(symbols), and nonlinear models with conformal 
mapping (dashed-dotted line) and leading terms (full 
lines). At=1. 
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merical results. Some models [6-8] give the evolution of the bubble velocity as a function of time. We present in Fig. 
3.3, comparisons between the results of Sohn’s model [7] and our nonlinear models for At=1. Once again, the agree-
ment between the different theories is very good in their range of validity. It has been checked that this good agreement 
is also true for the other cited models [6,8]. 

 
Finally, in order to 
validate the nonlinear 
model derived from the 
leading term hypothe-
ses, we present in Fig. 
3.4 a comparison be-
tween experimental re-
sults [11] and theory. 
Here, in order to fit 
with the experimental 
data, the initial condi-
tions of the model are 
obtained by asymptotic 
matching with the 
weakly nonlinear per-
turbation model [3]. It 

can be verified that the agreement between the model and the experiment is excellent, even for time as long as τ =10. 
At this time, the experiment shows that the interface presents mushroom structures and is multivalued. Our model can-
not describe such interface; nevertheless, the amplitude is correctly predicted. This could mean that the form of poten-
tials, Eqs.2.2, is correct for the bubble and the spike, even in far nonlinear regime. 
 
4 CONCLUDING REMARKS AND DISCUSSION  

 
New nonlinear models have been derived; the first one uses some hypotheses in order to get rid off the secular be-

haviour of perturbation method: the main one is that the dynamics of each harmonics is led by the first term in the ex-
pansion of its potential (see Eqs. 2.2). This model gives the growth of a single-mode perturbation for the IRM. This re-
sult is obtained by solving a set of coupled ordinary differential equations. The pseudo-solution which is obtained seems 
to be a good approximation of the exact solution. Indeed, several comparisons with experimental, theoretical and nu-
merical results show good agreements for a wide range of Atwood numbers. This remains true from linear to nonlinear 
regime. The second  model uses conformal mapping in order to solve the equations of the dynamics of the interface on a 
circle with Fourier transforms. First results show a good agreement with numerical and theoretical results before alias-
ing errors make the solution to diverge.  

New experiments [13] are in progress in order to further validate the leading term model. These experiments use a 
new grid which is built by stereo-lithography; this gives a good knowledge of the initial shape of the interface which 
will allow precise comparisons between experimental and theoretical data. 
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ing term nonlinear model. At=0.635. 
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Abstract:  We report on experiments that make use of a magnetorheological (MR) fluid to form a membraneless inter-

face with water.  An MR fluid can be “frozen” into well-defined shapes by applying a magnetic field of sufficient mag-

nitude.  When the magnetic field is released, the MR fluid behaves as a nearly Newtonian fluid.  This magnetic property 

is used to study 2-D single mode interfaces in a test chamber of rectangular cross section.  The MR fluid is a suspension 

of Fe particles [~30% by volume] in hexane.  The MR fluid is optically opaque and the interface is imaged with diffuse 

back lighting.  The growth rates are compared with previous MR experiments and with potential theory-based asymp-

totic solutions.    

 
1 INTRODUCTION  
 
An interface between two different fluids that is accelerated such that the light fluid pushes the heavy fluid is considered 
unstable.  Such a configuration is considered Rayleigh-Taylor unstable if that acceleration is sustained, whereas the 
Richtmyer-Meshkov instability involves an impulsive acceleration [1,2].  These types of hydrodynamic instabilities 
have been found to occur in many settings, such as astrophysics and inertial confinement fusion.  Their presence in the 
fusion process is the main motivation for their study, as these instabilities cause unwanted mixing, thereby reducing the 
yield of the fusion reaction.  Studying these instabilities has presented a particularly interesting challenge: how to set-up 
the initial conditions.  One of the biggest hurdles to setting up a Rayleigh-Taylor experiment is generating the initial 
conditions.  The interface needs to have no initial velocity and, ideally, the spectral content of the perturbations should 
be well characterized.  Accomplishing this experimentally is an interesting challenge, and has resulted in many different 
approaches.  These techniques include: two parallel channels of flowing water at different temperatures initially sepa-
rated by a wall [3], an initially stable configuration of immiscible fluids subjected to an arbitrary acceleration [4] and an 
unstable configuration where the two fluids are initially separated by a removable barrier [5].  Another technique uses 
the unique properties of a magnetorheological fluid to generate the interface [6].  This technique has been expanded 
upon here by using an MR fluid with a lower viscosity and surface tension to enhance the interfacial mixing.     
 
2 EXPERIMENTAL SETUP 
 
A magnetorheological (MR) fluid is a suspension of carbonyl iron powder in a carrier fluid.  The previous experiments 
utilized mineral oil for the carrier fluid, while the experiments described here use hexane.  The carrier fluid was 
changed to significantly lower the viscosity and surface tension of the MR fluid.  Oleic acid is also added in small 
amounts to prevent agglomeration of the iron particles after the magnetic field is released.  A useful advantage of using 
a suspension like this, as can be seen in Table 1.1, is that the Atwood number can be adjusted by varying the volume 
fraction of the iron particles.  The major properties of the MR fluids studied so far are summarized below in Table 1.1, 
which gives the volume fractions of the carbonyl iron powder (φ), density (ρ), viscosity (µ), interfacial tension (T), time 
constant (τ ) and Atwood number (A). 
 

Carrier Fluid φ ρ [kg/m
3
] µ  [Pa-s] A τ  [s] T  [N/m] 

Hexane 0.317 2735 Est.  ~ 0.002 0.465 0.1179 ~ 0.05 

Mineral Oil 0.15 1782 0.1 0.282 0.1515 ~ 0.51 

Mineral Oil 0.2 2050 0.15 0.345 0.1369 ~ 0.51 

Mineral Oil 0.3 2772 0.77 0.471 0.1173 ~ 0.51 

 
Table  1. 1. Magnetorheological Fluid Properties 

 
The MR fluid is shaped inside a test section of rectangular cross section (6.35 x 1.27 cm

2
).  A single mode, 2-D sinusoi-

dal perturbation with a wavelength of 2.12 cm and an initial amplitude of 0.32 cm is created by freezing water over a 
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machined plunger.  The MR fluid is then poured over this ice and then frozen using two banks of magnets (Figure 1).  
Then, once the ice is melted and replaced with water, the magnets are removed and the growth of the interfacial pertur-
bations is imaged using diffuse backlighting and a high-speed digital camera.  Figures 1 and 2 below show the test sec-
tion placed between the banks of magnets and the shaped plunger in the test section.   
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
                       Fig. 2.1. Test Section and Magnets             Fig. 2.2. Test Section Before Freezing 

 
 
3 RESULTS 
 

 
Fig. 3.1. Montage from a single mode initial condition experiment 

 
The set of images in Fig. 3.1 is a sequence from a single experiment using a hexane based MR fluid (opaque) super-
posed over water.  The desired initial conditions are superposed on the first image, showing that the interface shaping 
process works very well.  The interface that is produced is very well defined, with the only discrepancy being the pres-
ence of a small air bubble that is due to various challenges in preparing the interface.  The opaque nature of the MR 
fluid precludes the observation of the water rising and so we are limited to observing the MR fluid falling into the wa-
ter.   
 
Some asymmetry can be seen in the development of the interfacial mixing in Fig. 3.1.  The MR fluid on the right side of 
the test section seems to fall slightly earlier than that on the left side.  This can be attributed to the presence of the air 
bubble near the interface as this will have greater buoyancy than the water and hence will initially push up the MR fluid 
faster than if there were only water present.  The side-walls of the test section do not appear to have any significant ef-
fect on the growth of the perturbations until late times, when the MR fluid veers towards the wall on the left side.  This 
is consistent with previous experiments done with mineral oil based MR fluids, where the effect was found to increase 
in strength with perturbations located closer to the walls [6].  Further comparisons with the previous experiments reveal 
that the width of the perturbations grow much more quickly with the lower viscosity MR fluid, yielding more well de-
fined Kelvin-Helmholtz rollups and faster mixing.     
 

t/τ = 0 t/τ = 0.339 t/τ = 0.678 

t/τ = 1.017 t/τ = 1.356 t/τ = 1.695 

388



 
10

th
 IWPCTM – PARIS (France) July 2006 

 

The following figures give a brief comparison of the growth using the two different kinds of MR fluids.  Figure 3.2 
shows the data for the hexane MR fluid compared with data from a mineral oil MR fluid.  These are presented in non-
dimensional form where L is the width of the test section and τ = (L/Ag)

0.5
 is the time constant taken from Table 1.1.  

This non-dimensionalization works quite well as the two data sets nearly collapse to a single line, with the error bars 
overlapping, even though the Atwood numbers are very different.  Figure 3.3 compares the asymptotic velocities with 
predictions based on a potential theory solution [7], which is given for an RT spike by Equation 3.1: 
 

 
,                                                                      (3.1) 
 

 
The asymptotic velocity is thus just a function of three parameters: the Atwood number A, the acceleration constant g, 
and the wave number of the perturbation k.  The measured velocities grow with increasing Atwood number, just as the 
theory predicts, but the values are under predicted by the theory.  This theory was derived using inviscid, incompressi-
ble assumptions, which may account for the differences, as the fluids used here can hardly be considered inviscid.  
Comparing MR fluids of similar iron concentrations (similar Atwood number), we can see that the terminal velocity of 
the lower viscosity fluid is closer to the inviscid theory predictions.  It is interesting to note that the viscosity of the 
mineral oil-based fluids increases with increasing Atwood number, though the experimental results still seem to have 
the same relationship to the Atwood number as the inviscid theory.   
 
 

 
              Fig. 3.2. Normalized Amplitudes           Fig. 3.3. Asymptotic Velocities 

 
 

4 SUMMARY  
 

An extension of the magnetorheolgical fluid experiments [6] using lower viscosity fluids has been carried out with few 

additional complications.  This reduced viscosity has been found to lower the asymptotic velocity of the Rayleigh-

Taylor spikes, as well as promote more intense mixing as witnessed by the increased size and faster development of the 

Kelvin-Helmholtz vortices at late times.  Reasonably good comparisons were found with an inviscid theory even though 

the viscosity of the MR fluids is too large to be neglected.  Further comparisons will be done with other available theo-

ries and with numerical results.  The experimental apparatus has already been modified slightly for future work to re-

move the air bubbles for even better initial conditions.  With the updated equipment, this new fluid will be used to study 

what effects, if any, different perturbations have on each other.  Growth from interfaces with single and multiple 

perturbations will be compared, and multimode perturbations will also be looked at to study modal competition effects.  

The ability to change the carrier fluid of the MR fluid will also allow for examination of the effects of different 

viscosities as well as help to expand the Atwood number space of the data.  
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Richtmyer-Meshkov mixing at stably accelerated interfaces

R. J. R. WILLIAMS1 and D. L. YOUNGS1
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Abstract: The dispersion relation for surface modes on interfaces stable to Rayleigh-Taylor instability suggests
that linear modes should propagate across them with constant amplitude. For nonlinear perturbations, it
would be expected that significant losses in amplitude may occur. To investigate this, we study the late-stage
development of Richtmyer-Meshkov instability on surface which is Rayleigh-Taylor stable after shock passage
using high resolution three dimensional simulations with TURMOIL 3D. In particular, we investigate the
variation in turbulent energy and mixing parameters with time. We compare the results to a 1D mix model,
to quantify the effectiveness of demixing in this regime.

1 INTRODUCTION

When a shock passes across a density jump, deposition of vorticity due to the presence of surface perturbations
leads to the growth of a mixing layer, a process described as Richtmyer-Meshkov instability. In most analyses,
the flow is treated assuming that after the shock passage the flow is at constant velocity. However, in many
practical situations, the subsequent flow may be accelerated or decelerated.

Depending on the direction of this post-shock acceleration, the interface will either be unstable or stable
to the subsequent growth of Rayleigh-Taylor instability. Where it is unstable, the RM growth will create the
initial conditions for subsequent RT growth, but at late time the effects of the RT growth will dominate the
RM driving.

Where the subsequent acceleration is in the stable direction, one would expect that the RM mixing would
be suppressed, but not completely so. Indeed, for small amplitudes the surface modes have constant amplitude.
However, damping by viscosity or nonlinear mode-coupling should eventually lead to mixing.

In this paper, we explore this process using three dimensional MILES modelling with TURMOIL 3D. We
compare the results of these simulations with one-dimensional mix model results, as a means of validating the
form of additional terms required to treat mixing processes in this situation.

2 SIMULATION CONDITIONS

Stable post-shock acceleration can occur in a variety of circumstances in physical systems. Where the shock
propagates from a fast medium to a slow medium, this will occur if the shock is followed by a rarefaction, as is
typical for a blast wave. In the present paper, we look at the case where the shock propagates from a slow to
a fast medium, where the stable post-shock acceleration can be driven, for example, if the shock had formed
within an initially resolved compression wave or by the effects of geometrical convergence on the post shock
flow.

The initial conditions for the Richtmyer-Meshkov growth may be set either by explicit shock modelling, or
using analytic results for the vorticity deposited at the surface by the shock passage.

Explicit modelling can be physically accurate, including the details of the large scale flow in which the
interface is embedded and interface-scale effects such as shock proximity (Glendinning et al 2003). However,
such simulations either require a large domain to be calculated, or tend to suffer from unphysical reflections
from boundaries. When the principal interest is in the small scale dynamics of the mixing region, it makes
sense instead to concentrate on idealized small-scale regions.

To apply the vorticity deposition conditions, the fluid is perturbed using linear modes with amplitudes
which depend on the initial surface profile. The relationship between profile and vorticity deposition may ap-
proximated by one of two means. Weak shocks may be approximated as impulsive acceleration and deceleration

(c) British Crown Copyright 2006/MOD
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(a) (b)

Fig. 3.1. Comparison of 2D simulation results with (a) explicit initial surface amplitude and shock; (b) vorticity

deposition model. Colours give the mass fraction of each phase.

of the front, so the standard Rayleigh-Taylor formula for mode growth can be used to determine the change
in flow velocity (Richtmyer 1960; Mikaelian 1985). Alternatively, the circulation deposited may be determined
for the oblique shock-plane surface interaction at the local surface inclination (e.g. Samtaney et al 1998). In
both cases, the linear growth of Fourier modes is given by a = a0 + ut, so the initial velocity pertubation soon
dominates the surface profile.

In the simulations presented here, we model a region 0.5×0.5×2 units in size, with the initial interface half
way across the long dimension. We use a numerical resolution of 300 cells per unit length in each dimension.
The initial density and pressure are set using a Riemann problem where a Mach 1.844 shock interacts with an
interface between gas of density 3 and and of density 1, where the initial pressure is 1. The materials modelled
are perfect gases with γ = 5/3, and the more diffuse phase has a specific heat capacity 3 times that of the less
diffuse one. We vary the conditions away from the interface using an adiabatic lapse law to ensure that each
phase is marginally stable to buoyant perturbations, although for the grid sizes and accelerations we use, this
does not change the phase properties by a significant amount.

The vorticity perturbation is calculated from an initial surface form where the perturbations are in a narrow
wave band λ = 16∆x – 32∆x in all cases, apart from single-mode calculations used to validate the vorticity
deposition model.

3 VALIDATING THE INITIAL CONDITIONS

In Figure 3.1, we compare the results of two-dimensional simulations both using a single-mode sinusoidal per-
turbation calculated by using an explicit surface profile and modelling the shock transit, and also by including
modes determined from vorticity depostion by impulsive Rayleigh-Taylor growth, reduced by shock compression
factor, as inferred by Richtmyer (1960). We see that the vorticity deposition model does a good job of repro-
ducing the explicit results, without the need for an extended grid or elaborate boundary conditions to avoid
shock reflections. We therefore use vorticity deposition for the initial conditions for the further simulations
presented here.

4 THREE-DIMENSIONAL SIMULATIONS

With no applied acceleration, Figure 4.2, the interface grows as usual for self-similar Richtmyer-Meshkov
instability. There is strong mixing at the interface, with discrete vortex rings escaping the mixing region at
early time.

With a gravitational acceleration g = −2 × 10−3 suppressing the instability, Figure 4.3, while the initial
growth seems similar to the non-accelerated case, at later times the flow relaxes towards stable stratification.
Escaping vortices are decelerated by buoyancy and break up (in two dimensional simulations, they follow
looping paths, eventually coming back to the mixing layer). Significant mixing occurs, nonetheless, and the
front continues to oscillate at late times. Motions in the plane of the stratification remain, but do not contribute
significantly to mixing as a result of the density stratification.

We attempted to characterise the mixing efficiency by comparing the potential energy gain with the initial
flow kinetic energy for a range of gravitational suppressions. For g = 2 × 10−3, approximately 2.5% of the
initial KE is converted into potential energy, while for g = 10−2 this increases to 7.5%. These numbers are
only approximate, however, since about one third as much energy remains in long-wavelength gravity waves
within the structure, leading to large fluctuations in the potential energy at late time.
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t = 2 t = 4 t = 6 t = 8 t = 10

Fig. 4.2. Results for a pure Richtmyer-Meshkov simulation.

t = 2 t = 4 t = 6 t = 8 t = 10

Fig. 4.3. Results for a Richtmyer-Meshkov simulation with an imposed acceleration g = −2× 10−3 acting to suppress

the instability.

4.1 Comparing LES with a 1D mix model

In Figure 4.4, we compare 3D MILES results (black, widths at 1% and 99%) with Youngs’ buoyancy-drag model
(red, widths scaled ×2.5) with an initial lengthscale equal to that of the shortest wavelength perturbation. In
the buoyancy-drag model, ordinary differential equations are solved for the height and velocity of the bubbles
and spikes which dominate the mixing layer. The stabilizing gravity force acts to decelerate both bubbles as
spikes, but we assume that the velocity never becomes negative, i.e. that no demixing can occur at or below
the dominant scale at any time.

The results at early time agree well, although the drag to zero velocity for g < 0 somewhat too fast and
the long timescale oscillations at late time are not captured. It remains to compare the results with a dynamic
mix model.

5 CONCLUSIONS

RM mixing still occurs in gravitationally stable interfaces. At late times, the density stratification becomes
closely planar, but significant long wavelength motion remains. Simple buoyancy-drag models treat the growth
of these instabilities with good accuracy. However, the departure of the flow from a state of self-similar growth
means that the simple buoyancy-drag model may not apply if the front acceleration changes significantly at
late time, if the relationship between perturbation lengthscale and bubble or spike height changes.
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g = 0 g = −2× 10−3

Fig. 4.4. Comparison of MILES results (solid) with Youngs’ buoyancy-drag model (dashed).
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Modelling of laser-driven jet experiments
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Abstract: In experiments using the OMEGA laser, a rapidly moving jet of material is driven from a metal
target into a foam envelope. Recent diagnostic developments have allowed data of exceptional detail to be
obtained. We present high resolution three-dimensional simulations of these results using Turmoil, focusing on
the mechanisms of vorticity deposition in the foam and the consequent break up of the dense jet.

We discuss the modelling of symmetrically-driven jets using a 2D turbulent mix model.

1 INTRODUCTION

Jets are a common feature of astrophysical systems, on scales ranging from young stellar objects to active
galactic nuclei. They are frequently associated with accretion flows forced by angular momentum conservation
to form discs. The highly collimated outflows flow for distances many times greater than the size of their sources.
The interaction with the surrounding interstellar or intergalactic medium provides important observational
information on the structure and dynamics both of the jet and the medium.

In some cases, particularly the class of young stellar objects known as Herbig-Haro objects, large scale
jets are resolved into numerous discrete clumps on the fine scale. This clumpy flow structure has been most
clearly demonstrated for HH110 by multiple-epoch observations using the Hubble Space Telescope, where the
kinematics and structural development of numerous individual clumps is clearly demonstrated (Hartigan et al.
2005). Each clump drives a separate bow shock into the surrounding medium. Additional evidence for such
structures comes from the distribution of emission in lines characteristic of different shock strengths, and the
Doppler broadened profiles of these lines (Tedds et al. 1999).

An international team has used experiments on the OMEGA to study the dynamics of these jet interactions
in the lab (Foster et al. 2005). In this paper, we briefly describe these experiments. The jets have been modelled
using a variety of time-dependent hydrodynamic codes: we discuss results obtained using turbulent mix models,
and high-resolution 3D LES simulations which show the formation and development of clump-driven composite
bowshocks similar to those seen both in the experiments and in astrophysics. Simple analytic results suggest
that the clumps formed in the experiment may have a characteristic size determined by a balance between
initial flow structure and surface tension, and give criteria for the presence of a bow shock leading the clump
distribution.

2 EXPERIMENTAL SETUP

The experiments were performed on the Omega laser at LLE, Rochester, in collaboration with a large team
(see Foster et al. 2005 for detail, and also Blue in these proceedings).

Experiments used targets driven directly by laser beams (as illustrated) or by a gold hohlraum which
converts the laser energy into X-ray irradation of the rear of the target. Using hohlraum drive lessens the
dependence of the experiments on details of the laser pointing and beam quality.

The results were obtained by point-projection backlighting at right angles to the axis of the experiment. This
technique provides high resolution results, but unfortunately only one image per shot, so the time-development
of the jet has to be inferred from multiple experiments.

3 EXPERIMENTAL RESULTS

In Figure 3.2 we show a selection of experimental results. With no foam present, the flow from the Ti washer has
two components. An initial hot, diffuse plume of material results from the thin layer of material heated by the

(c) British Crown Copyright 2006/MOD
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Fig. 2.1. Schematic of direct-drive experiment

(a)

(b) (c)

Fig. 3.2. Experimental images at 200 ns. (a) No foam, (b) standard V backlighter, (c) penetrating Fe backlighter.
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80 ns 130 ns

150 ns 200 ns

Fig. 4.3. Two-dimensional NYM/PETRA results with detailed physics.

laser illumination expanding along the centre of the washer. Subseqently, the shock driven by the illumination
collapses the bore of the washer, driving a denser high-velocity flow by a shaped-charge mechanism.

With foam present, the diffuse plume of Ti drives an initial flow into the foam, but the structures which
are seen most clearly in the radiographs shown here are the dense second jet and the leading shocks into the
foam. With the standard backlighter, the dense plume is saturated, while with a more penetrating backlighter
the inner core of the jet is visible. At the base of the jet cocoon, a Mach stem structure is formed where it
interacts initially with the surface of the washer and later with the main shock moving into the foam. Fine
scale Ti ejecta are also driven from the washer surface.

4 NUMERICAL MODELLING

4.1 Two-dimensional modelling with detailed physics

The collapse of the trumpet of dense ejected Ti gives tree-like structure. In the trunk, the pressure from the
shocked cocoon of foam material recollimate the ejecta to form a dense core. In the branches, however, the
cone of dense material is kept open by a reverse shock driven into its low-pressure core by the swept up foam
material.

These two-dimensional calculations with detailed physics were used to determine appropriate values of the
material specific heat to allow calculations to be performed using the three-dimensional LES code Turmoil.
Turmoil can treat two material species, using a separate perfect gas equation of state for each species. Compar-
ison calculations in two-dimensional axisymmetric coordinates confirm that these values provide a good match
to the detailed physics results.

4.2 3D LES results

In Figures 4.4 and 4.5, we show results from a typical three-dimensional MILES simulation using Turmoil. The
surfaces of the Ti in the initial conditions were roughened to seed instabilities. We see that the flow breaks
up during the recollimation stage, with braiding and density filamentation of the jet core and fragmentation
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100 ns 200 ns

300 ns 400 ns

Fig. 4.4. Results from three-dimensional simulations with roughened surfaces.

Fig. 4.5. Results from a 3D numerical simulation with roughening applied to the surfaces of the Ti. This plot shows

the 50% mass-fraction isosurface at 400 ns, with the flow pressure shown on the midplane.

of the dense Ti material within the cocoon. The Ti reaches close to the shock surface at the head of the jet at
early time, but the shock eventually escapes forward.

4.3 Mix model comparison

In Figure 4.6, we compare experimental results with those from 3D LES using Turmoil, and with axisymmetric
simulations using the PETRA and BHR mix models. The Turmoil calculation captures the overall features of
the flow, but is only a specific realization. In particular, the core of the jet seems rather smooth compared to
the experimental result.

The mix model results illustrate the range of results which are possible using these techniques. The PETRA
results appear very diffusive, while those with BHR includes detailed features absent in the experimental data.
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(a) (b)

(c) (d)

Fig. 4.6. (a) Experiment, (b) Turmoil 3D LES; 2D modelling with mix models: (c) PETRA, (d) BHR (from B. H.

Wilde, LANL).

A significant choice must be made when applying a mix model: an ensemble average of possible results will
always appear diffusive compared to a specific realization, and may include material in states which only occur
with unrealistically high levels of atomic mixing.

5 PARTICULATE EJECTA PRODUCTION

Two-dimensional simulations produce a narrow trunk and thin sheets for branches. In both cases, non-
axisymmetric flow in three dimensional simulations leads to frgamentation. For the trunk, the recollimation
of the dense Ti shell by the cocoon pressure is analogous to the implosion of an irregular cylindrical shell.
Where the surface density of the shell is somewhat higher than usual, the flow accelerates more slowly while
where the surface density is lower it moves more rapidly. As a result, the fluctuations amplify, with a signficant
fraction of the imploding shell mass forming streamers lagging the main shell surface. When these streamers
do eventually reach the axis of the simulation, their collisions squirt material into outgoing jets.

While the branches are prevented from collapsing to the axis by the reverse shock driven from the foam, they
remain unstable to thin-shell fragmentation. The axial striations seen in the trumpet in the experimental results
without a target foam are evidence for the initiation of this fragmentation process in the velocity structure set
up in the jet driving region.

The overall structure of the dense high velocity material will be kinematically dominated, and so described by
a three-dimensional Burgers equation. The effect of initial velocity perturbations may be treated by a Zel’dovich
approximation, with smooth flows forming sheets at caustics, these sheets breaking up to form threads, and
from these droplets. At the finest scales, drag may result in further fragmentation, but surface tension or
viscosity can suppress it. These processes are being modelled in detail by Batha (see these proceedings).
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6 CAN EJECTA DRIVE A LEADING SHOCK?

In both the experimental results and our three-dimensional numerical simulations, we find that the Ti in the
dense clumpy ejecta jet penetrates close to leading shock at early time, while roughened surface leads to ‘grass’
at base. The vorticity deposition from curved shocks will drive turbulence which can destroy the dense clumps.
If a leading shock is driven ahead of the clumpy flow, it will have lower curvature than bowshocks around
individual clumps, so the clumps may survive for longer. This may be significant for flows such as the jets in
HH-47 (Hartigan et al. 2005) or the Orion BN-KL knots (Tedds et al. 1999).

To investigate this, we consider a simplified model in which the clumps have constant size, mass and
velocity, and all the energy lost as a result of drag heats the diffuse flow. In the frame of the clumps, the steady
hydrodynamic equations are

ρv = Φ = const (6.1)
d

dx

(
p+ ρv2

)
= −fpCDρv

2 (6.2)

γ

γ − 1
p

ρ
+

1
2
v2 = E = const. (6.3)

Assuming the velocity at leading edge of the particle cloud, v1, is positive, these give

(γ + 1) log(v/v0) + (γ − 1)E
(

1
v2
− 1
v2

0

)
= −2γCD

∫ x

−∞
fp(x)dx. (6.4)

We assume that the particles are confined to a region x1 < x < x2.
In cases of interest, the form of the solution depends on the incident flow parameters, ρ1, v1 and p1, the

downstream pressure, p2 and the system drag coefficient SD = CD

∫
fpdx. Equations (6.1) and (6.3) give

vi =

([
γ

γ − 1
pi
Φ

]2

+ 2E

)1/2

− γ

γ − 1
pi
Φ
. (6.5)

for positions i of x1 and x2.
At x1, there are two solutions to this equation: v1 based on the properties at x1, v2 based on those at x2.

The physical solution is whichever has highest ram pressure Π = p+ ρv2.
For supersonic inflow, the solution can either be supersonic throughout (where Π1 > Π2 through at all

x), have an internal shock (where Π1 > Π2 for small x, Π1 < Π2 for large x) or have a leading shock (when
Π1 < Π2 throughout). In the latter case, there is no valid steady solution to the one-dimensional problem.
Instead, a shock will continue moving towards −∞ for a strictly 1D flow. For a finite region of particles in 3D,
the standoff will be limited by geometrical divergence effects.

7 SUMMARY

Laser driven jet experiments have proved excellent test-beds to study the structure and dynamics of dense jets,
the interaction of clouds of particles with high speed turbulence in a jet cocoon. Two and three-dimensional
numerical tools have been tested by modelling these flows.
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Abstract: The paper analyses the results of  incompressible turbulent mixing simulations by TREK code [1]. The de-
pendence between the method of computations and statistical treatment of results and the degree of mixing homogene-
ity is determined. The molecular viscosity effect is clarified.  Computation results are compared to the data of experi-
ments [2,3]. 
 
1 INTRODUCTION  
 
Knowledge of the degree of mixing homogeneity in turbulent flows is of great importance for finding the rate of reac-
tions, both chemical and nuclear. 
The paper determines the degree of mixing homogeneity of turbulent flows with characteristics found by direct numeri-
cal simulation (DNS) and LES, by which we imply finding solutions to Navier-Stokes and Euler equations using no 
sub-grid models of turbulence.  
Similar to the earlier computations [4], one computation has been carried out with two materials (with the interface 
tracking) and another computation has been carried out with one material (without interface tracking). Note that such 
computations have bee also carried out and described in some other papers. Table 1 below gives some available calcu-
lated and experimental data (for miscible materials) on the degree of homogeneity of the flow of interest. 
 

 Measurements No tracking Interface tracking 
Linden & Redondo [3], 0.04 0.05tA ≈ ÷  0.6-0.7   
Kucherenko et al. [2], 0.083=tA  0.7   

0.8  
0.7  
0.8 0.3 

0.7-0.75 0.25 
0.75-0.8  
0.75-0.8  
0.75-0.8  
0.75-0.8 0.25-0.3 

Ramaprebhu & Andrews [17], 0.04 0.05tA ≈ ÷  
Wilson & Andrews [16], 0.04 0.05tA ≈ ÷  
Dimonte et al. [7], 0.5tA =   
Weber, Dimonte, Marinak [5], 0.5tA =  
Cook, Cabot, Miller [11], 0.5tA =  
Youngs [6,13], 0.5tA =  
Mellado, Sarkar [14], 0.5tA =  
Yanilkin et al. [10], 0.5tA =  
Stadnik et al. [4], 0.5tA =  

0.75-0.8 0.25-0.3 

Table 1.1. The calculated and experimental data on the mixing homogeneity degree 
 

One can see from Table 1 that, first, the calculated data is significantly scattered in the homogeneity degree θ and, sec-
ond, there is a rather large difference between the calculations with interface tracking and experimental data [2,3]. The 
paper describes an attempt to understand the nature of such differences for computations by TREK code [1] using grids 
100x100x200 and 200x200x400. 
For this purpose, the dependence between the value of θ and the computational method (either with interface tracking, 
or without it), as well as the result processing method, has been found. The similar dependence has been found for the 
PDF of concentration of one of the materials. The calculated results are compared to the data of experiments from [3] 
and [2], as well as results of computations using the phenomenological model of non-isotropic turbulence [8]. 
 

401



 
10th IWPCTM – PARIS (France) July 2006 

 

2 ANALYTICAL CORRELATIONS FOR THE MIXING HOMOGENEITY DEGREE 
Let us have two incompressible fluids with undisturbed densities ρ1, ρ2. The volume concentrations of materials are β1 
and β2=1-β1. Assume that averaging ( ( ) /f f x y S< >= ⋅∆ ⋅∆∑ ) is performed in a horizontal plane of area S x y= ∆ ⋅∆∑ , 
similar to the problem of gravitational mixing of a plane mixed layer (see [4]). Therefore, according to [9], the mean 
value of the mixing homogeneity degree is defined as ( ) ( )( )2

1 1 1 1/ 1θ β β β β= < > − < > < > ⋅ − < > . 

For immiscible materials we have:  ( ) ( )1 2 1 2/β ρ ρ ρ ρ= − − .   
For miscible materials, it follows from the ideal gas pressure constancy and internal energy conservation in approxima-
tion to incompressibility that: ( ) ( )1 2 2 1/ 1 /β ρ ρ ρ ρ ρ= − ⋅ −   . 
Introduce also the value of mixing homogeneity degree integral over the TMZ width, which is defined similar to [7] 
 

( ) ( )( )2
2 2 2 2/ 1dz dzβ β β βΘ = < > − < > ⋅ < > ⋅ − < > ⋅∫ ∫ .      (2.1) 

 
3 THE MIXING HOMOGENEITY DEGREE IN COMPUTATIONS WITH AND WITHOUT VISCOSITY 
 
Consider the data on 2ρ ′< >  and ρ< >  from [4] for computations with a interface tracking that has been obtained for 
gravitational turbulent mixing with Atwood number =0.5. This data can give us the values of 2

1 1,β β< > < > , and θ ac-
cording to expressions of  section 2.  
The resultant profiles of θ are shown in Fig. 3.1 for computation with small molecular viscosity. Here N is proportional 
to the Z-coordinate of the cell.  It follows from Fig. 3.1 that the value of θ does not change, actually, over the TMZ 
width. The time-dependence of θ at the point of maximum of RMS density fluctuations is shown in Fig. 3.2 for compu-
tations with various molecular viscosity.  
In each version of computations, according to expectations, θ=1at the very beginning because of the undeveloped turbu-
lence. Then the value of θ decreases and achieves an approximately constant value cθ θ≈ . One can see that in each 
computation, except the highest molecular viscosity, these values are close to each other and equal to 0.25 0.3cθ ≈ ÷ . 
Consider now the results of computation of the integral value of homogeneity degree, Θ (see expression (2.1)) without 
interface tracking. 1Θ =  during at the initial phase (Fig. 3.3) and then lowers, however, upon achievement of its mini-
mum value min 0.2Θ ≈ , it starts growing and achieves the value 0.8aΘ ≈ , which is typical for the self-similar phase of 
computations without interface tracking (see Table 1.1).  

It has been found that the value of Θmin =  0.43 [7], 0.62 [11], 0.43 [14], 0.32 [5].  

 
 

Fig. 3.1. Profiles of θ(N) at the 
end of self-similar phase: 

65 10ν −= ⋅  
 

 
Fig. 3.2. The mixing homogenity de-
gree θ at the TMZ center versus time:  

1 - 35 10ν −= ⋅ , 2 - 45 10ν −= ⋅ ,  
3 - 55 10ν −= ⋅ , 4 - 65 10ν −= ⋅ , 5 - 0ν =  

 
Fig. 3.3. The TMZ-integral  mixing 
homogeneity degree versus time  

 

In experiments [2], Θс≈0.32 has been obtained in the early phase of TMZ growth (we speak here about the initial ex-
perimental data from [2], prior to their further correction). The authors of this paper made an attempt to correct data of 
measurements to obtain the linear law of θ growth. Note that such a law can take place in the early phase (at small Re 
numbers), it does not agree with the self-similar turbulent behavior in TMZ. Really, if it were the self-similar turbulent 
behavior in TMZ, the fluid would have been absolutely homogeneously mixed. However, turbulence grows under such 
conditions and availability of turbulence and non-mixed fluid outside TMZ must lead to concentration fluctuations in it, 
which make absolute homogeneity impossible. We think that in the experiments described in [2] the authors observed 
the behavior of Θ(t) analogous to that which takes place in computations without the interface tracking (Fig. 3.3).   
The effect of molecular viscosity. Increasing molecular viscosity leads to lowering the homogeneous mixing degree, 
up to 0.15cθ ≈  in self-similar phase. The explanation is that a rather large value of molecular viscosity leads to suppres-
sion of turbulence on small scales, of the order of a cell size. As it will be shown below, it is the small-scale turbulence 
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that determines the homogeneity degree and, apparently, suppression of turbulence leads to lowering its value.   
However, molecular viscosity should have the same effect in experiments. Really, it has been shown in [2] that increase 
of acceleration, i.e. increase of Re with the same flyways leads to increase of the degree of mixing homogeneity.  
 

4. PDF OF THE VOLUME CONCENTRATION IN COMPUTATIONS 

 
Consider the PDF of the volume concentration of a heavy material, 2( , , )F z tβ , which is calculated using the original 

2 ( , , , )x y z tβ%  arrays (see [10]). 
If one uses the original array of values of concentration β2 during computation with a interface tracking, the maximum 
values of F(β2) inside TMZ are achieved, as one can see from Fig. 4.1,  mainly near the limits of the range of concentra-
tion values, i.e. either at β2≈0, or at β2≈1. In so doing, the values of F(β2) inside the range of values 0< β2<1 are small 
and, hence, the values at the limits of this range make up the integral value. Near the TMZ boundary adjusting the 
heavy material F(β2) has the form of δ-function concentrated at β2≈1 and near the TMZ boundary adjusting the light 
material F(β2) has the form of δ-function concentrated at β2≈0. In other words, in this case F(β2) corresponds to a higher 
degree of mixing heterogeneity.  
Contrariwise, if the original array of values of concentration 2β%  is used in computation without interface tracking, func-

tion F(β2) is concentrated near ( )
1

2 2 2 2 2
0

F dβ β β β β≈< >≡ ⋅∫  that corresponds to a higher mixing homogeneity degree.  

Average now the original arrays of 2β%  values in squares of side r 
, , ,

2 2( , , , )
r x y z

r x y zβ β= 〈 〉% % , where sr l h= ⋅ , h is a com-

putational cell size (but min( , )s x yl N N<< . The arrays of 2β%  values obtained in such a way allowed us to calculate the 

corresponding PDF of the heavy material concentration, F(β2), for various values of sl  they are also shown in Fig. 4.1 
for various points of TMZ.   
These figures illustrate also the reduced values of coordinates at these points in the coordinate system related to fluid  

( ) /cz z Lζ ≡ − , where cz  is the initial coordinate of the material interface, L is the TMZ width determined by the values 
of concentration 1 1β ε= << . As one can see from these figures, F(β2) insignificantly differs from that obtained in com-
putation without interface tracking (without original array processing), even with 2sl = . 

               
Fig. 4.1. PDF of the heavy material concentration:  Fig. 4.2. The homogeneous mixing degree:  
1 – computations with interface tracking; 2-4 – computation with interface tracking ( 2β% ), with 2,3,4sl = , respectively; 5 

– computation without interface tracking ( 2β% ). 
 
Close results are obtained at 3sl =  and 4sl = , i.e. one can observe a faster approach to some stable value of F(β2) inde-
pendent of sl  and further increase of the value of sl  does not change the statistical distribution until the requirement of 

min( , )s x yl N N<< is met. Note that PDFs of concentration obtained in computations without interface tracking  [11, 12] 
have the same behavior. The values of PDF 2( )F β  obtained in such a way were used to find the values of 

1

2 2 2 2
0

( )F dβ β β β< >= ∫  and    
1

2 2
2 2 2 2

0

( )F dβ β β β< >= ∫ . 

 Expression (2.2) allowed us to calculate the corresponding profiles of the homogeneous mixing degree θ for various 
values of sl , which are shown in Fig. 4.2 below. As one can see from Fig. 4.2 hat even with 2sl =  the profile signifi-
cantly differs from that calculated without interface tracking (without processing of the original array).  
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5 COMPARISON BETWEEN THE RESULTS OF COMPUTATIONS AND THE PHENOMENOLOGICAL 
MODEL  

  
The paper uses the model of non-isotropic turbulence from [8]. It is applicable to describe the problem of gravitational 
turbulent mixing we are dealing with. We use equilibrium approximation for the following turbulent quantities: 
Reynolds tensor components ( )2

zz zR u′≡< >  and ( ) ( )22
xx x yy yR u R u′ ′≡< >= ≡< > , turbulent mass flow z zR uρ′ ′≡< >  and 

the reduced quadratic density fluctuation of density 2 2/′≡< > < >R ρ ρ . Spatial turbulent scale Λ  is used for the value 
closing the system of equations, i.e. we take tLαΛ = . Here

2 1tL z z≡ −  , β2(z1)=ε, β2(z2)=1-ε. We assume below that 
ε=0.05. 

Thus, the problem is reduced to solving the differential equation 

 zR
t z

∂ρ ∂
∂ ∂

= − ,                   (5.1)  

where 3
z z

bcR u q
a z

∂ρρ
∂

− Λ′ ′≡ 〈 〉 = ,  
2

2 2 2
i

c gq u
a z

∂ρ
ρ ∂

Λ′≡< >= − .  Here, 
1 3

b
b

ζ =
−

, 1 11c
ζ κ

≡ + + . 

For self-similar mode, equation (5.1) is written in the form 
 

( )32 3 0y yη λ ′+ − = ,   or    32 3 0x Y Y′+ − =            (5.2) 
 

with the following introduced self-similar variables  ( ) ( )2
1/ /; /cz z gtη ψ η ρ ρ≡ − ≡ , 

 / ; /y d dψ ψ ψ ψ η′ ′≡ − ≡ , and coefficient  2 2; 2 / 3 /Lc c c a bc aλ λλ η α≡ = ⋅ .     
To solve equation (5.2) numerically, we specify 1 0x < , 1( ) 0Y x = , 1 1( ) 2 / 3Y x x′ = − . Equation (5.2) is integrated up to 

the point 2 0x > , at which 2( ) 0Y x = , with the density ratio n,  
2 2

1 1

2 2ln( )
x

x

n Y dx y d
η

η

η= =∫ ∫   being determined by the value 

of 1x ; it equals 1 1.69x = −  for  n=3. 

It is clearly seen that  2 5
2 1L Lc xλ εη η η≡ − = , where 2 1Lx x x≡ − . The solution found to equation (5.2) gives us 

2 1/ ;L L Lx x x x xε ε ε εξ ≡ ≡ − , where the values of ( )2 1 / 2β ρ ε= − = correspond to the values of quantities 2 1,x xε ε . 
The meaning 0.615ξ =  corresponds to n=3, ε=0.05. Note that /Y L tAα η≡  coincides with the known quantity 
(introduced in the paper [9]) that characterizes the rate of TMZ growth in self-similar phase 2

t Y tL A gtα= ). 

Turbulent energy ( ) 2 2 /t Lk k L g c Y x aεα≡ =%  is  a one more reduced quantity, with anisotropy of diagonal components of 
Reynolds tensor  being  described as ( ) ( )/ 1/ 3 / 1/ 3 ; / 1xz xx zz yy xxk R R b b R R≡ = − + = . The relative RMS fluctuation is 

( )2 2 2 4 2/ 6 /LR bc Y x aερ ρ α κ′≡< > = .  

This quantity along with  ψ  allows us to find the values of θ using expressions of section 2.  

The semi-empirical coefficients of the model were specified, as 3D computations were carried out with more and more 
fine computational grids. The paper uses the following values of coefficients: 0.5; 0.13; 0.45; 0.055a b κ α= = = = . The 
profiles of ( ), ( ), ( ), ( ), ( )xzk k Rψ χ χ χ χ θ χ% , as functions of a variable  ( ) ( )2 2 4/ /c t L tz z A gt c x x Aλ εχ ≡ − =  are shown in Fig. 
5.1-5.5 for these values of coefficients. 

The figures also illustrate the data of 3D computations of the problem, both with and without interface tracking. For 
( ), ( ), ( )xzk kψ χ χ χ%  this results are in good agreement with each other and with the results calculated using the 

phenomenological model. However, for a relative quadratic density fluctuation the result of 3D computation with 
interface tracking significantly exceeds the result of 3D computation without interface tracking, which is close to the 
data calculated using the phenomenological model. Note that this expression is valid both for miscible fluids (it follows 
from expression for “dissipation” [8] in the equation of 2ρ ′< >  transport) and immiscible fluids, for which, however, 
the original arrays have been averaged in sl  scale exceeding str  scale of surface tension forces. In fact, the 
phenomenological model describes large-scale fluctuations, where values of turbulent quantities in 3D computations for 
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miscible and immiscible fluids (i.e. with and without interface tracking), as we have seen above, are close to each other. 
That’s why all values of turbulent quantities obtained using the phenomenological model must coincide also.  

Note that in 3D computations regular values of θ can be obtained at the TMZ center only. The behavior of quantity θ is 
irregular at TMZ edges, where density deviations from the unperturbed density are small. Note that the results of 3D 
computations from [7] are similar to those shown in Fig. 5.2. The results from [9] obtained in computations without in-
terface tracking are close in the θ profile shape to the corresponding results of our computations.  
The paper [15] also offers the phenomenological model to describe the degree of homogeneous mixing. Profiles of θ  
significantly differ from that in Fig. 5.5, though the obtained maximum values in this paper are close to θ≈0.8.  
 

 
Fig. 5.1. Reynolds tensor anisotropy    Fig. 5.2. Density profile  Fig. 5.3. The profiles of the squared                        

density pulsation  

 
Fig. 5.4. The scaled turbulent energy profiles       Fig. 5.5. The homogeneous mixing degree profiles  

1, 2 – t=4, t=5.5, respectively, in computation with interface tracking [10] using grid 200х200х400; 3 – computation 
with interface tracking, grid 100х100х200; 4 – computation without interface tracking, grid 100х100х200; 5 – phe-
nomenological model for miscible fluids 

 
6 DISCUSSION OF COMPUTATION RESULTS AND EXPERIMENTAL MEASUREMENTS 
Averaging of the original density arrays in computations with singled out interface on a small scale of r  values 
( sr l h= ⋅ , sl = 2, 3, 4 computational cells), which is smaller than the outer scale of turbulence tL , is equivalent to av-
eraging on the scale large than interatomic scale for homogeneously mixed miscible fluids (the homogeneity degree ap-
pears to be close to zero without such averaging). Hence, the h  scale plays the role of interatomic distance, or in other 
words it plays the role of  str  scale, which is determined by surface tension in a real flow. 
As we have seen above, averaging on L<<r<<h scale in computations with singled out interface leads us to function   
F(β2) of the form close to its form in computation without singled out interface. The values of mixing homogeneity de-
gree θ also appear to be close to each other. 
Similarly, averaging in the experiments with immiscible fluids should be performed on the scale exceeding the scale of 

str  determined by surface tension. As a result, both the homogeneity degree θ and the volume concentration PDF β2 of 

one of the materials should be close to that for miscible fluids, if str  scale is small enough, as compared to the outer 
turbulence scale tL . 
Decrease of the homogeneity degree θ in TMZ up to the minimum, relatively small values θ≈0.2÷0.3 corresponds to the 
initial (non-self-similar) phase of gravitational turbulent mixing of miscible fluids; then the value of θ starts rising and 
achieves a relatively large value, θ≈0.7÷0.9, in self-similar mode.  Note that, when studying the self-similar mode of 
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gravitational turbulent mixing of miscible fluids, the self-similar form of the homogeneity degree θ = θ (ζ), with  
max( ) 1= <mθ θ  being dependent of the Atwood number alone) should be also achieved. 1=mθ  is possible only in the 

limit of damping turbulence. So, the law of linear increase of θ (along the flyway distance) in the paper [2] implies that 
there is no self-similar mode. We would like to mention also the paper [13], where the TMZ-averaged value of θ 
achieves 0.75 0.8θ = ÷  with acceleration constant in time and approaches to θ≈1 only with alternating-sign acceleration in 
the phase of damping turbulence.  

 
REFERENCES 

 
[1]  Stadnik A.L., Shanin A.A., Yanilkin Yu.V. Eulerian Technique TREK for computation of 3D gas dynamic multi-material flows 

//VANT. Ser.: Math. Model. Phys. Process. Is.4, 1994. 
[2]  Yu.A.Kuchrenko, A.P.Pylayev, V.D.Murzakov, et al. Experimentally finding the degree of molecular mixing in the phase of 

Rayleigh-Taylor instability growth using the chemical indicator technique. Presentation at Zababakhin’s Scientific Readings, 
2005. 

[3]  Linden P.F., Redondo J.M., Мolecular mixing in Rayleigh-Taylor instability //J. Fluid Mech, A 3 (5), pp.1269-1277., 1991. 
[4]  Stadnik A.L., Statsenko V.P., Yanilkin Yu.V. Direct 3D numerical simulation of gravitational turbulent mixing with regard to 

molecular viscosity // IX-th International Workshop on the Physics of Compressible Turbulent Mixing (Cambridge, England), 
2004. 

[5]  S.V. Weber, G. Dimonte, and M.M. Marinak. ALE simulations of turbulent Rayleigh-Taylor instability in 2-D and 3-D// VIII-th 
International Workshop on the Physics of Compressible Turbulent Mixing (Pasadena, USA), 2001. 

[6]  Youngs D.L. Numerical simulation of mixing by Rayleigh-Taylor and Richtmyer-Meshkov instabilities //Laser and Particle 
Beams, vol.12, No.4, pp-725-750, 1994. 

[7]  Guy Dimonte, D.L.Youngs, A.Dimits, S.Weber, M.Marinak, S.Wunsch, C.Garasi, A.Robinson, M.J.Andrews, P.Ramaprabhu, 
A.C.Calder, B.Fryzell, J.Biello, L.Dursi, P.MacNeice, K.Olson, P.Ricker, R.Rosner, F.Timmes, H.Tufo, Y.-N.Young, 
M.Zingale. A comparative study of the turbulent Rayleigh-Teylor instability using high-resolution three-dimensonal numerical 
simulations: The Alpha-Group collaboration //Phys. Fluids, v.16, No.5, pp.1668-1693, 2004. 

[8]  Statsenko V.P. Testing of the turbulence model with Reynolds tensor anisotropy //VANT. Ser.: Theor. And Appl.Phys., 1996, 
Is.3, pp. 43-51. 

[9]  Linden P.F., Redondo J.M., Youngs D.L. Мolecular mixing in Rayleigh-Taylor instability //J. Fluid Mech, Vol.265, pp.97-124, 
1994.  

[10]  Yu.V.Yanilkin, V.P.Statsenko, S.V.Rebrov, N.I.Selchenkova, O.G.Sinkova, A.L.Stadnik, A.Ya.Uchayev. Studying the gravita-
tional turbulent mixing with large density ratios by direct three-dimensional numerical simulation // Presentation at the VIII-th 
International Workshop on the Physics of Compressible Turbulent Mixing, Pasadena, USA, December 2001. 

[11]  Cook A.W., Cabot W. and Miller P.L. The mixing transition in Rayleigh-Taylor instability // J. Fluid Mech., 2004, Vol. 511, 
pp.333-362. 

[12]  Youngs D.L. 3D Variable acceleration Rayleigh-Taylor mixing// International Workshop on the Physics of Compressible Tur-
bulent Mixing (Marseille, France), 1997, pp.534-538. 

[13]  Youngs D.L. 3D numerical simulation of turbulent mixing by Rayleigh-Taylor instability //Phys. Fluids, Vol.A3(5), pp.1312-
1319, 1991.  

[14]  Mellado J.P. and Sarkar S. Large-eddy simulation of Rayleigh-Taylor turbulence with compressible miscible fluids 
//Phys.Fluids, v.17, 076101, pp.1-20, 2005. 

[15]  A.S. Kozlovskih and D.V. Neuvazhayev. Coefficient of heterogeneity in turbulent mixing zone, Lazer and Particle beams, 18, 
pp.207-212, 2000. 

[16]  M.Wilson and M.J.Andrews. Spectral measurements of Rayleigh-Taylor mixing at small Atwood number. Phys. Fluids, 14, 
p.938, 2002. 

[17]  P.Ramaprebhu and M.J.Andrews. Experimental investigation of Rayleigh-Taylor mixing at small Atwood number. J. Fluid 
Mech. 502, p.233, 2004. 

 

406



 
10th IWPCTM – PARIS (France) July 2006 

 

e-mail:  n_yanilkina@vniief.ru 

Direct 3D Numerical Simulation of Turbulent Mixing in Buoyant Jet  
V.P. Statsenko, O.G.Sin’kova and Yu.V.Yanilkin, 

RFNC-VNIIEF, Sarov, Russia 
 
Abstract: Computational investigation of evolution of a turbulent buoyant jet in gravity field under statistically time-
independent flow of a more light fluid from local source into a homogeneous incompressible environment is described. 
Computations were carried out by direct numerical simulation of turbulence using 3D hydrodynamic code TREK. 
Results of computations are compared to the available data of experiments.  
 
1 INTRODUCTION  
 
The paper [2] describes experimental investigations of the axially symmetric, on average, buoyant jet generated by 
heated air vertically flowing out of a reservoir to the atmosphere. The paper [3] describes numerical simulation of this 
experiment with 2D hydrodynamic code EGAK using the semi-empirical k-ε model of turbulent mixing. Though some 
results of these simulations were close enough to the experimentally measured values, there were discrepancies 
especially noticeable for turbulent energy profiles. 
The given paper describes direct 3D numerical simulation of the problem of interest using TREK code and compares 
the calculated results with the experimental data [2] and computation results from [3]. 
 
2 COMPUTATION SETUP  
 
A computational domain has the following dimensions: 

0 0l x l≥ ≥ − ,   0 0l y l≥ ≥ − ,   0 0L z≥ ≥ . A buoyancy source is 
described by the specified longitudinal velocity component uz at the central part of the lower face (z=0) of the 
computational volume (see Fig. 2.1). There is a square aperture with side l =5.63cm, 0 35l = cm in this domain: 

/ 2 / 2, / 2 / 2l y l l x l≥ ≥ − ≥ ≥ − . Its area equals the area of a circular aperture of diameter D=6.35 cm. The velocity 
of flowing into the given computational volume, uz0 is specified in this aperture. The average velocity is uzo=67 cm/s. At 
each time point, random perturbations of the amplitude equal to 10 % of the value of uzo generated by random number 
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generator are superimposed on this value..

 

 

  
Fig. 2.1.Original geometry  Fig. 3.1. Raster patterns of zu  in variant  2: a) t=1.21, b) t=1.96 
The lower boundary outside this aperture and the lateral boundaries are “rigid walls”, on the upper boundary the 
condition of free flow is set. At initial time, fluid is at rest at any point inside the computational domain. The inflowing 
gas density is ρ1=0.5585 and the unperturbed air density is ρo=1. We randomly selected the unit mass, because only the 
relative density value is important for the given incompressible flow. For the same reasons, we arbitrarily specify the 

maximum value of pressure 0p  in the initial pressure profile: 
1

1
1

0
0

1 gz
γ

γ γρ ρ
γσ

−
− −

= − ⋅ 
 

;      0p γσ ρ= ⋅ ,  

     (2.1) 
where 0

0
0

p
γσ

ρ
≡ , 

0 ( 0) 1zρ ρ≡ = = . The value 5
0 ( 0) 3 10p p z≡ = = ⋅  has been chosen so as to provide 

incompressibility of the flow: 2 5 2 3
0/ 4.2 10 4.5 10zc p uγ ρ= > ⋅ >> ≈ ⋅% . 

EOS of an ideal gas with γ=1.4 has been taken,  32.34 10Vc = ⋅ . Gravitational acceleration is gz= -980. 
In various variants the computational domain has dimensions given in Table 2.1. The table also gives the number of 
computational cells along each coordinate axis (Nx=Ny), as well as the number of computational cells, Nl, falling to the 
input aperture side. 

 
Variant No. Number of cells Computational domain 

size along Z-axis.  
Number of cells Nl 
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1 83х83х256 120 12 
2 165х165х421 105 24 

Table 2.1. Computation setup 
 
3 COMPUTATION RESULTS 
 
The buoyant jet evolution can be seen from the raster patterns of velocity component uz in Fig. 3.1 (computations on a 
fine grid). Numerical results of the experiment are given in the paper  [2] in the form of properly scaled values of 
buoyancy, vertical velocity and fluctuation momenta for three cross-sections of the jet - 8 ,12 ,16z D D D=  - depending 
on the self-similar variable η≡r/z (r,z are cylindrical coordinates): 
 

1
35

1 2 ,
∞

  ∆
=  
 o

zF g
F

ρ
ρ

  
1

3

2 z
o

zF u
F

 
=< >  

 
 , ( ) ( )
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′ ′< > < >
= =

∆ ∆
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ρ

ρ
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z

uF
u
′< >

=
< >

, 
5 1 12 2 2 22 2( ) ( )

′ ′ ′ ′< > < >
= =

′ ′ ′ ′< >< > < >< >
z z

z z

u T uF
u T u

ρ

ρ
, 

where ∞∆ = − < >ρ ρ ρ ;
∞∆ =< > −T T T ;  0

0 z0
( )2 u  

o

F g rdrρπ
ρ

∞

∞

∆
≡ ∫ =106 cm4/s3  . 

     
Thus, the following quantities are represented in the experiment: F1 is the average buoyancy profile; F2 is profile of the 
average vertical velocity <uz >; F3 is profile of relative mean-square temperature fluctuations; F4 is profile of mean-
square velocity fluctuations; F5 is correlation coefficient. 
Similar to the paper [2], averaging in the given paper was performed in time at points of the above-mentioned cross-
sections ( 8 ,12 ,16z D D D= ) beginning from the time, when the jet had achieved the given cross-section, i.e. the values 

of ( )
0

0( ) / , ,
t

z
t

f f t dt t t f uρ′ ′< >= − =∫  were found. 

Fig. 3.2-3.6 gives profiles of quantities Fi obtained in computations for various cross-sections along with the 
experimental data. 
 

  
Fig. 3.2. Radial distribution of F1 values in cross-sections: 1, 4 - 8z D= ; 2,5 - 12z D= ; 3, 6 - 16z D= . 1-3 –
experiment, 4-6 – calculations; a) - b) variants 1 – 2. 
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Fig. 3.3. Radial distribution of F2 values in cross-sections; notations are the same as in Fig. 3.2 
 

  
 
Fig. 3.4. Radial distribution of F3 values in cross-sections; notations are the same as in Fig. 3.2 

 
 

  
Fig. 3.5. Radial distribution of F4 values in cross-sections; notations are the same as in Fig. 3.2. 
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Fig. 3.6. Radial distribution of F5 values in cross-sections; notations are the same as in Fig. 3.2 
 
4 CONCLUSIONS 
 
1. Profiles of average values of quantities and fluctuation momenta are, generally, in good agreement with the 

corresponding results of measurements, however, in the last cross-section ( 16z D= )the upper boundary influence 
can be observed.  

2. The computational grid varying has no significant influence on the results obtained for cross-sections 1 and 2, 
however, the upper boundary influence becomes noticeable with a smaller length of the computational domain (for a 
finer grid).    
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Numerical Simulation of Perturbations and Turbulent Mixing 
Evolution at an Air-SF6 Interface at High-Mach Shock Propagation 
OOllggaa  SSIINN’’KKOOVVAA,,  Vyacheslav  SSTTAATTSSEENNKKOO  aanndd  YYuurrii  YYAANNIILLKKIINN 

Russian Federal Nuclear Center – VNIIEF Russia 
 
Abstract: Data of our EGAK and TREK simulations of turbulent mixing at an air-SF6 interface driven by a 
high-Mach shock wave ( 5swMa > ) propagating though a shock tube are analyzed. The calculations were 
performed using both the k ε−  model and direct (without any turbulence models) 2D and 3D numerical 
simulations. Statistical processing of simulation data to determine correlation moments and fluctuation spectra 
was carried out. The simulation data are compared with known data of Nevmerzhitsky et al. experiments [1]. 

 
1 INTRODUCTION  

Ref. [1] gives the results of experimental studies on the development of turbulent mixing at an interface 
between gases with different densities for shock Mach numbers from 2 to 9. 
The shock wave was produced in a shock tube by detonating a combustible acetylene-oxygen gas mixture and 
passed from the “light” gas into the “heavy” gas. The initial pressure of the combustible mixture varied 
between 3 atm and 9.5 atm that allowed producing shock waves in the gases with Mach numbers from ≈2 to 9. 
Oxygen was used as the “light” gas, and SF6, as the “heavy” gas. The experiments demonstrated that as the 
Mach number of the incident shock wave in the relatively strongly compressed “heavy” gas grows, the gas 
interface and the shock wave draw together, and this may cause the shock wave and turbulent mixing to 
influence each other. 
In order to theoretically validate such a turbulence behavior, the problem of interest was calculated using direct 
2D and 3D simulations without any phenomenological turbulence models. 
Statistical processing of simulation data to determine correlation moments and fluctuation spectra was carried 
out. 
The results of simulations using R-t curves for the shock wave and the turbulent mixing zone (TMZ) are 
compared with experimental data [1]. The paper also gives a comparison with 1D k-ε turbulence simulation 
data. 

 
2 PROBLEM SETUP 
 
The computational domain of the 3D problem is shown in Fig.1.1. Its upper region is occupied by a 
combustible gas mixture (GEM, stoichiometric acetylene-oxygen mixture). The mixture’s pressure is varied to 
give different Mach numbers of the shock wave in  SF6 and different values of total energy release with its 
specific value being constant, Q = 72,700 (here and below, m - g, t - ms, l - cm). Beneath the mixture is air and 
SF6 at atmospheric pressure. The temperature, t=0, is constant throughout the domain, and each region’s EOS 
of ideal gas has its own value of γ given in Fig.1.1. Density perturbations, 0ρ ρ δρ= ±  (the sign at transition 
between cells was given using a random number generator), were introduced in a small region of the problem 
domain. 
The 2D simulations were performed with the same problem geometry and setup, with the difference that there 
was one horizontal coordinate х.  
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Fig.2.1. Problem setup 

 
3 2D SIMULATION RESULTS 
 
Shock propagation through the SF6 region results in the emergence and growth of TMZ. In our simulations, for 
the shock Mach numbers of interest, the shock wave in the SF6 region merges with the front boundary of TMZ 
at Mach numbers 6.5SWMa >% , which also was observed in the experiment [1]. Fig.3.1 gives the calculated and 
experimental R-t diagrams of the TMZ rear boundary and the shock wave for Ma=7.8. The function of TMZ 
width (L) versus time is shown in Fig. 3.2. The same figure gives the distance between the shock front and the 
TMZ front boundary. The curve ( )L t  for the simulations with a smaller pressure is situated lower. 
 

 
Fig.3.1. R-t diagrams of TMZ rear boundary and      Fig.3.2. TMZ width (1) and distance between shock front 
shock wave (Ma=7.8)     and TMZ front boundary (2) 
 
 
Let us examine the correlation of these data with the initial-stage Sedov’s flat blast model. For the shock front 

radius, we may obtain: ( ) ( )
2 / 33 / 2

0
ˆ ˆ1.5FR a t t h R R = − + + −  

. Here, 0 0 0
ˆ ( ) /a aR h ρ ρ ρ= − , 

( ) 2
0 0/ ( 1) ( 1) /(3 1)aa h Qρ ρ γ γ γ= ⋅ ⋅ ⋅ − ⋅ + − . Let us assume that when the shock arrives at the air-SF6 interface, 

the rate of TMZ width growth caused by the Richtmeyer-Meshkov instability is proportional to the mass 

GEM:  P0  = 6.8atm (variant 1), 
 P0  = 16 atm, (variant 2), 

3
0 01.2375 10 Pρ −= ⋅ ⋅ . 

   
Air:  Pa0  = 1atm, 
  3

0 1.23 10aρ
−= ⋅ . 

 
SF6: P1  = 1atm, 

3
1 6.5 10ρ −= ⋅ . 

3D grid:   Nx=100, Ny=100, Nz=1200,    
                        Nx=200, Ny=200, Nz=2400, 
2D grid:   Nx=100, Nz=800 
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velocity au  at the shock front. At this instant of time, the shock wave is strong: 0a ap p>> . Shock pressure: 
~ 1/ap E . Shock velocity in the air (formula (4.22) in [2]): 0 0 0( ) /( ) /( )a a a a a a a aD p p u p uρ ρ= − ≈ . Then: 

2 1 2 1 1 2/ ( ) /( )M L L E D E D≡ = , where 1 2, ( / )FD D D dR dt≡  are the shock velocities in variants 1 and 2 at the 
time of shock arrival at the air-SF6 interface. 
Fig. 3.3 also shows a curve produced by multiplying 1L  in version 1 by M; it is almost identical to the curve 2L  
in version 2 (time is counted from the moment of shock arrival at the air-SF6 interface). 
The distance between the shock front and the TMZ boundary, as evidenced by Fig.3.2, is zero, which agrees 
with the experimental results [1]. 

 

 
Fig.3.3. TMZ width (2D calculations) 

 
Fig. 3.4a shows the spectra of longitudinal, yu , and transverse, xu , velocity components in the simulation with 
Ma=7.8 at 0.7t ≈ before the shock front arrives at the air-SF6 interface. The spectra were obtained using 
Fourier transformation for the section 30.6y = . One can see that the spectra of both components are close to 
the Kolmogorov spectrum, but the intensity of their longitudinal component is an order higher than that of the 
transverse component. 

 
Fig.3.4. Fourier spectrum in variant 1 (a), t=0.7, y=30.6 and in variant 4 (b) z=12, x=2, t=0.74: 

1 – Kolmogorov spectrum, 2 - uz, , 3 - ux. 
 
4 3D SIMULATION RESULTS 
Fig. 4.1 illustrates the simulation for Ma=7.8 on a 200 x 200 x 2400 grid in the form of isosurfaces of SF6 
volume fraction β=0.98. The same data for the simulation with Ma=10.6 are presented in Fig. 4.2. 
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Fig.4.1. Isosurfaces of SF6 volume fraction β=0.98 (Ma=7.8) 

 

 
Fig.4.2. Isosurfaces of SF6 volume fraction β=0.98 (Ma=10.6) 

 
Fig.4.3. TMZ width; a) Ma=7.8, b) Ma=10.6 

 
Fig. 4.3 shows TMZ widths for all the simulations with Ma=7.8 and Ma=10.6. One can clearly see close 
agreement between 2D and 3D simulations. Let us note the fairly developed TMZ in the 3D simulation with 
Ma=10.6 at t=0.74. The fluctuation spectrum of different velocity components in the section closest to the 
shock wave at this instant of time is shown in Fig. 3.4b. On the whole, it is close to the Kolmogorov spectrum. 
At small scales (large k), fluctuations of the longitudinal component prevail. 
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Preheating Effects on Nonlinear Ablative Rayleigh-Taylor Instability 
Wen-Hua Ye and X. T. He 

Institute of Applied Physics and Computational Mathematics, P. O. Box 8009, Beijing 100088, China  
 
Abstract: Jet-like spikes of ablative Rayleigh-Taylor instability (ARTI) often occur in   laser ficility experiments, also 
in the Eagle Nebula. They can quench ignition of ICF. For ARTI, our simulations by the LARED-S code show that pre-
heating significantly reduces the linear growth rate, but also weaks nonlinear interaction. Preheating leads to formation 
of the long jet-like spike and large scale ARTI mixing. Appearance of the harmonic spikes results in rupture of the fun-
damental spike and small scale ARTI mixing. There exists the critical Lc  for spike rupture and long jet-like spike forma-
tion. Main reason for  formation of the jet-like spike is that preheating reduces vorticity generation, baroclinic term, thus 
weakens KHI growth. 
 
1 INTRODUCTION 
 
The ablative Rayleigh-Taylor instability is the critical issue for inertial confinement fusion (ICF)[1], and for astrophys-
ics, such as the Eagle Nebula[2,3]. It can break up the implosion shell of ICF during the acceleration stage and destroy 
the central ignition hot-spot during the deceleration stage. Simulations show that the spike ruptures in the weak prehea-
ting case, such as for the Spitzer-Harm electron conduction, but we see long spike formation in our recent Shengguang-
II experiment and in many other side-on experiments on the ICF laser facility[4,5,6]. Thus understanding the long spike 
formation is significant for ICF and astrophysics. 
 
2 PHYSICAL MODEL 
 
Direct-drive experiments on the GEKKO XII[7] and the NOVA[8] showed the large reduction of linear growth rate of 
the ARTI, and preheating by the Fokker-Planck simulation of non-local electron conduction gives good explanation for 
the reduced growth rate. 
 
 
 
 
 
 
 
 
 
 
 

Fig. 1 GEKKO XII experiment and  
Fokker-Planck simulation                                             Fig. 2 NOVA experiment and LASNEX simulation 

 
The Fokker-Planck results can be reproduced by the preheating model )](1[ TfSH += κκ . Fitted parameter ai in the pre-
heating function ∑=

=

−−5

1

2/)1()(
i

i
iTaTf can be obtained by the comparison with the Fokker-Planck result[9]. f(T) interprets 

the preheating tongue effect in the cold plasma ahead of the ablative front and return to SH electron conductivity out-
side the ablative front for the blow-off high temperature plasmas. Because of high cost for solving the 2D Fokker-
Planck equation of electron and alpha particle or the transport equation of radiation, this method can is used to study the 
ARTI in preheating for electrons, alpha particle, or X-ray. 
The LARED-S code[10] is used in numerical study of the nonlinear ARTI, which consider fluid dynamics, electron 
conductivity, multi-group radiation diffusion, 1D laser absorption, etc. For simplification in simulation, ideal EOS is 
used and radiation effect is ignorant. FCT or PPM method is used to solve fluid dynamic equations, and slide fine mes-

416



 
10th IWPCTM – PARIS (France) July 2006 

 

0 5 10 15 20 25

0 5 10 15 20 25

0.0

0.5

1.0

1.5

2.0

2.5

3.0

3.5

4.0

0.0

0.5

1.0

1.5

2.0

2.5

3.0

3.5

4.0

 

 

lin
ea

r g
ro

w
th

 ra
te

 γ 
(n

s-
1 )

perturbation wavelength (µm)

 a=1.0,b=0.5, fit, g=35.8,L=0.45,Va=0.5
 a=1.5,b=0.75, cal.
 a=1.5,b=0.75,fit, g=36,L=0.55,Va=0.6
 a=2.0,b=1.0,  fit, g=36,L=0.75,Va=0.6
 a=2.0,b=1.0, cal.
 a=4.0,b=2.0, fit, g=36.6, L=1.0,Va=0.68 

0 10 20 30 40 50 60 70 80

0 10 20 30 40 50 60 70 80

0.0

0.5

1.0

1.5

2.0

0.0

0.5

1.0

1.5

2.0

 

 

Li
ne

ar
 g

ro
w

th
 ra

te
 γ 

(n
s-1

)

Wavelength λ (µm)

 AP-model
 BP-model
 CP-MOdel

hes is used to track the ablative front. Our simulation results show that the spike ruptures in the weak preheating case 
and long jet-like spike forms in the preheating case, seeing in fig. 3. In the different preheating cases, the acceleration g 
and the ablative velocity Va only have a little change, but the density gradient scale length, aaVTfTL ρκ /)(2/5

0∝ , 
changes largely, which significantly affects evolution of the nonlinear ARTI. 
 
3 SIMULATION RESULTS AND ANALYSIS 
 
First, the 100µm CH foil is simulated with the initial density 1.0g/cm3. Laser wavelength is 0.264µm, and laser intensity 
linearly grows 4ns to peak, 3×1014W/cm2, then remains invariable. We chose f(T)=a/T+b/T3/2, T in the unit of 106 °K. 
Results of linear growth rate are given for four different preheating cases: (A) a=1.0, b=0.5; (B) a=1.5,b=0.75; (C) 
a=2.0,b=1.0; (D) a=4.0,b=2.0. Acceleration changes very little, Va only increases from 0.5 to 0.68µm/ns, but L has big 
change, from 0.45 to 1.0 µm, 2.2 times large. Linear growth rates are shown in fig. 4 (left).  
 
  
 
 
 
 
 
Fig. 3 (a) Preheating case, 
long jet-like spike formation. 

 
 
 
 
 
 

 
 
 
 
 
 
 
 

Fig. 3 (b) Less preheating case, master spike ruptures. 
 

Interestingly, between the spike rupture and the formation of the long jet-like spike, there exists the critical Lc between 
(B) and (C), about 0.65µm. 
Second, we simulate the 200µm CH foil with the initial density 1.0g/cm3. Laser wavelength is 0.35µm, and laser inten-
sity linearly grows 0.5ns to peak, 1015W/cm2, then remains invariable. 
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Fig. 4 Left: Comparison of linear growth rate of the ARTI between the Takabe formula akVkLkg 2)1/(9.0 −+=γ and 
LARED-S simulation for the 100µm CH foil. Acceleration g, ablation Va and the density gradient scale length L are in 
units of µm/ns2, µm/ns and µm, respectively. f(T)=a/T+b/T3/2, T in unit of 106 °K. AP: a=1.0,b=0.3; BP: a=10, b=2.0; 
CP: a=100, b=10. The cut-off wavelengths are 3.5, 6.7 and 20µm, and L are 0.55, 1.46 and 4.88µm for AP, BP and CP, 
respectively.                                
Right: curves of linear growth rate of the ARTI for the 200µm CH foil in three different preheating cases. 
Second and third harmonic generation coefficients C(k2) and D(k3) are defined according to the formulas below from 
comparison of the weak nonlinear theory[11] between the classical RTI and the ARTI 
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C(k2) and D(k3) can be easily obtained by fitting simulation results to above formulas.    
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 Fig. 5 Second and third harmonic generation coefficients C(k2) and D(k3). As shown in figure, C(k) re-
duces 40 to 80% , and D(k) reduces 10 to 30%, compared with the classical RTI. 

 
Appearance of the second harmonic spike is the cause for rupture of the spike. Material in the root of the fundamental 
spike flows to the second harmonic spike region and the head of the fundamental spike, which leads do rupture of the 
fundamental spike. 

 
 
 
 
 
 
 
 
 
 
 
 
 

Fig. 6 Left: spike do not rupture in the preheating case. Right: harmonic spikes occur and spike rup-
tures in the weak preheating case. 
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Fig. 7 Very long jet-like spike forms at late time for the 400µm CH foil in the preheating case. 
We have simulated spike growth for the 400µm CH foil with the 120µm single mode perturbation in the preheating case 
(a=100,b=10). Laser intensity linear grows 0.5ns to peak, 1015W/cm2. The simulation shows that a 360µm long spike 
forms at 13.6ns and mixing zone width (MZW) h is proportional to t, not h ∝ t2. 
Preheating reduces the temperature and density gradients, enhances the density (or temperature) gradient scale length L, 
smoothes effectively out the KHI curl, therefore leads to RTI mixing in the acceleration direction. 

 
4 SUMMARY 
 
Preheating significantly enlarges the density gradient scale length, weakens nonlinear ARTI mode coupling, smoothes 
the KHI curl, and leads to formation of the long jet-like spike and large scale RTI mixing. Appearance of the harmonic 
spikes results in rupture of the fundamental spike and small scale RTI mixing. There exists the critical Lc for spike rup-
ture and long jet-like spike formation. The study can help understand the physics of long spike formation in the nonli-
near ARTI experiments on the ICF laser facility as well as in astrophysics. 
Necessary condition of formation of the jet-like spike: enhanced density gradient stabilization due to preheating that 
weakens nonlinear ARTI interaction, and the fundamental mode dominates nonlinear RTI growth. Main reason of for-
mation of the jet-like spike: preheating reduces vorticity generation, baroclinic term, thus weakens KHI growth. 
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Abstract: The time evolution of the Richtmyer-Meshkov instability was experimentally and numerically studied for 
two-dimensional (2D) and three-dimensional (3D) single-mode initial perturbations. The results for the dimensionality 
dependence of the bubbles were found to be in good agreement with the theoretical prediction of late time 1/t decay, 
with the correct proportionality factors. On the other hand the spikes displayed no obvious dependence on their dimen-
sionality. Furthermore the 1/t decay expected also for the spikes was not observed in the experiments or in the numeri-
cal simulations. 
 
1 INTRODUCTION 
 
During the late time evolution of a single-mode interface under Richtmyer-Meshkov Instability (RMI), the drag and 
buoyancy forces govern the motion of the tip of the bubble and this results in a 1/t decrease of the bubble velocity with 
time. A simple analysis [1,2,3] taking into account these forces results in the following expression for the asymptotic 
velocity of the bubble: 
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where A is the Atwood number, λ is the wavelength of the bubble, t is the time that passed since the passage of the 
shock wave and Ca and Cd are geometric coefficients that are dictated by the dimensionality. In the two-dimensional 
(2D) case Ca=2 and Cd=6 and in the three-dimensional (3D) case Ca=1 and Cd=2. Equations (1.2) give the 2D and 3D 
asymptotic velocities for the limiting case of high Atwood number A→1:  
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Analysis based on the assumption that similar drag-buoyancy forces considerations can be applied to the tip of a RMI 
single-mode spike, using the same Ca and Cd coefficients as used for the bubbles yields 1/t late time velocity depend-
ence also for the spikes, with different proportionality factors [3,4]. 
The model used in the current work to describe the complete time-dependent evolution of a single-mode RMI interface 
is similar to a previously reported model [5] which reproduces early evolution accurately to the second order and an as-
ymptotic stage of the form 1/t with the correct proportionality factors. The original model was generalized for arbitrary 
Atwood number and was adapted also for the 3D case. 
 
2 EXPERIMENTAL SETUP 
 
The experiments were carried out in a 8cm x 8cm square cross section shock tube. In order to generate the shock wave 
the 2.5m-long driver section is slowly filled with air until a mylar sheet separating the driver section from the driven 
section is ruptured. The air-filled driven section is 2.5m long, which ensures that when the shock wave reaches the 
0.6m-long test section the shock is fully stabilized. Both driven section and test section are initially at ambient pressure. 
In this configuration an incident shock wave of Mach number 1.2 is produced with less than a 5% variation. The actual 
shock-wave velocity for each specific experiment is measured from the schlieren images of that experiment. 
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The test section is initially separated into two parts by a very thin membrane. Each part is filled with one of the two in-
vestigated gases. The side upstream of the membrane is filled with air, while the side downstream of the membrane is 
filled with SF6. Both sides are initially at ambient pressure. Upon the passage of the shock wave through the membrane, 
the membrane is ruptured and the mixing process begins. The Atwood number after the shock passes the interface be-
tween the two gases is about 0.7.  
To create a well-defined initial perturbation thin copper wires are stretched across the frame holding the membrane at 
different heights and the membrane is placed on them. More details can be found in the next section. 
A piezoelectric pressure transducer is flush mounted on the shock-tube wall near the end of the driven section. The sig-
nal that is generated when the shock wave passes the transducer is used to trigger the diagnostics timing sequence. 
Windows are built into the sides of the test section. Their height spans the entire 8cm height of the test section, allowing 
optical diagnostics of the complete cross section. The length of the windows is 20cm, beginning at the frame holding 
the membrane. 
The schlieren technique is used to visualize the flow field in the test section. The light source for the schlieren system in 
these experiments is a pulsed copper-vapor laser. The laser produces 30ns-long pulses with a repetition rate of about 
10kHz. A shutterless rotating-prism camera records the schlieren photographs. An external shutter is used to create a la-
ser pulse train at the right time, starting just before the shock passes the interface, and ending before double exposure of 
the film occurs. 
The resulting negative images on the film are converted into digital images using a film scanner. Using a specially writ-
ten computer application the images are calibrated and the same application is used to measure any required length on 
the images (such as the shock-wave position, bubble-front position etc.). 
 
3 THE MEMBRANE CARRYING FRAME 
 
Two types of membrane are used to create the initial conditions imposed on the interface between the two gases in the 
test section: In order to create a 2D perturbation the membrane is sandwiched between two parts of the frame - one car-
rying copper wires to create the crests and the other for the troughs, as shown in Fig 3.1.a .  In order to create a 3D per-
turbation a formation of pyramids which will form the crests is created using copper wires, next, the thin membrane is 
laid over these pyramids and finally two additional copper wires are stretched over the membrane in order to force it 
into the troughs. Fig.3.1.b. shows this construction without the membrane for the sake of clarity.  
 

 

Copper wires 
stretched over 

the frame creates 
2D “troughs”

3D crest

Copper wires 
stretched over 

the frame creates 
2D “troughs”

Copper wires 
stretched over 

the frame creates 
2D “troughs”

3D crest

  
Fig. 3.1. The wire frames used to hold the membrane: a. 2D configuration b. 3D configuration 

 
As can be seen clearly, the crests created using this kind of frame are of 3D nature while the troughs are 2D. The frame 
can be used to create 3D bubbles with 2D spikes between them by positioning the frame with the 3D crests facing the 
heavy gas or 2D bubbles with 3D spikes between them by positioning it with the 3D crests facing the light gas. Experi-
ments with the frame in the first position are termed here "3D bubble experiments" and experiments with the frame in 
the latter position are termed "3D inverse experiments". In the case of the 3D constructions, the effective wavelength 
that can be attributed to the bubbles or spikes is given by equation (3.1): 
 

a. b. 

λx 

λy 
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where λx and λy are the wavelengths in the x and y directions respectively. 
 
4 EXPERIMENTAL RESULTS 
 
The time evolution of the bubble and spike heights is plotted in Fig. 4.1a for the 3D bubbles experiment with an effec-
tive wavelength 28mm and in Fig4.1b for the inverse 3D experiment of the same effective wavelength. In both graphs 
the results are compared to the same 2D experiment with bubbles of wavelength 27mm, and to the 2D and 3D models. 
Since these three experiments have the same initial amplitude (6mm peak to peak) and almost the same wavelength, 
they can all be plotted on the same un-normalized axes. The results for the bubbles are plotted with positive values of 
the y-axis, while the results for the spikes are plotted using negative values of the y-axis. This convention is maintained 
throughout this work.  
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Fig. 4.1. a. Results of 2D and 3D experiments b. Results of 2D and inverse 3D experiments 

 
These graphs clearly show that 3D bubbles grow faster than 2D bubbles (both in 2D and in inverse 3D experiments). 
The theoretical models predict well the dimensional dependent time evolution of the bubbles. The spikes on the other 
hand display no clear dimensionality dependence – as can be seen in Fig. 4.1b, both 2D and 3D spikes exhibit the same 
growth rate. Furthermore, their late time evolution does not agree with neither the 2D nor the 3D models, and their ve-
locity does not seem to decay at the expected asymptotic rate of 1/t.  
Experiments with several other wavelengths were performed, and their results are summarized in Fig. 4.2 using normal-
ized coordinates. It can be seen that the bubbles fall into clear categories according to their dimensionality, while there 
is no similar distinction for the spikes.  
 

 

a. b. 
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Fig. 4.2. Summary of 2D and 3D experiments in normalized coordinates 

 
Full 2D and 3D numerical simulations (NS) of the experimental setups were performed using the ALE hydrodynamic 
code LEEOR3D. The heights of the bubbles and spikes from these simulations are plotted in Fig 4.3a and compared to 
the models. The bubble and spike tips velocities were also extracted from the NS and compared to the asymptotic ve-
locities predicted by the models (Fig. 4.3b).  
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Fig. 4.3. a. Results of simulation for the 2D, 3D, and "inverse" 3D setups b. Velocities from simulation for the 2D and 

3D experiments 
 
The NS results further establish the main conclusions obtained from the experiments - Bubbles’ rise depends on their 
dimensionality: 3D bubbles rise faster than 2D bubbles throughout their evolution. This phenomenon is well predicted 
by the analytical model. Spikes exhibit the same growth rate in both 2D setups and experiment in which the bubbles 
were 2D and the spikes were 3D ("3D inverse experiment"). At late times these spikes grow faster than predicted by the 
2D model. In experiments with 3D bubbles and 2D spikes ("3D bubble experiments"), the spikes grow slower than in 
any other setup. In contrast to the drag-buoyancy model prediction that 3D spikes should have higher terminal velocity 

a. b. 
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than 2D spikes, no clear dimensionality dependence was manifested in the experiments. In all cases examined no 1/t 
saturation of the spike velocities was observed. 
 
5 EXTENDING THE STUDY USING NUMERICAL SIMULATIONS 
 
An extensive use of NS was made in order to further examine the interface behavior under conditions inaccessible 
through experiments. These NS were made so as to best satisfy the assumptions of the model regarding the initial condi-
tions of the RMI, in contrast to the NS shown above which were made to simulate the experimental setup. Two main 
features of the initial condition were studied: the geometry of the perturbed interface and the impulsivity of the shock. 
As was explained above in detail, the membrane shaping method used in the experiments does not allow creating fully 
3D perturbations. Using NS allowed us to study ideal 3D interfaces, with both 3D bubbles and 3D spikes, and having 
sinusoidal shapes in accordance with the potential model assumptions rather than the saw-tooth shapes of the experi-
mental initial perturbation. The NS also helped to assure us that the experimental initial amplitudes were not too big, us-
ing initial amplitudes much smaller than experimentally realizable. The influence of the shock wave was examined us-
ing an initial velocity field consistent with the flow potential which was used in the analytical model instead of a physi-
cal shock wave, thus eliminating the inconsistencies with the model resulting from the finite time it takes the shock 
wave to pass through the initial interface. As an example Fig. 5.1 shows the comparison between NS with sinusoidal 
and saw-tooth initial perturbations both in 2D and 3D configurations. It is apparent that the bubbles show no sensitivity 
to the exact shape of the initial perturbation, but only to its dimensionality. At late times the spikes do show some sensi-
tivity to the initial conditions which can not be attributed to their dimensionality, but in all cases examined there was no 
1/t decay of their velocity. 
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Fig. 5.1. Bubbles and spikes velocities from NS with different shapes of initial perturbation 

 
6 SUMMARY 
 
This work examined experimentally the evolution of 3D single-mode perturbations upon the passage of a shock wave 
between two gases with different density ratios. The experiments were performed in a low-Mach shock tube (M~1.2), 
with diagnostics consisting of fast schlieren photography of the contact surface, enabling the tracing of the evolution 
with time of the bubbles and spikes. The experiments were performed for several wavelengths, and their results were 

424



 
10th IWPCTM – PARIS (France) July 2006 

 

compared with 2D experiments done in the same shock tube. The experimental results were also compared to an ana-
lytical model, adapted to the 3D case, and to the results of full-scale 3D numerical simulations. 
The comparison of the results for the bubbles from the 3D and the 2D experiments shows that the 3D bubbles grow 
faster, as could be expected due to their smaller area-to-volume ratio. Good agreement with the analytical model and the 
numerical simulations was obtained, thus confirming the theoretical prediction of the asymptotic velocity of 3D bubbles 
and its dependence on the wavelength and the density ratio of the two gases. This asymptotic velocity is one of the key 
elements of a statistical model describing the evolution of a multimode TMZ [3].  
The experiments gave somewhat more surprising, less clear results for the 3D spikes. Comparison to the 2D experi-
ments shows no obvious dimensional dependence for the spikes. Furthermore, comparisons to the theoretical model and 
the numerical simulations show that the spikes (both 2D and 3D) do not reach an asymptotic velocity proportional to 1/t 
as suggested by the model, but instead decay more slowly. In order to deepen the understanding of the spikes’ behavior, 
extensive use was made of numerical simulations in order to examine a variety of parameters and configurations which 
are not accessible through experiments. Both the experimental and the numerical results undermine the fundamental as-
sumptions used to adapt the drag-buoyancy model to the spikes, and emphasize the differences between the evolution of 
bubbles and spikes in the nonlinear regime. 
Similar results have already been reported for the Rayleigh-Taylor instability [6] and were attributed to the formation of 
vortices in the proximity of the spike tip. When the Atwood number is high enough the vortices move with the spike. 
This change to the velocity field which accelerates the spike into the light fluid is not taken into account by the naïve 
drag-buoyancy model. 
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Abstract : A spherical polar mesh option has been added to the hydrocode TURMOIL and this has been used to 
calculate turbulent mixing in spherical implosions. TURMOIL  is essentially an Eulerian hydrocode. However, for cal-
culating implosions near-Lagrangian mesh motion is used in the radial direction and this gives a significant increase in 
accuracy. Results are shown for a simplified implosion: hydrodynamics only, with perfect gas equations of state. Realis-
tic initial perturbations are used, based on typical power spectrum measurements for ICF-related targets.  The effect of 
mesh size is investigated. Three-dimensional simulation of turbulent mixing for real applications is considered imprac-
tical at present. However, simplified simulations of the type shown here are extremely useful for validation of the engi-
neering models which can be used for real problems. To illustrate this approach,  results from the 3D simulations are 
compared with a simple buoyancy-drag model implemented in a 1D Lagrangian hydrocode. 
 
 
1 INTRODUCTION  
 
The MILES code TURMOIL has previously been used to calculate turbulent mixing due to Rayleigh-Taylor (RT) and 
Richtmyer-Meshkov (RM) instabilities in planar geometry [1,2]. Application to mixing in a simple spherical implosion, 
a much simplified version of an Inertial Confinement Fusion implosion is considered in this paper. Fluid viscosities are 
assumed to be very small so that high Reynolds number turbulent mixing occurs.  
 
2 A SIMPLE SPHERICAL IMPLOSION 
 
The initial geometry for the unperturbed spherical implosion , in dimensionless units, is 
 
  0 < r < 10 :  density=0.05, pressure = 0.1 
10 < r < 12 :  density=1.0  , pressure = 0.1 
 
Perfect gas equations of state are used with γ = 5/3. The ratio of the specific heats for the two fluids is 20:1, thus giving 
equal initial temperatures in the two regions. The implosion is driven by applying a prescribed pressure, p, versus time 
at the outer boundary, initially at r=12. This is obtained by linear interpolation in time between the values:- 
 
t=0.0   p=10.0,  t= 0.5   p=10.0,  t= 3.0   p= 0.0  
 

 
Fig. 2.1. Radius-time plot for the spherical implosion. Solid lines: interfaces. Dotted lines: shock positions. 
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The resulting radius-time plot obtained from a 1D Lagrangian calculation is shown Fig.2.1 . RM instability occurs when 
the incident shock wave passes through the dense fluid/light fluid interface at t~0.5. This amplifies the initial perturba-
tion. Turbulent mixing occurs towards the end of the implosion, when the interface decelerates, due to a combination of 
RT and RM instabilities.     
 
 
3 THREE DIMENSIONAL SIMULATIONS 
 
Three dimensional simulation is carried out for a sector of the sphere centered at the equator : 

                                      
82

,
82

ππφθππ +<<−   

This reduces the computational resources needed and avoids the mesh singularity at θ=0.  Lagrangian zoning is used in 
the radial direction. Moreover, regions of 1D Lagrangian zoning are used near the origin, 0 < r0 < 2.5, and near the outer 
boundary, 11.3< r0 < 12, where r0 denotes the initial radius. This overcomes the problem associated with the mesh sin-
gularity at the origin and also limits the 3D calculation to the region near the interface where mixing occurs. The num-
ber of meshes used in the r, θ and φ directions is as follows: 
 
           Coarse mesh:    220 x 120 x 120  
           Standard mesh: 440 x 240 x 240  
           Fine mesh:        880 x 480 x 480 
 
Random amplitude perturbations are initially applied to the light fluid/dense fluid interface. The power spectrum used is 
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      (a) t=2.0                                        (b)  t=2.4                                        (c)  t= 2.8 

Fig. 3.1. 2D sections before, near and after maximum compression 
 
 
Fig. 3.1 shows sections from the standard mesh simulation.  The grey scale represents the volume fraction of the denser 
fluid. The sector used in the computation has been repeated eight times to produce a full circle. Fig.3.2 shows plots of 
the turbulent mixing zone limits versus time for the three simulations. These limits are defined as the values of r where 

the dense fluid volume fraction averaged over θ and φ, 1f , is equal to 0.01 and 0.99. The width of the mixing zone re-
duces slightly as the mesh is refined. However, the effect of mesh size is not very large and this suggests that the fine 
mesh calculation should give a good indication of the amount of mixing. A measure of the amount of mixing which is 

less susceptible to statistical fluctuations is given by the integral mix width, ∫= dr f fW 21 . This is plotted in fig3.2 for 

the three simulations. Again, a slight reduction in mixing is indicated as the mesh is refined. 
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Fig. 3.2. Variation with time of mixing zone limits (top) and integral mix width (bottom). 
 

Figs. 3.3  shows plots of the volume fraction and resolved turbulence kinetic energy , k, distributions at the end 
of the simulations. The latter is defined as 

 

.  velocityradialmean   weighted-mass   theis u~ and                                                           

 averageangular   thedenotesoverbar   thee      wher/}wv)u~-u{(k 222
2
1 ρρ ++=

 

 
The effect of mesh size is relatively small. It is interesting to note that the resolved turbulence kinetic energy is similar 
for the standard and fine mesh. 
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Fig. 3.3. Radial distributions at t=3: volume fraction, 1f  (top), resolved turbulence kinetic energy, k (bottom). 
 
 
4 COMPARISON WITH A BUOYANCY-DRAG MODEL  
 
Results from the 3D simulations are used to calibrate or validate the engineering models which can be applied to real 
problems. To illustrate this approach, results are compared with a simple buoyancy-drag model of the type described in 
[3,4]. For incompressible fluids with densities ρ1 > ρ2 , and for acceleration, g, the bubble (h1)  and spike (h2) penetra-
tions are given by: 
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There are three model coefficients, B, Cd and s.  Cd is determined by matching post-shock RM mixing for which ex-
periments indicate θ t~h1   . This gives 
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B is then found by matching the RT growth rate for constant acceleration:- 
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Finally, the coefficient s is chosen to give the required mixing zone asymmetry h2/h1 and is chosen here to give h2/h1=2 
at ρ1/ρ2=20.  
 
For compressible flow in a 1D Lagrangian Hydrocode, a few simple modifications are made [3]. The bubble and spike 
velocities V1,V2 are interpreted as velocities relative to the Lagrangian mesh. The bubble and spike positions X1 , X2 are 
given by:- 

 tips.spike and bubble  theand s velocitiefluid  theare u and u re       wheVu
dt

dX
        , Vu

dt

dX
2122

2
11

1 +=+=  

The accelerations, g1 and g2 , used in the bubble and spike equations (4.1), are set to the fluid accelerations at the bubble 
and spike tips as obtained from the 1D calculation. Finally the initial values of h1 and h2 need to be set to an appropriate 
initial amplidute a0. 
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Fig. 4.1. Comparison of mixing zone limits: buoyancy-drag model versus 3D simulation. 
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For comparison with the 3D simulation, θ=0.3 is assumed [4] and α=0.07 is used, the high-end of the observed range. 
The model constants are then Cd=7/3,   B=0.7933 and s=0.543.   The initial amplitude a0 is taken to be 0.001, twice the 
s.d of the initial perturbation. Fig.4.1 then shows that there is a reasonable good match between the model and the fine 
mesh simulation. 
  
The RT growth rate parameter, α, has a weak dependence on initial conditions [5] and θ, the RM power law coefficient 
should  depend on the shape of the initial perturbation spectrum [6]. Moreover, the effect of spherical convergence is 
treated in a very simply way in the buoyancy-drag model. Hence there are concerns about the accuracy of the model. It 
is argued here that the only way to be confident that the simple buoyancy-drag model – or any more advanced engineer-
ing model – gives adequate results , is to compare with 3D simulation for simplified problems as shown here.    
  
5 CONCLUSIONS 
 
Accurate 3D numerical simulations can be performed for turbulent mixing in very simple spherical implosions. Higher 
resolution simulations are planned in the near future using the AWE Cray XT3 (8000 processing elements) to confirm 
mesh convergence. 
 
 3D simulation is impractical for many real problems. However, it is argued here that the results obtained from simpli-
fied 3D simulations, of the type shown here, are essential for calibrating and validating the engineering models which 
can be used for real applications. 
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